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Fundamental Limits of MIMO Capacity for
Spatially Constrained Arrays

Tony S. Pollock, Thushara D. Abhayapala, and Rodney A. Kennedy

Abstract—In this paper we investigate the capacity behavior of
spatial constrained multiple-antenna array communications. By
increasing the number of antennas within a fixed region of space
the antenna array becomes dense and spatial correlation inhibits
capacity growth. Using a novel spatial channel model we show
that the underlying physics of wave propagation limits the capacity
of constrained arrays. A theoretically derived antenna saturation
point is shown to exist for dense array MIMO systems, at which
there is no capacity growth with increasing antenna numbers. We
show this saturation point increases linearly with the radius of the
region, and that it naturally lends itself to a definition for the the-
oretical maximum capacity for a fixed region of space.

Index Terms— MIMO, wireless, capacity, diversity, multiele-
ment antenna arrays, dense arrays.

I. I NTRODUCTION

Multiple-Input Multiple-Output (MIMO) communications
systems using multi-antenna arrays simultaneously during
transmission and reception have generated significant interest
in recent years. Theoretical work of [1] and [2] showed the
potential for significant capacity increases in wireless channels
via spatial multiplexing with sparse antenna arrays. However,
in reality the capacity is significantly reduced when the anten-
nas are placed close together so the signals received by different
antennas become correlated, corresponding to a reduction of the
effective number of sub-channels between transmit and receive
antennas [3].

Previous studies have given insights and bounds into the
effects of correlated channels [3–7], these can generally be
grouped into two methods; eigenvalue decomposition ap-
proach [3–5] and correlation matrix approach [6, 7], however
most have been for a limited set of channel realizations and/or
antenna configurations.

In contrast, in this paper we approach the MIMO capacity
problem from a physical wave field perspective. By using the
underlying physics of free-space wave propagation we can ex-
plore the fundamental limits of capacity due to constraints im-
posed by the basic laws governing wave field behavior. In par-
ticular, using a modal expansion for free-space wave propaga-
tion we show that there exists a maximum achievable capac-
ity for a fixed region of space. Furthermore, we theoretically
analyze the effect on capacity of increasing numbers of anten-
nas within this fixed region. As the number of antennas grows
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the antenna array becomes dense and spatial correlation signif-
icantly limits the capacity. Under these conditions we show
a theoretical saturation point exists, where no further capacity
gain is achieved with increasing numbers of antennas.

Recent independent works [8, 9] have studied the capacity
of dense linear arrays, however, to the authors’ knowledge no
work exists for arbitrary array geometries, or has given a theo-
retical definition of the antenna saturation or maximum achiev-
able capacity for a fixed region of space, as addressed here.

II. ERGODIC CAPACITY OF MIMO SYSTEMS

Consider a MIMO system consisting ofnT transmitters and
nR receivers, then the ergodic capacity is given by [1,2],

C̃ = E

{
log
∣∣∣∣InR +

1
σ2
HΦTH

†
∣∣∣∣} (1)

whereH is thenR × nT random flat fading channel matrix as-
sumed known at the receiver,ΦT is the transmitter covariance
matrix,η is the average signal-to-noise ratio (SNR) at each re-
ceiver branch,InR is thenR × nR identity matrix, | · | is the
determinant operator, and† is the complex conjugate transpose.

In the following we will assume that the channel matrix
H is known only to the receiver, in this case it is optimal
to let the transmitted signals be statistically independent equal
power components each with a Gaussian distribution [1], then
ΦT = (Ptx/nT)InT , wherePtx is the total transmitted power
(independent of the number of transmitters). Hence, for nor-
malized channel gains,E

{
|hrt|2

}
= 1, wherehrt is the chan-

nel gain fromtth transmitter to therth receiver, we have

C̃ = E

{
log
∣∣∣∣InR +

η

nRnT
HH†

∣∣∣∣} (2)

where we have introduced the scaling factor1/nR which en-
sures the total received power remains independent of the num-
ber of receiver antennas [10], thereby allowing us to study the
capacity growth limits due to modal saturation effects indepen-
dent of antenna array gains. Strictly speaking the capacity ex-
pression (2) should be referred to as thenormalized capacity(in
the array-gain sense), however, in the following we will simply
use the term capacity and clearly state when we mean other-
wise.

Equation (2) is often used in Monte Carlo simulations to pro-
vide capacity results for various MIMO systems. However, cur-
rent channel matrix models do not include spatial information
(antenna locations) explicitly, although it is represented by the
correlation between channel matrix elements it has no direct re-
alizable physical representation and therefore does not easily
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lend itself to insightful capacity results. In particular, of inter-
est is the effect on channel capacity of antenna placement at
both the transmitter and the receiver, particularly in the realistic
case when antenna arrays are restricted in size, along with non-
isotropic scattering environments. Therefore, with additional
theory for modelling scattering environments which we refine
here, we derive a model which can be readily reconciled with a
multitude of scattering models and antenna configurations and
allows us to uncover valuable insights into MIMO capacity.

III. C HANNEL MODEL

Consider a MIMO system withnT transmit antennas located
at positionsxt, t = 1, 2, . . . , nT relative to the transmitter array
origin, andnR receiver antennas located at positionsyr, r =
1, 2, . . . , nR, relative to the receiver array origin. Denote

rT = max
t=1,2,...,nT

‖xt‖ (3)

and
rR = max

r=1,2,...,nR

‖yr‖ (4)

as the radius of the spheres that contain all the transmitter and
receiver antennas within, respectively, as shown in Fig. 1. We
also assume that the scatterers are distributed in the farfield
from both the transmitter and receiver sensors, therefore we de-
fine scatter-free transmitter and receiver balls of radiusrTS (>
rT) andrRS (> rR), respectively1.

Let x = [x1, x2, . . . , xnT ]
T be the vector of symbols sent

by thenT transmitting antennas, where[·]T denotes the vec-
tor transpose, then the signal leaving the scatter-free transmitter
ball along direction̂φ is given by

Φ(φ̂) =
nT∑
t=1

xte
ikxt·bφ (5)

wherek = 2π/λ is the wavenumber withλ the wavelength, and
φ̂ is a unit vector pointing away from the origin of the transmit-
ter scatter-free ball. Denoteg(φ̂, ψ̂) as the complex gain of
the scattering environment for a signal leaving the transmitter
scatter-free ball at an anglêφ, and entering the receiver scatter-
free ball at an anglêψ, then

Ψ(ψ̂) =
∫

S2
Φ(φ̂)g(φ̂, ψ̂)ds(φ̂) (6)

represents the signal entering the scatter-free receiver ball from
directionψ̂, whereds(φ̂) is a surface element of the unit sphere
S2 with unit normalφ̂. Finally, the received signalyr at position
yr is given by

yr =
∫

S2
Ψ(ψ̂)e−ikyr·bψds(ψ̂) + wr (7)

wherewr is the additive white Gaussian noise at therth re-
ceiver.

1The Rayleigh distance [11] gives the distance for farfield approximation
from the array origin asd = 2`2/λ, where` is the largest array dimension
andλ is the wavelength.

rRS
g(φ̂, ψ̂)

rT

rRrTS

scatterers
ψ̂

φ̂
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Fig. 1: Scattering model for a flat fading MIMO system.rT andrR are the radii
of spheres which enclose the transmitter and the receiver arrays.g(bφ, bψ) rep-
resents the gain of the complex scattering environment for signals leaving the
transmitter scattering free region from directionbφ and arriving at the receiver
scattering free region from directionbψ.

Let y = [y1, y2, . . . , ynR]
T andw = [w1, w2, . . . , wnR]

T ,
then we can write (7) in vector form

y = Hx+w (8)

whereH represents thenR × nT channel matrix, with(r, t)th
element

H|rt =
∫

S2
g(φ̂, ψ̂)eikxt·bφe−ikyr·bψds(φ̂)ds(ψ̂) (9)

representing the channel gain between thetth transmit antenna
and therth receive antenna.

Note that to ensure the transmit antenna to receiver antenna
channel gains (9) are normalized we require the scattering re-
gion gainsg(φ̂, ψ̂) normalized such that∫

S2
E
{
|g(φ̂, ψ̂)|2

}
ds(φ̂)ds(ϕ̂) = 1 (10)

Although the channel model (9) relates well with a physically
realizable system it is however difficult to evaluate or simulate
due its integral representation. In the following section we ex-
ploit the underlying physics of wave propagation to reduceH
to an easily computable form, which will allow us to explore its
properties further.

A. Channel Matrix Decomposition

Consider a 2D scattering environment where the signals are
height invariant and arrive only from the azimuthal plane2. In
this case we can use the Jacobi-Anger 2D modal expansion of
plane waves [12]

eikx·
bφ =

∞∑
n=−∞

Jn(x)einφ (11)

2Similar results can be obtained for 3D environment, however we omit these
here for the sake of brevity.
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wheref(x) is the complex conjugate off(x), and define

Jn(x) , Jn(k‖x‖)ein(φx−π/2) (12)

with x = (‖x‖, φx), φ̂ = (1, φ), andJn(·) are the Bessel
functions of the first kind. Bessel functionsJn(z), |n| > 0
exhibit spatially high pass behavior, that is, for fixed ordern,
Jn(z) starts small and becomes significant for argumentsz ≈
O(n). Therefore, for a fixed argumentz, the Bessel function
Jn(z) ≈ 0 for all but a finite set of low ordern ≤ N , hence (11)
is well approximated by the finite sum

eikx·
bφ =

N∑
n=−N

Jn(x)einφ. (13)

In [13] it was shown thatJn(z) ≈ 0 for n > dze/2e, with
d·e the ceiling operator, we can then define

NT , dπerT/λe (14)

NR , dπerR/λe (15)

such that the expansions

eikxt·bφ =
NT∑

n=−NT

Jn(xt)einφ (16)

e−ikyr·bψ =
NR∑

m=−NR

Jm(yr)e
−imψ (17)

hold for every antenna within the transmitter and receiver cir-
cular regions of radiirT andrR, respectively.

Substitution of (16) and (17) into (9) gives the channel matrix
decomposition

H = JRH0J
†
T (18)

whereJT is thenT × (2NT + 1) transmitter scatter-free region
matrix,

JT =

 J−NT(x1) · · · JNT(x1)
...

...
...

J−NT(xnT) · · · JNT(xnT)

 , (19)

JR is thenR × (2NR + 1) receiver scatter-free region matrix,

JR =

 J−NR(y1) · · · JNR(y1)
...

...
...

J−NR(ynR
) · · · JNR(ynR

)

 , (20)

andH0 is a(2NR + 1)× (2NT + 1) scattering channel matrix.
For somep ∈ [1, 2NR + 1] and q ∈ [1, 2NT + 1] let n =
q − NT − 1 andm = p − NR − 1, then the scattering-region
channel matrixH0 has elements

H0|pq =
∫ 2π

0

g(φ, ψ)einφe−imψdφdψ (21)

representing the complex gain of the scattering channel be-
tween theqth mode of the scatter-free transmitter region and
thepth mode of the scatter-free receiver region.

We may simplify (21) by further observing thath0,pq are the
complex coefficientsβnm of the 2D Fourier series for the peri-
odic scattering gain functiong(φ, ψ),

g(φ, ψ) =
∞∑
m=0

∞∑
n=0

βnme
−inφeimψ (22)

therefore

H0|pq = βnm = βq−NT−1
p−NR−1. (23)

Thus we can parameterize the random scattering channel by
the complex random coefficientsβnm, m ∈ [−NR, NR], n ∈
[−NT, NT], giving

H0 =

 β−NT
−NR

· · · βNT
−NR

...
...

...
β−NT
NR

· · · βNT
NR

 (24)

The channel matrix decomposition (18) separates the channel
into three distinct regions of signal propagation: transmitters,
scatterers, and receivers, as shown in Fig. 1. Both the scatter-
free transmitterJT and receiverJR matrices, describing the ar-
ray geometry, are constant for fixed antenna locations within the
spatial region. Conversely, for a random scattering environment
the scattering channel matrixH0 will have random elements,
however, unlike other channel models, which don’t explicitly
use the antenna positions (or are constrained to particular scat-
tering environments or arrays) we can now simulate the channel
for various array geometries and scattering environments.

IV. A NTENNA SATURATION OF SPATIALLY CONSTRAINED

ARRAYS

It is well known that the rank of the channel matrixH gives
the effective number of independent parallel channels between
the transmit and receive antenna arrays, and thus determines
the capacity of the system. For the decomposition (18) we have
rank(H) = min{rank(JT ), rank(JR), rank(H0)}, which, for
a large number of antennas in a rich scattering environment,
becomesmin{2NT + 1, 2NR + 1}. Therefore we see that the
number of modes for the scatter-free transmit and receive re-
gions limit the capacity of the system, this key result provides
the motivation for what follows next.

A. Convergence of Ergodic Capacity

Let H̃ = H0J
†
T = [h̃1, h̃2, . . . , h̃nT ], where h̃t is the

(2NR + 1) × 1 vector corresponding to the complex channel
gains from thetth transmitter to the2NR + 1 receiver scatter-
free region modes, then the receiver modal correlation matrix is
defined as

RfH , E{h̃th̃
†
t}, ∀t (25)

where elementRfH |mm′ is the modal correlation between two
modesm andm′ associated with the receiver scatter-free re-
gion.
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Consider the situation where the transmitter array of radius
rT has optimally placed (uncorrelated)nT = 2NT + 1 anten-
nas, corresponding to independenth̃t vectors, then the sample
receiver modal correlation matrix is given by

R̂fH =
1
nT

nT∑
t=1

h̃th̃
†
t (26)

which converges toRfH for large numbers of antennas (rT →
∞). Observing that̃HH̃

†
=
∑nT

t=1 h̃th̃
†
t , then for a large num-

ber of uncorrelated transmit antennas the ergodic capacity (2)
converges to the deterministic quantityC,

lim
rT→∞

C̃ = C , log
∣∣∣∣InR +

η

nR
JRRfHJ†R

∣∣∣∣ . (27)

This analytical capacity expression allows us to explore the
effects on ergodic capacity of the scattering environment and
receiver array geometry without lengthy Monte-Carlo simula-
tions, as were previously required. By assuming a large trans-
mitter region we have effectively removed any transmitter effect
on capacity (since2NT + 1 � 2NR + 1), allowing us to inde-
pendently analyze the effect on capacity due to constraining the
receiver array.

B. Antenna Saturation Point

To ensure we only see the effects on capacity of spatially
constraining the array we will assume the scatterers generate
an isotropic diffuse field at the receiver (often referred to as a
rich scattering environment) corresponding to independent el-
ementsβnm of the scattering channel matrix. Therefore, for a
rich scattering environment, we have the maximum number of
independent modes at the receiver and the receiver modal cor-
relation matrix becomesRfH = I2NR+1 and (27) reduces to

C = log
∣∣∣∣InR +

η

nR
JRJ

†
R

∣∣∣∣ (28)

where the(q, r)th element of the receiver scatter-free matrix
productJRJ

†
R is given by

JRJ
†
R|qr =

NR∑
n=−NR

Jn(yq)Jn(yr)

= J0(k‖yq − yr‖) (29)

which follows from a special case of Gegenbauer’s Addition
Theorem [14, pp. 363]. For a rich scattering environment
J0(k‖yq − yr‖) gives the spatial correlation between the com-
plex envelopes of the received signals at antennasq andr [15].
Therefore the capacity (28) will be maximized for the maxi-
mum number of antennas that can be placed within the region
such that the spatial correlation between these antennas is zero.

Assuming we can place allnR antennas such that the spatial
correlation is zero between all the antennas, then the maximum
capacity is given by

Cmax(nR) = nR log(1 + η/nR) (30)

however, as we will show next, ifnR ≥ rank(JR) then the
capacity no longer grows with antenna number.

Let µ`, ` = 1, 2, . . . , nR denote the singular values of the
receiver scatter-free matrixJR, ordered such thatµ` ≥ µ`+1,
then we can express the capacity (28) as

C =
∑
`

log
(

1 + η
µ2
`

nR

)
. (31)

Observing that
∑
` µ

2
` = tr(JRJ

†
R) = nR, where tr(·) is the

trace of the matrix, then denotingµ`,nR1 andµ`,nR2 as the sin-
gular values ofJR for arrays within radiusrR with numbers of
antennasnR1, nR2 ≥ 2NR + 1 respectively, we then have

1
nR1

nR1∑
`=1

µ2
`,nR1

=
1
nR2

nR2∑
`=1

µ2
`,nR2

. (32)

By definition, there are only rank(JR) non-zero singular values
(corresponding to the2NR + 1 independent receiver modes),
therefore, assuming we can place rank(JR) antennas such that
spatial correlation between each antenna is zero, giving con-
stant and equal non-zero singular values, we have

µ2
`,(nR1)

nR1
=
µ2
`,(nR2)

nR2
, ` ∈ [1, 2NR + 1]. (33)

Therefore, lettingnR1 = nsat , 2NR + 1, andnR2 = nR ≥
2NR + 1, (31) becomes

Csat ,
nsat∑
`=1

log

(
1 + η

µ2
`,nsat

nsat

)
, nR ≥ 2NR + 1 (34)

which is independent ofnR, hence the capacity growth becomes
zero once the number of antennas within the region reaches the
saturation point given bynsat = 2NR + 1.

Combining (30) and (34) we get the theoretical maximum
capacity fornR antennas within a region of radiusrR as

Cmax(nR) =
{
nR log(1 + η/nR) if nR < nsat

Csat if nR ≥ nsat
(35)

V. M AXIMUM CAPACITY FOR A GIVEN REGION OFSPACE

From (35) we see the capacity for the region of radiusrR

can be maximized using a minimum ofnR = nsat = 2NR + 1
antennas placed optimally such that they are all uncorrelated,
in this case all of the singular values of the receiver scatter-free
matrixJR are non-zero and are all unity. Therefore we define
the maximum capacity for the region as

Cmax(rR) = nsatlog(1 + η/nsat) (36)

which is identical to the identity channel case (H = Insat)
shown in [2], therefore for largensat (i.e.,rR →∞) we have

lim
rR→∞

Cmax(rR) = Climit ,
η

ln 2
(37)

which is the absolute maximum capacity if we allow the array
to be unconstrained in size.
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Fig. 2: Theoretical maximum MIMO Capacity of various sized transmitter (Tx)
and receiver (Rx) regions in a rich scattering environment. A step in the capac-
ity indicates where the radius becomes large enough to accommodate another
mode in that region.

Since the MIMO capacity (2) is invariant with direction of
information transmission [16], the previous sections hold for
either the transmitter or receiver arrays, therefore we can gen-
eralize the result to define a maximum spatial capacity for any
given scatter-free spatial region:

Definition 1 (Spatial Capacity Limit). For a scatter-free cir-
cular region of radiusr define the maximum achievable capac-
ity for that region as

Cmax(r) , Nr log
(

1 +
η

Nr

)
(38)

where

Nr = 2dπer/λe+ 1 (39)

with an absolute maximum capacity for regions of infinite ra-
dius given by(37).

Therefore we see that each scatter-free spatial region has its
own maximum achievable capacity which depends only on the
radius of the region, in particular we can define the maximum
capacity for each end of a MIMO communications link and,
provided we have a rich scattering environment, the maximum
achievable capacity of the system will be the minimum of the
two regions.

Fig. 2 shows the theoretical maximum capacity for a MIMO
system in a rich scattering environment with transmitter and re-
ceiver regions of various radii. The modal nature of the system
appears as steps in the capacity for increasing radii, that is, as
we can only have integer numbers of modes a jump in capacity
occurs where the radius of the region increases enough to ac-
commodate another mode. Obviously if the antennas are non-
optimally located, or the scattering environment is not rich, then
the capacity may be a long way from this theoretical maximum,
as we see in the following simulations.

VI. N UMERICAL RESULTS

We now present Monte-Carlo simulations to support the the-
oretical work of the previous sections. We consider the effect
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Fig. 3: Simulated capacity for uniform circular and uniform linear arrays in
a rich scattering environment with transmitter radiusrT = 5λ and receiver
radiusrR = 0.5λ for an increasing number of receiver antennas. Shown also
is the theoretical maximum capacity (35) for the receiver regionCmax(nR)
along with the upper bounds on capacity (28) when the number of transmitter
antennas is large (rT = ∞).

of increasing the number of receiver antennasnR constrained
within a scatter-free circular region of radiusrR = 0.5λ, for
a fixed number of transmitters constrained within a scatter-free
circular region of radiusrT = 5λ (nT = 2NT + 1 = 87) for
SNR of 10dB. Fig. 3 shows the simulated capacity for Uniform
Circular Arrays (UCA) and Uniform Linear Arrays (ULA) us-
ing the channel model presented in Section III-A and assuming
a rich scattering environment (the elements ofH0 are uncorre-
lated (i.i.d) random gaussian variables). Also shown is the theo-
retical maximum capacity (35) for the receiver region (given the
large region size of the transmitter, the receiver region will de-
termine the maximum achievable capacity of the system), along
with the upper bounds (28) on capacity when the number of
transmitter antennas is large (rT = ∞).

As indicated by the vertical dashed line the antenna satura-
tion point for the region (39) clearly shows where further in-
creasing antenna numbers gives no further capacity gain. As
expected, both the UCA and ULA do not optimally place the
antennas for the given region, and as such we see the capacity
is lower than the theoretical maximum capacity. These array
geometries do not utilize the full set of independent transmis-
sion modes between regions, and therefore exhibit the behavior
of optimally utilized regions of smaller radii, as shown by the
lower antenna saturation points and capacity.

A measure of expected performance of a spatially con-
strained array can be obtained by considering the singular val-
ues of the scatter-free region matrixJR for each array geome-
try. For example, the condition numbers for the saturated UCA
and ULA in a region of radius0.5λ are approximately 9 and
280 respectively (compared to a condition number of 1 for op-
timally placed antennas). We are currently investigating and
quantifying this performance measure, and will publish the re-
sults shortly.
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VII. D ISCUSSION

We have derived a theoretical maximum capacity for a fixed
region of space which depends only on the radius of the region.
We also presented an antenna saturation point at which this
maximum occurs, whereby further increases in the number of
antennas fails to give further capacity gains. These results have
significant implications for realizable MIMO systems, simply
cramming more and more antennas into a region of space does
not increase the capacity (it may however improve the diver-
sity performance). Therefore we see that space also needs to
be considered for the information bearing capacity of the sys-
tem, along with the usual time-frequency constraint. However,
these results show one cannot assign a spatial unit of capac-
ity, as with the traditional time and frequency concepts, e.g.,
bps/Hz/m3, simply because unlike the time and frequency case,
doubling the region area or volume does not give a correspond-
ing doubling of capacity.
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