Analysis and Approximations

Infinite Sequences

A sequenceisalist of termsin some definite order. Thisis usually denoted by
{a,a,..}. Sequencescan also be defined asamapping a:[1 [ .

e.g. Consider a, = %1 The gap between 1 and the n™ term is given by
n

1-a, :1—L:i. As n - o, thisgap tends to zero. In other words the gap

n+l n+1
between 1 and the sequence can be made arbitrarily small by choosing larger n. So

the limit of the sequenceis Iimi =1.
n-on+1

Convergence can be defined as follows:
(1) A sequence {a,} has alimit L if givenany & >0 there exists anumber N such that

|a11 - L| < ¢ for al nchosen where n> N . The sequenceis said to be convergent.

(2) If no such limit exists, then the sequence diverges. (e.g. oscillating, periodic,
shoots off to infinity)

Theorem on Limitsfor Sequences

Let {a,} .{b,} beconvergent sequences with limits a and b respectively, then:
(1) lim(a,tb,)=axb
(2) lima b, =ab

©) Iim%:% (provided b# 0)
(4) limca, =ca (where c is a constant)
The Squeeze Theorem

Let {a,} {c,} betwo convergent sequences both with limit L. If a, <h, <c,
foral n=n,, then lima, =limb, =limc, =L.

n-oco n- oo n-oo

Monotonic Sequence Theorem

Every bounded monotonic sequence converges.

1
IB Notes by Jonathan Hsu, 1* Edition, 2000



Theorem on Sequence of Partial Sums

<)

If imS, =} a, exists, the sequence of partial sums (i.e. {S,} ) issaid to

converge. Thisimpliesalso that the seriesitself converges.

Theorem on Limitsfor Series

If z a,, an are convergent series then:

D Sazxdb=>(azh,)

2 Z ca, = CZ a, (wherecisaconstant)

Test for Divergence

If Zan converges then Li ma, = 0. (Converseisnot truein general.) Hence

<)

aseries ) a, isdivergentif lima,=c,c#0 or lima, = .

The Comparison Test

Let Zan be apositive series. (i.e. a, =00n) If there exists aconvergent
series an such that a, <b, On then z a, isalso convergent.

The p-Series Test

The series Zi” divergesif p<1 and convergesif p>1.
£in

The Limit Comparison Test

Suppose z a., 2 b, arepositiveseries(i.e. a,>0,b, 200n). Oneof the
following three cases applies:

Q) If lim2n = ¢ >0 (where cisaconstant) then they both converge or both diverge.

b

n

(2 If Iim%:o and ZQ converges then Ean also converges.
(3) If im— =0 and Ebn divergesthen Zan also diverges.

n-o b
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The Alternating Series Test

An alternating series is one where the terms alternate between positive and
negative.

The alternating series i(—l)n_lan is convergent if it satisfies:
(2 lima, =0

Alternating Series Estimation Theorem

The truncation error in using the n partial sum S, asan estimate for the limit
Sisdefinedas R, =S-S,.

If S= Z (—1)”_l a, (thelimit of an alternating series) then the magnitude of

the truncation error is bounded by |R | =[S~ S,|< a,.,.

Thelntegral Test

Supposethat f (x) isacontinuous, positive decreasing function on [1,e) and
a =f ( ). One of the two following cases applies:

Q) If I f dx converges then Zan converges.

(2) If I f dx divergesthen Zan diverges.
Further, [ (x)dx< S ansmf X)dx+a, .
j 2.5 (%)

Absolute Convergence

A series 2 a, issaid to be absolutely convergent if the series of absolute

values |a,| =|a,| +|a,|+-- isconvergent. A serieswhich is convergent but not
absolutely convergent is said to be conditionally convergent.
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The Absolute Conver gence Test

A seriesis convergent if it is absolutely convergent. Convergence does not

o _1 n+l
imply absolute convergence in general, the series Zl being a good counter
& n
= ()" . (G
example. Z— is convergent by alternating series test but Z 7 |= Z— is
g N |l n £n

divergent by the p-series test.

TheRatio Test
For the series Z a, , one of the three following cases applies:

(1) If lim &1l = c <1 then the series converges.
"ol e,

(2) If lim &1l = ¢ >1 then the series diverges.
el ey,

(3) If lim Lt =c =1 then thetest isinconclusive.
"l 8,

Thisisin fact atest for absolute convergence, but since absolute convergence
implies convergenceit is often used as atest for convergence.

Power Series

A power seriesis a series of the form chx” (or more generally expressed as

00

ch (x—a)"). Power series cannot be manipulated algebraically until their

convergence is shown as they areinfinite.

The convergence of a power series depends on the value of x, and the range of
values for which the series converges can be found by the ratio test. However, the
individual boundary cases have to be considered separately astheratio test is
inconclusive when c=1.

Theorem on Convergence Values for Power Series

4
IB Notes by Jonathan Hsu, 1* Edition, 2000



If apower series Z a, X" convergeswhen x=b,b# 0 then it will converge
for all values of x such that |x| <|b].

Radius and Interval of Convergencefor Power Series

For any given power series Z C, (x— a)n one of the followings must be true:

(1) The series converges only when x=a.
(2) The series converges [Ix[[] .

(3) The series convergesif |[x-a| <R for some ROU * and divergesif [x—a >R
(boundary cases need to be considered separately).

Note that this theorem rules out the possibility of the power series converging
at a set of non-zero discrete points.

Riscalled the radius of convergence of the power series. The set of valuesfor
which the series converges is the interval of convergence, namely | = (a— Ra+ R) :

Differentiation of Power Series

If the power series Zanx” is absolutely convergenton | =(a-R,a+R),

00

R>0, then so isthe series of its derivative Z na,x"".

n=.

Rolle’s Theorem

Let f(x) beafunction such that:
(1) f(x)iscontinuouson [a,b]
(2) f(x)isdifferentiable on (a,b)
(3 f(a)=f(b)

Then there exists anumber cJ(a,b) suchthat f’(c)=0. (Notethat the
number ¢ may not be unique.)

The Mean Value Theorem for Derivatives
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Let f(x) beafunction which is continuous on [a,b] and differentiable on

(a,b), then there exists anumber c(a,b) suchthat f’(c) :w. (Again,
C may not be unique.)

The Mean Value Theorem for Integrals
Let f (x) be a function which is continuous on [a, b] and differentiable on
1 b

(a,b), then there exists anumber cO(a,b) such that f(c):m (x)dx.

Intuitively thismeansthat f (c) equals the “average value” for f (x) in [a,b].

Taylor’s Theorem

If £ (x) iscontinuous on [a, 8] and differentiable on (a, 8) , then there

exists c,w(a,x) < (a, B) such that f(x):Z f(i)(a)ifx—a)i +R,(X). The

remainder term can take one of the two forms:
£ (c)(x-a)™

(1) R,(x)= (n+1) (Lagrange Form)
M (w=w\"(x —
2 R,(x)= o (x \rl:ll) (x-2) (Cauchy Form)

Thefunction T, (x) = f (a) + f*(a)(x—a) +---+ f(”)(a)(x;'a) iscalled the

n™ degree Taylor polynomial approximationto f (x) a a.

The Alternative Form for Taylor’s Theorem
Let x=a+h, hbeingavariable. Then Taylor’s Theorem becomes a function
= £ (a)h"
interms of h; f (x)=f (a+h)= Z# If a polynomial approximation is
& n!

hn+1
(n+1)!

used, the remainder term becomes R, (h) = £ (a+Ah),0< A <1,

The Trapezium Rule
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Let (a,b) bedivided into n smaller and equally spaced intervals. Define
X, =% +nh=a+nh and y, = f (x,) where h:b;na. In using the sum of the area
of trapezium {()g1 0),(%,2:0) (%1, Y ) (Xps1: Yoer)} tO @pproximate the area under a

curveglvesff dX~g(yo+2(y1+YZ+“'+yn_1)+yn)-

Error Bound for Trapezium Rule
Let f(x), f'(x), f"(x) becontinuouson [a,b]. Definethefunctionin

h
f(x,) asTn(f):E(yo+2(y1+y2+---+yn_1)+yn). If |f"(x)|< ADxO[a,b]
whereAisaconstant, then theerror inusing T, ( ) as an approximation to the

2 3
J,f < _(b-a)h*A _ h°nA
12 12

integral If x) dx is bounded by |E;|=|T,

Simpson’s Rule

For any three distinct pointson f (x) (corresponding to three distinct x ’s)
there is a unique parabola which passes through all three points. Let (a, b) be divided
into n smaller and equally spaced intervals. Define x, = x, + nh=a+nh and

y, = f (%,) where h :b;na. In using the area under parabola (passing though
{(%:¥0), 06 %), 0%, ¥ )b { (%0 ¥2) 4 (%51 V) (%, Y2 )} etc.) to approximate the area

b

under a curve gives I f (x)dx= g(yO +4y, +2y, + Ay, +e+ 2y, +4AY L +Y, ).

Error Bound for Simpson’s Rule
Let f(x), f’(x),f"(x), f"(x), f(“)(x) be continuous on [a,b] . Define the
functionin f(x,) asT,(f) :g(yO +Ay, +2y, + Ay, 42y, L, +4Ay, L +Y,). I

‘f(“) (x)‘ <k OxO[a,b] wherek isaconstant, then the error inusing T, ( f) asan

(b- a) k h5nk
180n* 180

approximation to the integral I f (x) dx isbounded by |Eg|<

Iterative Sequences
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An iterative sequence is one where the n term is expressed as a function of
thepreviousterm. (i.e. X, =g ()g_l) ) If the sequence converges, then

X, - X,X,4 » X an - . Sothelimitisthesolution of X =g(X). (However a
solution X is not always alimit of the sequence.)

Condition for Convergence of Iterative Sequences

An iterative sequence will convergeto alimit xif |g'(x)|<1 and for theinitial
point x, sufficiently closetox. The point x s called attractiveif |g*(x)|<1 and
repellent if |g’(x)| >1.

The minimum range from which x, can be chosen such that the sequence

convergesis the solution of the inequality |g (x)| <1.

The Newton-Raphson Method

A numerical solutionto f (x) =0 (provided it is differentiable) can be

generated by the Newton-Raphson iteration X, = —%.
f (%)
(%)
(X)= —(f’(x))z_f(x)f"(x): f(x)f”(x). ince f(Xx)= (x)]=0.
o=t T roop 57 =0 lo't) =0

Hence the Newton-Raphson method is a super-attractive process.

Notice that if alimit x exists, then g(x) = x~-

. So by the quotient rule

The Order of Convergence

Suppose the limit of an iterative sequence { >§1} isa. Consider anew sequence
w, =X, —a, which hasiteration w,,, =h(w,) and limit 0.

The maximum range from which x, can be chosen such that the sequence
converges can be determined as follows:
(1) w,,, =cw,,|c[<10 I =0 (order 1)

@ w.=ow’cOn 0 1=pt1n (order 2)
o Hel

0 C
B w, = cwnk, cb olI= ﬁ—(k-\)/z,(k-l\)/IE (order k)
ERR(3
8
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For the original sequence {x,} thisrange becomes | +a.
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