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Moden theories of the universe proceed from the bdief tha all matter ultimately derives from a
few kinds of particles, each possessing certain intrindc propeaties which determine the naure of
thdr interactionswith oneanother, and tha these intringc propaties together with the interactions
accountfor matter and changein theuniverse as we know it. Thisview is suppoted by thediscovery
of the periodic table, the nudear atom, quantum electrodynanics, Murry Gell-Mann® successful
quak theory of the ultimate nature of matter, and the step-by-step unification of the forces, which is
proceeding with such great promise.

Not long after the remarkable success of the Geightfold wayOand the quak hypohesis | asked
Gdl-Mannif it would now be necessary for me to learn grouptheory in order to undestand physics.
His answer was comforting but curious ONo, not now tha we have the quaks.OYet the group
theory arguments led to the quarks. Gell-Mann® answer reflects a desp-seated commitment by most
physcists to wha | shdl call the substantive modd of reality which | have described above form
ultimately derives from subdance, in this case a small nunmber of quaks and leptons, each having
certain intringc propaties which determineits interactionswith the others.

Y et the practice of the theoretical physcist suggests a different conceptud scheme at variance
with this view. The history of science has demondrated the subtie and often startling power of
mathematics to enlighten and ddight the inquiring mind. The great scientific advances of the past
four centuries have been made largdy throughthe use of mathematics, which deals only with form.
The GubganceO of mathematics derives from the form; it seems something of a miracle tha so
much information arises inevitably from a few simple symmetries given mathematical expression.
Hence, mathematics, which is timeless, beckonsas the prope language in which to convese about
the fundamental naure of things Ultimately the GubstanceO of wha we see may be simply
manifestations of mathematical form imposed by an obsrver on an undifferentiated primordial
subgance as tenuots as the space of a mathematical manifold. G. Spencer-Brown has shown us the
power of a calculus whos elements are smply marked and unmerked states (Laws of Form, E. P.
Dutton, New York, 1979) and modean computers exhibit the richness of possibility available to the
human mind with smply on-off input.

We adopt here the view that it is information, mathematically expressed and hence proceeding
from form, tha has the character of matter rather than the unknown and perhgos unknowable
subgance which presumably conditutes the universe. This pgoer is a modest attempt to set forth an
unoomplicated approach to the problems of invaiance and change in the smplest mathematical
terms. It proceeds from the ideas of form rather than subgance, and the emergence of forms which
take on the character of familiar objects thoughtto befundamental particles of naure gives credence
to the philosophical stance assumed.

A certain amountof genedity will be soughtin the treatment of the subject and, althoughresults
familiar to physcists will be obtained to illudrate the power of the method, much of the formalism
developed may prove useful in fieldsoutside physcs.

The Pencil and Paper World: Ingredients and Assumptions
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We begin the congruction of our mathematical world with an N+1 dimensond space-time

manifold & = (&, = 1/1,,&,,&,E ,E,) or (go,g) devoid of information except as departures, with

characteristic time, 7,, from the symmetries of complete homogendty and isotropy and a metric
80="1,81=82=8%=1,8,=0,j'k,jk=0,1,23. We speak of these departures, which will be
represented by mathematical functions in the manifold, as matter. Matter is the source of the sense
impressions giving rise to the physical description of the objects of interest. Matter, as we employ
the term here, is nothing more than information conveyed by the mathematical fundionsin the
gpace. No information, corresponding, for example, to the homogenaty and isotropy of a space-time
manifold, implies no matter.

This rather abrupt beginning with an N+1 dimendond space-time manifold rather than an
N-space with time as an invariant parameter requires some jugification. We are concerned primarily
with changewhich has only onepaameter: asingle linearly indgpendent variable we call time. Since
time is communicated to the consciousess only as a changein spatial configuration (information),
unde a trandormation from one coordinae system to another, the time mug aso trandorm
commenaurately with the spaial coordinaes. The -1 in the metric for the tempora component is
necessary if time is to be a paameter whose magnitude can be always monoonically increasing.
Space is agenera mathematical conaept of which the 3-space of ordinary experience in the physcal
world is only a specia case. Hence, dimensonless coordinaes are employed. The only requirement
istha theN+1 dimensonsbelinearly indgpendent.

We next introdue observers who are not part of the space-time manifold. We shdl characterize
an observer as a localized, sentient bang with memory and agency and hence not mathematically
predictable. There mug be a divison in our world between the obsrver and the space of
mathematical fundions We now have an epistemological problem unless we assume some kind of
localized interaction of the observer with matter which we do not specify, but which enables the
observer to communicate with other observers and gan an awareness of matter (information) via
signals. We shdl represent this interaction as a measurement, and the measuring ingrument will be
mathematically describable in the space-time manifold.

Theintrodudion of an observer confronts uswith an appaent conflict with the geometric modd.
The assumptions we have made about the observer require tha time on the observer@ clock be
unidirectiond. Otherwise we would have no concept of causality, which is a cruda element in the
organization of our world of sense impressionsinto a world of remembered experience. However,
when we take into accountthe interaction of the observer, for whomtime is unidirectiond, with the
geometry of the experience, it is readily shown tha causality appears as the perceived redlity (see,
for example, T. C. Bradbuly, Theoretical Mechanics, John Wiley & Sons Inc., New York, 1968)
Conveasdy, if we start with the pogulate of causality, then at the level of observation a posteriori
we ge the unidirectiondity of time at the same level. We shdl call this Qphyscal timeO to
distinguish it from thetemporal component of the space-time manifold. The necessity to distinguish
between the abstract world of our non-physcal geometrical description and the world we observe
throughthe senses now becomes appaent.

With each obsrver we assodate a reference system in the space. The spaia and tempord
dimensonsand the observer are fundamentaly linked: the spatia character of the object cannotbe
observed without a spaial changegiving rise to a signd to carry information to the observer, and
any spaial changegivesrise to the conaept of time. A uniform sequence of spaia changes provides
a clock, thoughnot a physical clock since there is no fiduda point and no direction. If, unde a
trandormation, the spaial components change then the time on the clock mug trandorm
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commenaurately. The interaction of the observer with the system, however, bringsinto being the
physca (unidirectiond) time.

Meaningful communication between these ob%rvers demandstha the mathematical images of
the objects in the (N+1)-space be such tha the observers can agree tha they are talking about the
same object. The appropriate images are the space-time tensors (or, aternaively, the space-time
spinors), mathematical objects possessing essential invariant propaties, thoughthear representations
(descriptiong may changewhen we trandorm from onereference frame (observer) to another. The
tensor notation suppresses any reference to a paticular coordinae system. The requirement tha the
propeaties of objects be described in terms of tensors in a space-time manifold we shdl refer to as
the principle of invariance. |1f we addto this prindple information present in the space-time manifold
to the sens2 world of the observer, we shdl have the founddion for an invariance theory.

Because we are concerned with form rather than subgance, we make no assumption as to the
existence or nonexistence of classical (point) paticles (the cross-section for the interaction of
classical particlesis zero), and we proceed to develop the theory in terms of fields (fundionsin the
space) since these can interact through supepostion. The paticulate nature of matter (information)
at the microscopic level will appear as quanta.

Invariance Of Scalar Fields and the Limiting Velocity of a Signal

The simplest objects invariant to the group of space-time rotations are the space-time scalars,
Y(E). Space-time scalars can be condructed from scalar produds between dimensonless vector
fields a of which the postion vector & is a specia case. The requirement of the invariance of the
fundiond form of y places a condraint on a. Werequire

" N(#) = exp[$(%¢{u&, +# & W &, +( &L)] (#, w'=012..
= (#)+ (& +# & W& +( &) (#)+..=" (#)

where é’fé’/ Jg, and é’/#:é’/ a,. The active view (the rotation of the vectors rather then the
coordinae system) is adoptd in this trandormation. From this equaion it is evident tha the

invariance of (&) demands tha it be an eigenfundion of the rotation opeator with eigenvdue
unity, or
—§u I, + gAaMw -a, Y + aﬂc?;l/) =0 2)
We can obtain solutionsto this linear homogeneous partial differential equéion by setting
Y

: i d
W T o dTu=0,12,. 3)

1)

a.u a#
This subditution yieldseverywhere finite invariant scalar fundionsthat liein a Hilbert space:
v(E)= 3 4,8 = (E)= [ola)"da )
Thisisthe Fourier integral which possesses thetrandorm

o) = fw(&)e™ dg 5)
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We now bring the observer into the mathematical description. The observer interacts with the
system represented by the fundion y by means of a measurement represented by a differentia
opeaator Q which may or may not produce a changein . By apropety of  we shdl mean here an
entity whose opeator acting on v is observed to leave i unchanged: [Q(f ")/q]# =# . Evidently
equdion 3) defines an opeator, é'?#, correspondng to a propeaty, «,, of thefield. Tha a, and §, are

not simultaneous propeties of a state, y, is readily shown by noting thd, if v is boundel, !('5,, and
g, = 8 stisfy the commutation relation [f 0 ] =i . If we definethe expectation value, (&), which

T
isapropeaty of aninvariant scalar fundion, v (&), or A(«), which isapropeaty of an invariant scalar

fundionf{a), with y and f being related by thetrandorms 4) and 5)
(A= £()dr and (AS))= 19i9A(8)ds 6)
then it is easly shown tha

(r(r.” ))=$t*f(f,”)#d! 7

where the components of & are defined by 3). (This theorem and others to follow paralel those for a
three dimengond space found in standad quantum mechanics texts, e.g. Messiah, Quantum
Mechanics, Wiley, 1966)

Theddfinitionsgiven in 6) are specificaly related to the role of an observer in thetheory. Since
the fundion vy represents the presence of matter in the manifold and matter is experienced as a red
quantity, we mug represent matter dengty by means of some fundion of y tha isreal. Since y lies
in a Hilbert space, it can be nomalized, and we can define vy "y nomalized to unity as matter
probability dengty, provided it istime independent.

From these definitionsand the commutation relation, ['0“ , ’5”] =i, it followstha
TAEE 8
T ALE )

where A|&u| and ! |u| are the uncertainties in the measurements of é'?# and §,. The uncertainty in
measurement expressed by 8) judifies thenormalization criterionfor .

The definition of a propaty of v given aboveis equivalent to the condition tha the expectation
valueof afundion Q(E,&) represented by a Hermitian operator for a state v (&) has definite values:

olPo), =4, %)

The aboverdationdips togeher with the symmetry of equaions6), exhibit a coupling between
a and & We can regad a as afield in amanifold &, or & asafield in amanifold a. The uncertainty
princdple, 8), adso requires tha they be treated symmetrically. In fact, if we supaimpos the
uncertainties in 8) in the smplest possible way, as a sum and a difference, the produd of these two
supapostionsreveal s a quantization of the components of the vectors a and & We can set

-A|&,|+Alz,
—

/§’=M+2A§“ and /§j’=

7 10)
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from which we find [pp] —1. We can now define 8= 99 and write the eigenvdue equdion

ty = ny . From the requirement tha no n is negative we readily show tha g’ and 8 are creation
and annihilation opeators and tha n can take on only integral values. Furthermore, it is evident tha
the mean value of the sum of the squaes of the indg¢erminacy of the two fields § and «, is aso
quantized with a minimum eigenvaue of 1/2. These are present no matter how small y is, aslongas
itisfinite:

.. 1 2 .. .. 2

= 5[ (ale) + AR, A5 - Al bl + (AR o =,
11)

= R I P,

The attempt to bring forth in an (N+1)-manifold a scalar fundion which isinvariant to arotation
in the manifold has, to our surprise, shown the necessity for the existence of a vector field which
couples to the position vector field of the manifold. The coupling gives rise to an interchange of
quanta between the field and the manifold. A field is present even in the absence of (aticles,Othe
groundstate of v being 1/2.

We note an important Propeaty of the Fourier trandorms, 4) and 5). If we consder a reference
frame in which a thevalue of «, in the neghbohood of which ¢(a) hasits greatest value, vanishes,
then theinvariant assodated with thevector, o, is

2 2
ﬂ--gi) =1 ! _E !2=§/&£% 124024 12)

%, ( 0 #,

where w, is the value of w when £=&,. Hence, the speed of the individud waves, lw€/kl" w/k,,
and since thederivative of theinvariant vanishes
“d/ !
Ld;?— =0 g 13)
dk Y| Kk
The group velodty of the wave packet, 4), is evidently equd to some condant, ¢, if wyk, does
notvanish and lessthan cif it does. Then ¢ appearsto bethelimiting velodty of asignd.

] 2

Our search for a scalar fundion, v (&), representing the presence of matter (information), has Igd
usto a supeapostion of complex plane waves which is, in general, complex. For stationay statesN

time dependence of 1 of theform ! (") = # (:')exp(i”oﬁio) N we defined 1y as matter densty and

indicated that if propaly normalized it could be employed as a matter probability dengty. In the
dynamic case it is necessary to discover the phase indgpendent matter dengty from an equaion of
continuity. The phase of y represents the possbility of interaction with other matter. Our
requirement of invariance demandsthat the correctly formulated laws be the same for an observer in
any reference frame. Since the phase angle is measured relative to some arbitrary reference ling the
phase measured by one obsrver would in genea be different from tha measured by another.
Hence, the phase of y (&) at any point in space cannot appear as theresult of a measurement, since it
would not be invariant to a trandormation between the two observers. The observed quantity mug
therefore be phase invaiant even thoughwha is observed may belargdy determined by interference
phenomena arising from phase relationships between the plane waves comprising the fundion. The
phase lock (coherence) giving rise to theinteraction between the appaatus of each of thetwo distant
obervers is provided by those deBroglie waves in the packet which travel with an essentially
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infinite velodaty. Thefundion, y (&) itself, cannotthen be an observable. An equaion of continuity,
for example, which expresses an obrved conservation law mug be blind to the phase of y (&) and
mug therefore be expressed in terms of fundionsof y (&) in which the phase does not appear. This
isalocal symmetry requirement.

We can now make further progress in the development of the theory by condructing an equdion
of continuity usng theinvariant assodated with the vector o

rr=y?er2gf+ ),  ri=rZerie 14)
If we opeate from theleft in 3) with !('5#, we find theeigenvdue equdion for these opeaatorsto be

3,00 - =)y, p=12,. (summationconvention) 15)
If we multiply this equéaion by By /2 andits complex conjugéae by By /2, then subtract, we obtain

Logg(" 10" #71 )'””O/E( S I e 16)

in which we can identify the first bracketed quantity as a probability dengty and the second as a
probability current dengty. Subgituting v =y’exp(-in(&)) into the bracketed expressionsreveals that
phase invariant local dengty fundionsmay befound which are of theform

| * * *
p=§(w I - oy ) -y, @' =¢-dm 17)

j= %'(w*w —yvy)-Apy, A= A+Vy 18)

The equdion of continuity for these dengty functions does not proceed from the invariance
equdion 14) but rather requires the introdudion of interaction terms, the smplest of which is the 4-

potential (A, i¢), into the modified invariance equéion

(a, - (]))2 =(a- A)2 +o, 19)
This equéaion shows the necessity for the introdudion of another vector field to preserve the phase
invariance of the probability dengty fundionfor adynamic system.

Application: The Special Theory of Relativity

The special theory of relativity is derived from thetwo pogulates:

1. Thelaws of physcs are invariant to atrandormation between inertial frames, and
2. Theveloaty of lightisacondant, thesamein all inertia frames.

An ingtia trandormation is smply a rotation in space-time, so if the laws of physcs are
expressed in terms of space-time tensors, thefirst podulate is satisfied. The space-time manifold isa
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4-space, £=x/A. Space-time rotationsexhibit thefamiliar time dilation and Lorentz contraction in the
kinematics of physcal bodies.

Furthermore, equaion 13) demondrates the limiting speed of a wave packet suggesting the
limiting velodty, ¢, of a signd. We shall show tha our invaiance theory implies Maxwell@
equaionsin which c is the spead of light We raise the question, however, as to whether or not the
second podulate is strictly correct. Wave packets are made up of plane waves having velodties
greater than the velodty of light Phase information can therefore be tranamitted at essentially
infinite speed. It is the relative phase tha determines the interactionsin quantum mechanics, and
phase lock between objects remote from one another could be achieved essentially ingantaneoudy.
It is perhgpsthis fact tha removes the paradox of thelow intengty diffraction phenomenaand hence
callsinto question thevalidity of the celebrated wave-particle dudity.

But at an even more fundanental level it exhibits the impermanence of space and time. The
appearance of a quantum of matter, (p, iE/c), is accompanied by the disappearance of a quantum of
space-time, (x, ict). This relationdhip reminds us of the bending of space which appears in the
genead theory of relativity. These space-time quanta, which have thar existence only in conjundion
with other vector fields can be created and destroyed jus as can the quanta of any other vector field.
Any 4-vector field couples with the space-time vector field and bears a complementary relationship
to it: the uncertainties in the respective components are limited by the uncertainty prindple, and the
sums of the squaes of the complementary uncertainties are quantized with assodated creation and
annihilation opeaators.

The Planck-Einstein-deBroglie Relation: Quantum Mechanics

Eingein(@ relativistic momentum 4-vector (p, iE/c) can aso be shown to satisfy the conditions3)
in the same way tha (k, iw/c) was shown to satisfy them. Therefore the supapogtionwill bewritten
as

! (r.r)= $A(p.E)e" " "™ dpdE 20)
where
|
p/ " Th#" -p/, E " ih%= E!/ 21)

The h is a finite constant which keeps the exporent dimensonless. This congant proves to be
Planck@® congant divided by 27, so the h employed here is the Dirac h. The essentia equivalence of
the two Hilbet spaces, 7Q and 70, in dl Lorentz frames assodates with each wave nurber a
definite momentum and with each angular frequency a definite energy. It isthen appaent tha

(p, E/c) = h(k,w/c) 22)

Hence the Planck-Eingein-deBroglie relation appears as a conequence of therequired invariance of
Y(x) with respect to a space-time rotation. There is, however, onevery significant difference: E here
istherelativistic energy, the component of afour vector rather than ascalar. In fact, any four vector,
a, will satisfy an equaion like 22) and hence giverise to scaar wave fundions

Hence the formalism of quantum mechanics is a special case of the invariance theory with the
qudification on the Hamiltonian opeator noted above
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Electrodynamics, the Dirac Equation, Quantum Electrodynamics

In the physcal 4-space equaion 19) is the well-known electromagneic coupling. That this
coupling through the energy equaion is equivalent to the employment in the force equaions of
electromagndic fields satisfying Maxwell@ equaions is shown in standad texts. The
electromagndic 4-potential, A, couples to the space-time 4-vector as shown above Hence, we find
tha electrodynamicsis aspecia case of theinvariance theory.

In thetheory we have developed so far, the requirement that matter be represented by afundion
defined in the neighboihoodof a point implies the existence of electromagneic waves. These waves
arise from fields tha have loca phase invaiance as required by the impostion of a localized
observer into the geometry. Thefundion y is assodated with this field but has so far been restricted
only by the requirement tha it be invaiant to a rotation in space-time in which the time axis is
rotated. The assumed homogendty and isotropy of space-time has been caled uponso far only with
respect to rotationsinvolving the time axis. It is necessary also tha the fundions ¢ be invariant to
rotationsinvolving only the spaial axes. These operators were shown by Dirac to be incompatible
with the energy opeator H(r,p), appearing in equdion 8) as E. However, by linearizing the
expression for the covariant Hamiltonian, Dirac was able to find four indgpendent scalar solutions
(which togeher conditute a spinor), provided tha he modify the rotation opeator to indude
onehdf integral spin angular momentum. Failure to so modify the rotation opeators led to
multiple-valued state fundions The treatment given here applies to each of these four scalar
solutions (If our discussion were modified usng a representation of thefour-dimensond space-time
manifold in terms of 2-spinors rather than a four-dimengond Minkowski space, the Dirac solutions
would have appeared naturaly in the course of the development. The spinor does not return to its
origind state unde a rotation of 2, but to another vector called the negative of the origind spin
vector. For thisreason, the multiple-valued solutionsdo not appear in this representation.)

Hence, it appearsto be possible to develop a congstent theory of physcal matter from the affine
geometry of afour-dimensond space-time manifold together with the observer. However, the fact
tha in the invaiance theory the counerpat of the Hamiltonian fundion is a component of a
four-vector rather than a scalar makes it necessary to introdue an additiond dimenson, a
two-valued spin space supeaimposed on the four-space, or equivalently a Riemannian space of two
sheets. Wha has emerged is a spinor matter field representing charged fermions togeher with a
vector boon field which couplesto it.

Conclusion

The approach of this pgper provides a smple connection of much of modem physcs to physcal
geometry. It suggests new possibilities for getting at the physcs undelying the existence of
interactions(forces) and thar quanta (particles). For example, therequirement of ob<ervability leads
to phase invariance, which in turn leads to a new four-vector field A. This four-vector mug satisfy

al thecondtionsof «, in equdion 6) if we set a=iA; and a,=-¢. This givesrise to solutions

=Sy, =B (Ag)" 23)

and to opeators
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I=iA, 1, =" 24)

The quantization of the electromagneic field then proceeds as shown heretofore for any boundel
field satisfying the prindple of relativity. Extengon of this procedure, for example the introdudion
of another dimendon to represent the i-spin symmetry, might give rise to additiond fermionsand
additiond boons
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