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Fundamental Limits of MIMO Capacity for
Spatially Constrained Arrays

Tony S. Pollock, Thushara D. Abhayapala, and Rodney A. Kennedy

Abstract—In this paper we investigate the capacity behavior of the antenna array becomes dense and spatial correlation signif-
spatial constrained multiple-antenna array communications. By jcantly limits the capacity. Under these conditions we show

increasing the number of antennas within a fixed region of space  theoretical saturation point exists, where no further capacity
the antenna array becomes dense and spatial correlation inhibits . . - o .
gain is achieved with increasing numbers of antennas.

capacity growth. Using a novel spatial channel model we show . . .
that the underlying physics of wave propagation limits the capacity ~ Recent independent works [8, 9] have studied the capacity
of constrained arrays. A theoretically derived antenna saturation 0of dense linear arrays, however, to the authors’ knowledge no
point is shown to exist for dense array MIMO systems, at which work exists for arbitrary array geometries, or has given a theo-
there is no capacity growth with increasing antenna numbers. We yatica| definition of the antenna saturation or maximum achiev-

show this saturation point increases linearly with the radius of the . . .
region, and that it naturally lends itself to a definition for the the- able capacity for a fixed region of space, as addressed here.

oretical maximum capacity for a fixed region of space.
Index Terms— MIMO, wireless, capacity, diversity, multiele- Il. ERGODIC CAPACITY OF MIMO SYSTEMS
ment antenna arrays, dense arrays. Consider a MIMO system consisting af transmitters and
ng receivers, then the ergodic capacity is given by [1, 2],

I. INTRODUCTION Gog {log

I, + IQHQTHT‘} (1)

Multiple-Input Multiple-Output (MIMO) communications g
systems using multi-antenna arrays simultaneously duriqghere H is theng x nt random flat fading channel matrix as-
transmission and reception have generated significant inter@sted known at the receiveby is the transmitter covariance
in recent years. Theoretical work of [1] and [2] showed thgatrix, 1) is the average signal-to-noise ratio (SNR) at each re-
potential for significant capacity increases in wireless channelsiver branch [, is theng x ng identity matrix, | - | is the
via spatial multiplexing with sparse antenna arrays. Howevefeterminant operator, arids the complex conjugate transpose.
in reality the capacity is significantly reduced when the anten-|n the following we will assume that the channel matrix
nas are placed close together so the signals received by differntis known only to the receiver, in this case it is optimal
antennas become correlated, corresponding to a reduction ofihest the transmitted signals be statistically independent equal
effective number of sub-channels between transmit and receptver components each with a Gaussian distribution [1], then
antennas [3]. &1 = (Pyx/n1)I,,, wherePy is the total transmitted power

Previous studies have given insights and bounds into tfiRdependent of the number of transmitters). Hence, for nor-
effects of correlated channels [3-7], these can generally peilized channel gaing; {\hmlz} = 1, whereh,, is the chan-

grouped into two methods; eigenvalue decomposition agel gain fromith transmitter to theth receiver, we have
proach [3-5] and correlation matrix approach [6, 7], however

most have been for a limited set of channel realizations and/or C-E {log
antenna configurations.
In contrast, in this paper we approach the MIMO capaci%

roblem from a physical wave field perspective. By usin thehere we have introduced the scaling factgrg which en-
P phy persp - BY 9 MG res the total received power remains independent of the num-

underlying physics of free-space wave propagation we can §&r of receiver antennas [10], thereby allowing us to study the

pl(g:dtTJe Zl;r;dggrg?cnr:\l,vl;mIgs\/g:n(i:ﬁp?,\(/:;\)//ed#;(;Ob(e;ﬁr;tiga:ln|tr? 'rgzé_\pacity growth limits due to modal saturation effects indepen-
P v governing - !N PYent of antenna array gains. Strictly speaking the capacity ex-
ticular, using a modal expansion for free-space wave propa%?-

"_gH ‘} )
nRNT

I+

tion we show that there exists a maximum achievable ca r_ession (2) should be referred to as tioemalized capacitfin
Pate array-gain sense), however, in the following we will simply

ity for a fixed region of space. Furthermore, we theoretical M .
; ) . se the term capacity and clearly state when we mean other-
analyze the effect on capacity of increasing numbers of ant%-

nas within this fixed region. As the number of antennas grows

Equation (2) is often used in Monte Carlo simulations to pro-
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lend itself to insightful capacity results. In particular, of inter-
est is the effect on channel capacity of antenna placement  scatterers
both the transmitter and the receiver, particularly in the realist 3 ¥
case when antenna arrays are restricted in size, along with nc
isotropic scattering environments. Therefore, with additional
theory for modelling scattering environments which we refine
here, we derive a model which can be readily reconciled with a
multitude of scattering models and antenna configurations and
allows us to uncover valuable insights into MIMO capacity.

receivers

transmitters
IIl. CHANNEL MODEL

Consider a MIMO system withy transmit antennas located
at positionse,, t = 1,2, ..., ny relative to the transmitter array
origin, andng receiver antennas located at positiaj)s r =

1,2,...,ng, relative to the receiver array origin. Denote Fig. 1: Scattering model for a flat fading MIMO system: andrg are tAhe radii

of spheres which enclose the transmitter and the receiver agéysa)) rep-
resents the gain of the complex scattering environment for signals leaving the

T= t:fg?fm”mt ” (3) transmitter scattering free region fiom directi?j}rand arriving at the receiver
scattering free region from directiap.
and
rr= _max |y, (4)
r=1,2,...,nR Lety = [y1,%2,. ., Yng)? @Ndw = [wy,wo, ..., w7,

as the radius of the spheres that contain all the transmitter 4R8N We can write (7) in vector form
receiver antennas within, respectively, as shown in Fig. 1. We
also assume that the scatterers are distributed in the farfield
from both the transmitter and receiver sensors, therefore we deﬁ- . .
. . . . where H represents thegr x nt channel matrix, with(r, ¢)th
fine scatter-free transmitter and receiver balls of radigs(>

y=Hx+w (8)

rr) andrgs (> r), respectively. element
Letx = [x,79,...,2,,]7 be the vector of symbols sent N s s
by thenr transmitting antennas, whefé” denotes the vec- H|,, = /82 9(d, )PP ds(d)ds(yp) (9
tor transpose, then the signal leaving the scatter-free transmitter
ball along direction is given by representing the channel gain betweentthdransmit antenna
and therth receive antenna.
~ N ke 3 Note that to ensure the transmit antenna to receiver antenna
P(¢) = Z‘Ete ' ()  channel gains (9) are normalized we require the scattering re-

=1 gion gainsg(¢, 1) normalized such that

wherek = 27/ ) is the wavenumber with the wavelength, and
¢ is a unit vector pointing away from the origin of the transmit- / E {|g($, 17:)\2} ds(a))ds(f,é) =1 (10)
ter scatter-free ball. Denotﬁ&,{b) as the complex gain of §2
the scattering environmerlt for a signal leaving the transmitter

scatter-free ball at an angfe and entering the receiver scatter- A\though the channel model (9) relates well with a physically
free ball at an angl@ then realizable system it is however difficult to evaluate or simulate

due its integral representation. In the following section we ex-
~ o~ ~ ploit the underlying physics of wave propagation to redéife
V() = /S2 D(b)g(#,9)ds(®) ®) toan easily computable form, which will allow us to explore its
properties further.
represents the signal entering the scatter-free receiver ball from
directionsp, Whereds(ZS) is a surface element of the unit spher

. i ZANFY ) i | %. Channel Matrix Decomposition
S? with unit normale. Finally, the received signgl. at position

Consider a 2D scattering environment where the signals are

is given b
urisg y height invariant and arrive only from the azimuthal pfanin
T S, this case we can use the Jacobi-Anger 2D modal expansion of
Yr = /S2 Jl(lﬂ)e " d5(¢) + wy (7) plane waves [12]
wherew, is the additive white Gaussian noise at tth re- k-3 N ——
ceiver. ekd = N Fu(x)e™? (11)

n=—oo
1The Rayleigh distance [11] gives the distance for farfield approximation
from the array origin agl = 2¢2/), where/ is the largest array dimension 2 Similar results can be obtained for 3D environment, however we omit these
and )\ is the wavelength. here for the sake of brevity.
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wheref(x) is the complex conjugate ¢f(x), and define

jn(m) Jn(k||az||)ei”(¢m77r/2)

A

(12)

with z = (|||, ¢.), ¢ = (1,¢), and.J, () are the Bessel
functions of the first kind. Bessel functions,(z), |n| > 0
exhibit spatially high pass behavior, that is, for fixed order
Jn(z) starts small and becomes significant for arguments
O(n). Therefore, for a fixed argument the Bessel function
Jn(z) = 0 for all but afinite set of low ordet < N, hence (11)
is well approximated by the finite sum

N
ehr® = N To(x)e™?. (13)
n=—N
In [13] it was shown that/,,(z) ~ 0 for n > [ze/2], with
[-] the ceiling operator, we can then define

Nt £ [wert/A] (14)
NR = (W@TR/)\—l (15)
such that the expansions

—~ NT

eheed = N To(@)e? (16)
=—Nr

~ NR

e = N Tu(y, e (17)

m=—NR

hold for every antenna within the transmitter and receiver c
cular regions of radiit andrg, respectively.
Substitution of (16) and (17) into (9) gives the channel matr

decomposition
H = JgH\J} (18)

whereJ is thent x (2Nt + 1) transmitter scatter-free region
matrix,

[ T (1) Inr (1)
Jr = : : .9
L k7*1\’T(:L'7LT) jNT(:BnT) i
Jris theng x (2Ng + 1) receiver scatter-free region matrix,
[ j—NR(yl) jNR(yl) 1
Jr= : : ; (20)
L j—NR(ynR) jNR(ynR) i

andHj is a(2Ngr + 1) x (2N7 + 1) scattering channel matrix.
For somep € [1,2Ngr + 1] andq € [1,2Nt + 1] letn =

g — Nt — 1andm = p — Nr — 1, then the scattering-region
channel matrixH o has elements

2m
Hol,, = /0 g(,p)e™ e dedy) (21)

representing the complex gain of the scattering channel lvehere eIemenR»ﬁ\m

We may simplify (21) by further observing thag ,, are the
complex coefficientgl of the 2D Fourier series for the peri-
odic scattering gain functiog(¢, 1),

9(6.0) = 3 3 emindems

m=0n=0

(22)

therefore

Hol,, =B, = B 1 (23)
Thus we can parameterize the random scattering channel by
the complex random coefficients’,, m € [—Ng, Ng], n €

[~ N7, Nt], giving

Ca B

H,

: : (24)
Brn B

The channel matrix decomposition (18) separates the channel
into three distinct regions of signal propagation: transmitters,
scatterers, and receivers, as shown in Fig. 1. Both the scatter-
free transmittet/ + and received g matrices, describing the ar-
ray geometry, are constant for fixed antenna locations within the
spatial region. Conversely, for a random scattering environment
the scattering channel matrid, will have random elements,
however, unlike other channel models, which don’t explicitly
use the antenna positions (or are constrained to particular scat-
fiering environments or arrays) we can now simulate the channel
for various array geometries and scattering environments.
(¢
IV. ANTENNA SATURATION OF SPATIALLY CONSTRAINED

ARRAYS

It is well known that the rank of the channel mati#k gives
the effective number of independent parallel channels between
the transmit and receive antenna arrays, and thus determines
the capacity of the system. For the decomposition (18) we have
rank H) = min{rank(Jr),rank(Jg), rank Hp)}, which, for
a large number of antennas in a rich scattering environment,
becomesnin{2Nt + 1,2Ngr + 1}. Therefore we see that the
number of modes for the scatter-free transmit and receive re-
gions limit the capacity of the system, this key result provides
the motivation for what follows next.

A. Convergence of Ergodic Capacity

Let H = H0J$ = [ﬁl,ﬁg,...,ﬁm}, WherefNLt is the
(2Nr + 1) x 1 vector corresponding to the complex channel
gains from theth transmitter to th& Ng + 1 receiver scatter-
free region modes, then the receiver modal correlation matrix is
defined as

Ry 2 BE{h/h,}, vt (25)

,is the modal correlation between two

tween thegth mode of the scatter-free transmitter region anghiodesm andm’ associated with the receiver scatter-free re-

the pth mode of the scatter-free receiver region.

gion.
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Consider the situation where the transmitter array of radihewever, as we will show next, itg > rank(Jr) then the
rr has optimally placed (uncorrelatedy = 2Nt + 1 anten- capacity no longer grows with antenna number.
nas, corresponding to independéntvectors, then the sample Let uy, £ = 1,2,...,ng denote the singular values of the

receiver modal correlation matrix is given by receiver scatter-free matriXg, ordered such that, > 441,
then we can express the capacity (28) as
~ 1 e
R+ =— htht (26) 2
" nT; c=3 log (1+n52>. (31)
¢

which converges tdi for large numbers of antennas{ —
— ~ ~ ; 2 _ Ty — i
o). Observing thafT I — ST Tk, then for alarge num- Observing thab, iy = tr(JrJg) = ng, where t(.) is the

ber of uncorrelated transmit antennas the ergodic capacity {Fce of the matrix, then denoting, ., andyi,n, as the sin-
converges to the deterministic quantity lar values of7 for arrays within radiugr with numbers of

antennasir:, nre > 2Ng + 1 respectively, we then have

. =~ n t
Iim C=C £ 10g Inp + fJRR’ﬁJR . (27) 1 NR1 1 nR2
rT—00 nRr 777, E Ma”m = T E M%JLR’.)' (32)
RL =1 R2 =1

This analytical capacity expression allows us to explore the

effects on ergodic capacity of the scattering environment ap§ definition, there are only raiifg) non-zero singular values
receiver array geometry without lengthy Monte-Carlo simulgcorresponding to the Nk + 1 independent receiver modes),
tions, as were previously required. By assuming a large trafgerefore, assuming we can place rafk) antennas such that
mitter region we have effectively removed any transmitter effegpatial correlation between each antenna is zero, giving con-

on capacity (sinc@ Ny + 1 > 2Ny + 1), allowing us to inde- stant and equal non-zero singular values, we have
pendently analyze the effect on capacity due to constraining the

. 2 2
receiver array. P (nry) _ He,(nge)
- )

e [1,2Ng +1]. (33)
NnR1 NR2
B. Antenna Saturation Point
To ensure we only see the effects on capacity of spatial
constraining the array we will assume the scatterers gener

herefore, lettingig; = nsat = 2Nr + 1, andnge = ng >
a{\éq + 1, (31) becomes

an isotropic diffuse field at the receiver (often referred to as a Nsat 112
rich scattering environment) corresponding to independent el- Csa 2 Zlog (1 + n;;"“) , MmrR>2Nr+1 (34)
ementss?, of the scattering channel matrix. Therefore, for a =1 sat

rich scattering environment, we have the maximum number o

independent modes at the receiver and the receiver modal <‘:§5€ r!gr;fclg?ﬁgiﬂfr?t?;?z?’;n(?[g?\;zev;;riﬁi% ?LO\;\QE ?eeaccohrggséhe
relation matrix becomeR = Ian,+1 and (27) reduces to 9

saturation point given byisg: = 2Ny + 1.

Combining (30) and (34) we get the theoretical maximum
_ U + . . . .
C =log Iy, + TTRJRJR (28)  capacity forng antennas within a region of radiug as
where the(q, r)th element of the receiver scatter-free matrix — Cpay(ng) = { "R log%"" 1/7R) '; "R i Nsat (35)
productJrJ}, is given by sat T 1R = Nsat
: Nr V. MAaxiMuMm CAPACITY FOR A GIVEN REGION OF SPACE
JRJR'qr = Z In(Yg) Tn(y,) From (35) we see the capacity for the region of radins
n=—Nr can be maximized using a minimum @ = ngat = 2Ng + 1
= Jo(klly, — y.ll) (29) antennas placed optimally such that they are all uncorrelated,

) . , .. in this case all of the singular values of the receiver scatter-free
which follows from a special case of Gegenbauer's Additiogatrix 7 are non-zero and are all unity. Therefore we define

Theorem [14, pp. 363]. For a rich scattering environmegta maximum capacity for the region as
Jo(klly, — y.||) gives the spatial correlation between the com-

plex envelopes of the received signals at anteraasdr [15]. Crmax(TR) = nisalog (1 + 1/ Nsar) (36)
Therefore the capacity (28) will be maximized for the maxi-
mum number of antennas that can be placed within the regighich is identical to the identity channel casH (= I,_,)
such that the spatial correlation between these antennas is zghown in [2], therefore for largesa (i.e.,rr — o0) we have

Assuming we can place allr antennas such that the spatial
correlation is zero between all the antennas, then the maximum lim Chax(Tr) = Climit = e (37)
capacity is given by el In2

which is the absolute maximum capacity if we allow the array
Cmax(nr) = nrlog(1 +n/nr) (30) 0 be unconstrained in size.
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Fig. 2: Theoretical maximum MIMO Capacity of various sized transmitter (Tx ~ ©
and receiver (Rx) regions in a rich scattering environment. A step in the capu.
ity indicates where the radius becomes large enough to accommodate another
mode in that region. Fig. 3: Simulated capacity for uniform circular and uniform linear arrays in
a rich scattering environment with transmitter radiys = 5\ and receiver
radiusrp = 0.5 for an increasing number of receiver antennas. Shown also
Since the MIMO capacity (2) is invariant with direction ofis the theoretical maximum capacity (35) for the receiver regiix(nr)
. . . . . along with the upper bounds on capacity (28) when the number of transmitter
information transmission [16], the previous sections hold fGF;cnnas is large' = o).
either the transmitter or receiver arrays, therefore we can gen-
eralize the result to define a maximum spatial capacity for any

iven scatter-free spatial region: . . . .
9 P 9 of increasing the number of receiver antennasconstrained

Definition 1 (Spatial Capacity Limit). For a scatter-free cir- within a scatter-free circular region of radiug = 0.5, for
cular region of radiug- define the maximum achievable capaca fixed number of transmitters constrained within a scatter-free
ity for that region as circular region of radiust = 5\ (nt = 2Ny + 1 = 87) for
SNR of 10dB. Fig. 3 shows the simulated capacity for Uniform
Cmax(r) = N, log (1 + 77) (38) Circular Arrays (UCA) and Uniform Linear Arrays (ULA) us-
N, . . : .
ing the channel model presented in Section IlI-A and assuming
where a rich scattering environment (the elementdhf are uncorre-
lated (i.i.d) random gaussian variables). Also shown is the theo-
Ny = 2[mer/A] +1 (39) retical maximum capacity (35) for the receiver region (given the
with an absolute maximum capacity for regions of infinite rdarge region size of the transmitter, the receiver region will de-
dius given by(37). termine the maximum achievable capacity of the system), along
wl@ the upper bounds (28) on capacity when the number of

Therefore we see that each scatter-free spatial region ha ) .
rgnsmltter antennas is large= o).

own maximum achievable capacity which depends only on t
radius of the region, in particular we can define the maximumAs indicated by the vertical dashed line the antenna satura-
capacity for each end of a MIMO communications link andion point for the region (39) clearly shows where further in-
provided we have a rich scattering environment, the maximu#fasing antenna numbers gives no further capacity gain. As
achievable capacity of the system will be the minimum of thgxpected, both the UCA and ULA do not optimally place the
two regions. antennas for the given region, and as such we see the capacity
Fig. 2 shows the theoretical maximum capacity for a MIM@s lower than the theoretical maximum capacity. These array
system in a rich scattering environment with transmitter and rgeometries do not utilize the full set of independent transmis-
ceiver regions of various radii. The modal nature of the syste$iPn modes between regions, and therefore exhibit the behavior
appears as steps in the capacity for increasing radii, that is Ch@ptimally utilized regions of smaller radii, as shown by the
we can only have integer numbers of modes a jump in capadigyver antenna saturation points and capacity.
occurs where the radius of the region increases enough to acA measure of expected performance of a spatially con-
commodate another mode. Obviously if the antennas are netrained array can be obtained by considering the singular val-
optimally located, or the scattering environment is not rich, theres of the scatter-free region matil for each array geome-
the capacity may be a long way from this theoretical maximurry. For example, the condition numbers for the saturated UCA

as we see in the following simulations. and ULA in a region of radiug.5\ are approximately 9 and
280 respectively (compared to a condition number of 1 for op-
VI. NUMERICAL RESULTS timally placed antennas). We are currently investigating and

We now present Monte-Carlo simulations to support the thguantifying this performance measure, and will publish the re-
oretical work of the previous sections. We consider the effestilts shortly.
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VIl. DISCUSSION

We have derived a theoretical maximum capacity for a fixed
region of space which depends only on the radius of the regiofs]
We also presented an antenna saturation point at which this
maximum occurs, whereby further increases in the number gf
antennas fails to give further capacity gains. These results have
significant implications for realizable MIMO systems, simply[7
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C. Chen-Nee, D. N. C. Tse, J. M. Kahn, and R. A. Valenzuela, “Capacity
scaling in MIMO wireless systems under correlated fadimgfbrmation
Theory, IEEE Transactions owmol. 48, no. 3, pp. 637-650, 2002.

L. Hanlen and M. Fu, “MIMO wireless communication systems: Capac-
ity limits for sparse scattering,” ird Australian Communcations Theory
Workshop Canberra, Australia, 2002.

S. Loyka and A. Kouki, “New compound upper bound on MIMO channel
capacity,”|lEEE Communications Lettergol. 6, no. 3, pp. 96—98, 2002.

1 T.S. Pollock, T. D. Abhayapala, and R. A. Kennedy, “Introducing space

into space-time MIMO capacity calculations: A new closed form upper

cramming more and more antennas into a region of space does pound;” inint. Conf. Telecommunications, ICT’0Bapeete, Tahiti, 2003.
not increase the capacity (it may however improve the divei8] D. Gesbert, T. Ekman, and N. Christophersen, “Capacity limits of dense

sity performance). Therefore we see that space also needs[éf)
be considered for the information bearing capacity of the sys-
tem, along with the usual time-frequency constraint. Howev

these results show one cannot assign a spatial unit of ca

ity, as with the traditional time and frequency concepts, e.gt}1]
bps/Hz/n?, simply because unlike the time and frequency ca
doubling the region area or volume does not give a correspo

ing doubling of capacity.
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