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Modern theories of the universe proceed from the belief that all matter ultimately derives from a 

few kinds of particles, each possessing certain intrinsic properties which determine the nature of 
their interactions with one another, and that these intrinsic properties together with the interactions 
account for matter and change in the universe as we know it. This view is supported by the discovery 
of the periodic table, the nuclear atom, quantum electrodynamics, Murry Gell-MannÕs successful 
quark theory of the ultimate nature of matter, and the step-by-step unification of the forces, which is 
proceeding with such great promise. 

Not long after the remarkable success of the Òeightfold wayÓ and the quark hypothesis I asked 
Gell-Mann if it would now be necessary for me to learn group theory in order to understand physics. 
His answer was comforting but curious: ÒNo, not now that we have the quarks.Ó Yet the group 
theory arguments led to the quarks. Gell-MannÕs answer reflects a deep-seated commitment by most 
physicists to what I shall call the substantive model of reality which I have described above: form 
ultimately derives from substance, in this case a small number of quarks and leptons, each having 
certain intrinsic properties which determine its interactions with the others. 

Yet the practice of the theoretical physicist suggests a different conceptual scheme at variance 
with this view. The history of science has demonstrated the subtle and often startling power of 
mathematics to enlighten and delight the inquiring mind. The great scientific advances of the past 
four centuries have been made largely through the use of mathematics, which deals only with form. 
The ÒsubstanceÓ of mathematics derives from the form; it seems something of a miracle that so 
much information arises inevitably from a few simple symmetries given mathematical expression. 
Hence, mathematics, which is timeless, beckons as the proper language in which to converse about 
the fundamental nature of things. Ultimately the ÒsubstanceÓ of what we see may be simply 
manifestations of mathematical form imposed by an observer on an undifferentiated primordial 
substance as tenuous as the space of a mathematical manifold. G. Spencer-Brown has shown us the 
power of a calculus whose elements are simply marked and unmarked states (Laws of Form, E. P. 
Dutton, New York, 1979), and modern computers exhibit the richness of possibility available to the 
human mind with simply on-off inputs. 

We adopt here the view that it is information, mathematically expressed and hence proceeding 
from form, that has the character of matter rather than the unknown and perhaps unknowable 
substance which presumably constitutes the universe. This paper is a modest attempt to set forth an 
uncomplicated approach to the problems of invariance and change in the simplest mathematical 
terms. It proceeds from the ideas of form rather than substance, and the emergence of forms which 
take on the character of familiar objects thought to be fundamental particles of nature gives credence 
to the philosophical stance assumed. 

 
A certain amount of generality will be sought in the treatment of the subject and, although results 

familiar to physicists will be obtained to illustrate the power of the method, much of the formalism 
developed may prove useful in fields outside physics. 

 

The Pencil and Paper World: Ingredients and Assumptions 
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We begin the construction of our mathematical world with an N+1 dimensional space-time 

manifold ξ = (ξ0 = t/t0,ξ1,ξ2,É ,ξN) or 
  
!0,

r 
! ( )  devoid of information except as departures, with 

characteristic time, t0, from the symmetries of complete homogeneity and isotropy and a metric 
g00 = -1, g11 = g22 = g33 = 1, gjk = 0, j! k, j,k=0,1,2,3. We speak of these departures, which will be 
represented by mathematical functions in the manifold, as matter. Matter is the source of the sense 
impressions giving rise to the physical description of the objects of interest. Matter, as we employ 
the term here, is nothing more than information conveyed by the mathematical functions in the 
space. No information, corresponding, for example, to the homogeneity and isotropy of a space-time 
manifold, implies no matter. 

This rather abrupt beginning with an N+1 dimensional space-time manifold rather than an 
N-space with time as an invariant parameter requires some justification. We are concerned primarily 
with change which has only one parameter: a single linearly independent variable we call time. Since 
time is communicated to the consciousness only as a change in spatial configuration (information), 
under a transformation from one coordinate system to another, the time must also transform 
commensurately with the spatial coordinates. The -1 in the metric for the temporal component is 
necessary if time is to be a parameter whose magnitude can be always monotonically increasing. 
Space is a general mathematical concept of which the 3-space of ordinary experience in the physical 
world is only a special case. Hence, dimensionless coordinates are employed. The only requirement 
is that the N+1 dimensions be linearly independent. 

We next introduce observers who are not part of the space-time manifold. We shall characterize 
an observer as a localized, sentient being with memory and agency and hence not mathematically 
predictable. There must be a division in our world between the observer and the space of 
mathematical functions. We now have an epistemological problem unless we assume some kind of 
localized interaction of the observer with matter which we do not specify, but which enables the 
observer to communicate with other observers and gain an awareness of matter (information) via 
signals. We shall represent this interaction as a measurement, and the measuring instrument will be 
mathematically describable in the space-time manifold. 

The introduction of an observer confronts us with an apparent conflict with the geometric model. 
The assumptions we have made about the observer require that time on the observerÕs clock be 
unidirectional. Otherwise we would have no concept of causality, which is a crucial element in the 
organization of our world of sense impressions into a world of remembered experience. However, 
when we take into account the interaction of the observer, for whom time is unidirectional, with the 
geometry of the experience, it is readily shown that causality appears as the perceived reality (see, 
for example, T. C. Bradbury, Theoretical Mechanics, John Wiley & Sons, Inc., New York, 1968). 
Conversely, if we start with the postulate of causality, then at the level of observation a posteriori 
we get the unidirectionality of time at the same level. We shall call this Òphysical timeÓ to 
distinguish it from the temporal component of the space-time manifold. The necessity to distinguish 
between the abstract world of our non-physical geometrical description and the world we observe 
through the senses now becomes apparent. 

With each observer we associate a reference system in the space. The spatial and temporal 
dimensions and the observer are fundamentally linked: the spatial character of the object cannot be 
observed without a spatial change giving rise to a signal to carry information to the observer, and 
any spatial change gives rise to the concept of time. A uniform sequence of spatial changes provides 
a clock, though not a physical clock since there is no fiducial point and no direction. If, under a 
transformation, the spatial components change, then the time on the clock must transform 
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commensurately. The interaction of the observer with the system, however, brings into being the 
physical (unidirectional) time. 

Meaningful communication between these observers demands that the mathematical images of 
the objects in the (N+1)-space be such that the observers can agree that they are talking about the 
same object. The appropriate images are the space-time tensors (or, alternatively, the space-time 
spinors), mathematical objects possessing essential invariant properties, though their  representations 
(descriptions) may change when we transform from one reference frame (observer) to another. The 
tensor notation suppresses any reference to a particular coordinate system. The requirement that the 
properties of objects be described in terms of tensors in a space-time manifold we shall refer to as 
the principle of invariance. If we add to this principle information present in the space-time manifold 
to the sense world of the observer, we shall have the foundation for an invariance theory. 

Because we are concerned with form rather than substance, we make no assumption as to the 
existence or non-existence of classical (point) particles (the cross-section for the interaction of 
classical particles is zero), and we proceed to develop the theory in terms of fields (functions in the 
space) since these can interact through superposition. The particulate nature of matter (information) 
at the microscopic level will appear as quanta. 

 

Invariance Of Scalar Fields and the Limiting Velocity of a Signal 
 
The simplest objects invariant to the group of space-time rotations are the space-time scalars, 

ψ(ξ). Space-time scalars can be constructed from scalar products between dimensionless vector 
fields α of which the position vector ξ is a special case. The requirement of the invariance of the 
functional form of ψ places a constraint on α. We require 

! "  #( ) = exp $ %#µ&' +#' &µ %( µ ! & µ + ( ' ! & µ( )[ ]" #( ), µ, ' = 0,1, 2,...

= " #( ) +$ %#µ&' +#' &µ %( µ ! & µ + ( ' ! & µ( )" #( ) + ... = " #( )
 1) 

where ∂µ=∂ /∂ξµ and ∂′µ=∂ /αµ. The active view (the rotation of the vectors rather than the 
coordinate system) is adopted in this transformation. From this equation it is evident that the 
invariance of ψ(ξ) demands that it be an eigenfunction of the rotation operator with eigenvalue 
unity, or 

!"µ#$% + "$#µ% ! &µ ' # $% +&$ ' # µ% = 0  2) 

We can obtain solutions to this linear homogeneous partial differential equation by setting 

ˆ ! µ"

!µ

=

#"

i#$µ

!µ

=" , i = %1, µ = 0,1,2,...  3) 

This substitution yields everywhere finite invariant scalar functions that lie in a Hilbert space: 

! "( ) = A
n
!

n
"( )# $! "( ) = % &( )' e

i&("
d&  4) 

This is the Fourier integral which possesses the transform 

! "( ) = # $( )e%i"&$d$'  5) 
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We now bring the observer into the mathematical description. The observer interacts with the 
system represented by the function ψ by means of a measurement represented by a differential 
operator ˆ Q  which may or may not produce a change in ψ. By a property of ψ we shall mean here an 

entity whose operator acting on ψ is observed to leave ψ unchanged: ˆ Q ˆ !  ,"( ) q[ ]# =# . Evidently 

equation 3) defines an operator, ö ! µ , corresponding to a property, αµ, of the field. That αµ and ξµ are 
not simultaneous properties of a state, ψ, is readily shown by noting that, if ψ is bounded, ö !  µ  and 

!µ "
ö ! µ  satisfy the commutation relation ˆ !  µ , ˆ "  µ[ ] = i . If we define the expectation value, f(ξ), which 

is a property of an invariant scalar function, ψ (ξ), or A(α), which is a property of an invariant scalar 
function f(a), with ψ and f being related by the transforms 4) and 5) 

f !( ) = " *"# f !( )d! and A $( ) = %*%A $( )d$#  6) 

then it is easily shown that 

f ! ,"( ) = # *
f ˆ !  , ˆ "  ( )#d!$  7) 

where the components of ö !  are defined by 3). (This theorem and others to follow parallel those for a 
three dimensional space found in standard quantum mechanics texts, e.g. Messiah, Quantum 
Mechanics, Wiley, 1966.) 

The definitions given in 6) are specifically related to the role of an observer in the theory. Since 
the function ψ represents the presence of matter in the manifold and matter is experienced as a real 
quantity, we must represent matter density by means of some function of ψ that is real. Since ψ lies 
in a Hilbert space, it can be normalized, and we can define ψ  *ψ normalized to unity as matter 
probability density, provided it is time independent. 

From these definitions and the commutation relation, ö !  µ , ö "  µ[ ] = i , it follows that 

! ˆ "  µ ! #µ $
1

2
 8) 

where ! ˆ " µ  and ! " µ  are the uncertainties in the measurements of ö ! µ  and ξµ. The uncertainty in 

measurement expressed by 8) justifies the normalization criterion for ψ. 

The definition of a property of ψ given above is equivalent to the condition that the expectation 

value of a function Q ˆ ! , ˆ " ( ) represented by a Hermitian operator for a state ψ (ξ) has definite values: 

Q ö !  , ö "  ( )# n = qn# n
 9) 

The above relationships, together with the symmetry of equations 6), exhibit a coupling between 
α and ξ. We can regard α as a field in a manifold ξ, or ξ as a field in a manifold α. The uncertainty 
principle, 8), also requires that they be treated symmetrically. In fact, if we superimpose the 
uncertainties in 8) in the simplest possible way, as a sum and a difference, the product of these two 
superpositions reveals a quantization of the components of the vectors α and ξ. We can set 

ö ! =
" ö # µ + "$µ

2
and ö % ! =

&" ö # µ + "$µ

2
 10) 
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from which we find ö !  , ö " !  [ ] =1. We can now define ö !  = ö "  # ö "   and write the eigenvalue equation 

ˆ ! " = n" . From the requirement that no n is negative we readily show that ! ˆ "  and ˆ !  are creation 
and annihilation operators and that n can take on only integral values. Furthermore, it is evident that 
the mean value of the sum of the squares of the indeterminacy of the two fields, ξ and α, is also 
quantized with a minimum eigenvalue of 1/2. These are present no matter how small ψ is, as long as 
it is finite: 

ö ! " n =
1
2

#$µ( )2
+# ö $ µ #%µ & #%µ # ö $ µ + #%µ( )2' 

( 
) 
* 
"n = n" n

+
1
2

#$µ( )2
+ #%µ( )2' 

( 
) 
* 
" n = n &

1
2

, 
- 

. 
/ " n, n = 1,2,3,...

 11) 

The attempt to bring forth in an (N+1)-manifold a scalar function which is invariant to a rotation 
in the manifold has, to our surprise, shown the necessity for the existence of a vector field which 
couples to the position vector field of the manifold. The coupling gives rise to an interchange of 
quanta between the field and the manifold. A field is present even in the absence of Òparticles,Ó the 
ground state of υ being 1/2. 

We note an important Property of the Fourier transforms, 4) and 5). If we consider a reference 
frame in which α the value of α0 in the neighborhood of which φ(α) has its greatest value, vanishes, 
then the invariant associated with the vector, α, is 

! 2 "
#
# 0

$ 

% 
& '  

( 
) 

2

= " 1, ! 0 =
#
# 0

, ! 2
=

k

k0

$ 

% 
& '  

( 
) 

2

= ! 1
2

+ ! 2
2

+ ... 12) 

where ω0 is the value of ω when ξ=ξ0. Hence, the speed of the individual waves, |ω€/k|"ω0/k0, 
and since the derivative of the invariant vanishes 

d!
dk

" 
# 

$ 
% 

!
k

=
!
0

2

k
0

2
& c2  13) 

The group velocity of the wave packet, 4), is evidently equal to some constant, c, if ω0/k0 does 
not vanish and less than c if it does. Then c appears to be the limiting velocity of a signal. 

Our search for a scalar function, ψ (ξ), representing the presence of matter (information), has led 
us to a superposition of complex plane waves which is, in general, complex. For stationary statesÑ

time dependence of ψ of the form 
  
! "( ) = #

r 
"  ( )exp i" 0$ 0( ) Ñ we defined ψ *ψ as matter density and 

indicated that if properly normalized it could be employed as a matter probability density. In the 
dynamic case it is necessary to discover the phase independent matter density from an equation of 
continuity. The phase of ψ represents the possibility of interaction with other matter. Our 
requirement of invariance demands that the correctly formulated laws be the same for an observer in 
any reference frame. Since the phase angle is measured relative to some arbitrary reference line, the 
phase measured by one observer would in general be different from that measured by another. 
Hence, the phase of ψ (ξ) at any point in space cannot appear as the result of a measurement, since it 
would not be invariant to a transformation between the two observers. The observed quantity must 
therefore be phase invariant even though what is observed may be largely determined by interference 
phenomena arising from phase relationships between the plane waves comprising the function. The 
phase lock (coherence) giving rise to the interaction between the apparatus of each of the two distant 
observers is provided by those deBroglie waves in the packet which travel with an essentially 
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infinite velocity. The function, ψ (ξ) itself, cannot then be an observable. An equation of continuity, 
for example, which expresses an observed conservation law must be blind to the phase of ψ (ξ) and 
must therefore be expressed in terms of functions of ψ (ξ) in which the phase does not appear. This 
is a local symmetry requirement. 

We can now make further progress in the development of the theory by constructing an equation 
of continuity using the invariant associated with the vector α: 

  

r 
!  2 = ! 2 " ! 0

2 # +! 0 0( )[ ]2
, ! 2 = ! 1

2 +! 2
2 +... 14) 

If we operate from the left in 3) with ö !  µ , we find the eigenvalue equation for these operators to be 

!µ!µ" # !
0

2
" = # $

0
0( )[ ]2" , µ =1,2,...       (summation convention)  15) 

If we multiply this equation by Ðiψ  */2 and its complex conjugate by Ðiψ /2, then subtract, we obtain 

! 0

i

2
" *! 0" #"! 0"

*( )$ 
% 

& 
'  

+ ! µ

#i
2

" * ! µ" #"! µ"
*( )$ 

% 
& 
'  

= 0 16) 

in which we can identify the first bracketed quantity as a probability density and the second as a 
probability current density. Substituting ψ =ψ′exp(-iη(ξ)) into the bracketed expressions reveals that 
phase invariant local density functions may be found which are of the form 

! =
i
2
"

*
#0" $"#0"

*( ) $%" *
", & % = % $ #0'  17) 

j =
!i
2
"

*
#" !"#"

*( ) ! A" *
" , $ A = A+#%  18) 

The equation of continuity for these density functions does not proceed from the invariance 
equation 14) but rather requires the introduction of interaction terms, the simplest of which is the 4-
potential (A, iφ), into the modified invariance equation 

  
!
0
" #( )2 =

r 
! " A( )2 +!

0

2  19) 

This equation shows the necessity for the introduction of another vector field to preserve the phase 
invariance of the probability density function for a dynamic system. 

 

Application: The Special Theory of Relativity 
 

The special theory of relativity is derived from the two postulates: 

 

1. The laws of physics are invariant to a transformation between inertial frames, and 

2. The velocity of light is a constant, the same in all inertial frames. 

 

An inertial transformation is simply a rotation in space-time, so if the laws of physics are 
expressed in terms of space-time tensors, the first postulate is satisfied. The space-time manifold is a 
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4-space, ξ=x/λ. Space-time rotations exhibit the familiar time dilation and Lorentz contraction in the 
kinematics of physical bodies. 

Furthermore, equation 13) demonstrates the limiting speed of a wave packet suggesting the 
limiting velocity, c, of a signal. We shall show that our invariance theory implies MaxwellÕs 
equations in which c is the speed of light. We raise the question, however, as to whether or not the 
second postulate is strictly correct. Wave packets are made up of plane waves having velocities 
greater than the velocity of light. Phase information can therefore be transmitted at essentially 
infinite speed. It is the relative phase that determines the interactions in quantum mechanics, and 
phase lock between objects remote from one another could be achieved essentially instantaneously. 
It is perhaps this fact that removes the paradox of the low intensity diffraction phenomena and hence 
calls into question the validity of the celebrated wave-particle duality. 

But at an even more fundamental level it exhibits the impermanence of space and time. The 
appearance of a quantum of matter, (p, iE/c), is accompanied by the disappearance of a quantum of 
space-time, (x, ict). This relationship reminds us of the bending of space which appears in the 
general theory of relativity. These space-time quanta, which have their existence only in conjunction 
with other vector fields, can be created and destroyed just as can the quanta of any other vector field. 
Any 4-vector field couples with the space-time vector field and bears a complementary relationship 
to it: the uncertainties in the respective components are limited by the uncertainty principle, and the 
sums of the squares of the complementary uncertainties are quantized with associated creation and 
annihilation operators. 

 

The Planck-Einstein-deBroglie Relation: Quantum Mechanics 
 
EinsteinÕs relativistic momentum 4-vector (p, iE/c) can also be shown to satisfy the conditions 3) 

in the same way that (k, iω/c) was shown to satisfy them. Therefore the superposition will be written 
as 

! r ,t( ) = A p,E( )ei h p"r #Et( )
dpdE$  20) 

where 

p! "
h
i

# ! = p! , E! " ih
$!
$t

= E!  21) 

The h is a finite constant which keeps the exponent dimensionless. This constant proves to be 
PlanckÕs constant divided by 2π, so the h employed here is the Dirac h. The essential equivalence of 
the two Hilbert spaces, 7Õ) and 7Ó), in all Lorentz frames associates with each wave number a 
definite momentum and with each angular frequency a definite energy. It is then apparent that 

p,E c( ) = h k,! c( )  22) 

Hence the Planck-Einstein-deBroglie relation appears as a consequence of the required invariance of 
ψ(x) with respect to a space-time rotation. There is, however, one very significant difference: E here 
is the relativistic energy, the component of a four vector rather than a scalar. In fact, any four vector, 
a, will satisfy an equation like 22) and hence give rise to scalar wave functions. 

Hence the formalism of quantum mechanics is a special case of the invariance theory with the 
qualification on the Hamiltonian operator noted above. 
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Electrodynamics, the Dirac Equation, Quantum Electrodynamics 
 
In the physical 4-space equation 19) is the well-known electromagnetic coupling. That this 

coupling through the energy equation is equivalent to the employment in the force equations of 
electromagnetic fields satisfying MaxwellÕs equations is shown in standard texts. The 
electromagnetic 4-potential, A, couples to the space-time 4-vector as shown above. Hence, we find 
that electrodynamics is a special case of the invariance theory. 

In the theory we have developed so far, the requirement that matter be represented by a function 
defined in the neighborhood of a point implies the existence of electromagnetic waves. These waves 
arise from fields that have local phase invariance as required by the imposition of a localized 
observer into the geometry. The function ψ is associated with this field but has so far been restricted 
only by the requirement that it be invariant to a rotation in space-time in which the time axis is 
rotated. The assumed homogeneity and isotropy of space-time has been called upon so far only with 
respect to rotations involving the time axis. It is necessary also that the functions ϕ be invariant to 
rotations involving only the spatial axes. These operators were shown by Dirac to be incompatible 
with the energy operator H(r,p), appearing in equation 8) as E. However, by linearizing the 
expression for the covariant Hamiltonian, Dirac was able to find four independent scalar solutions 
(which together constitute a spinor), provided that he modify the rotation operator to include 
one-half integral spin angular momentum. Failure to so modify the rotation operators led to 
multiple-valued state functions. The treatment given here applies to each of these four scalar 
solutions. (If our discussion were modified using a representation of the four-dimensional space-time 
manifold in terms of 2-spinors rather than a four-dimensional Minkowski space, the Dirac solutions 
would have appeared naturally in the course of the development. The spinor does not return to its 
original state under a rotation of 2π, but to another vector called the negative of the original spin 
vector. For this reason, the multiple-valued solutions do not appear in this representation.) 

Hence, it appears to be possible to develop a consistent theory of physical matter from the affine 
geometry of a four-dimensional space-time manifold together with the observer. However, the fact 
that in the invariance theory the counterpart of the Hamiltonian function is a component of a 
four-vector rather than a scalar makes it necessary to introduce an additional dimension, a 
two-valued spin space superimposed on the four-space, or equivalently a Riemannian space of two 
sheets. What has emerged is a spinor matter field representing charged fermions together with a 
vector boson field which couples to it. 

 

Conclusion 
The approach of this paper provides a simple connection of much of modem physics to physical 

geometry. It suggests new possibilities for getting at the physics underlying the existence of 
interactions (forces) and their quanta (particles). For example, the requirement of observability leads 
to phase invariance, which in turn leads to a new four-vector field A. This four-vector must satisfy 
all the conditions of αµ in equation 6) if we set αj=iAj and α4=-φ. This gives rise to solutions 

  
! = ! n" = Bn

r 
A ,#( )ei

r 
A $r r %#t( )

"  23) 

and to operators 
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! j = i ˆ A j , !
4

= ˆ "   24) 

The quantization of the electromagnetic field then proceeds as shown heretofore for any bounded 
field satisfying the principle of relativity. Extension of this procedure, for example the introduction 
of another dimension to represent the i-spin symmetry, might give rise to additional fermions and 
additional bosons. 
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