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Abstract

In this paper, we show how the Weil descent attack of Gaudry, Hess and Smart can be
adapted to work for some hyperelliptic curves defined over fields of odd characteristic. This
attack applies to a family of hyperelliptic and superelliptic curves over quadratic field extensions,
as well as two families of hyperelliptic curves defined over cubic extensions. We also show that
those are the only families of nonsingular curves defining Kummer extensions for which this
method will work.

1 Introduction

In [3], Claus Diem showed that some elliptic curves defined over fields of odd characteristic may be
vulnerable to a Weil descent attack. However no description of a practical Weil descent attack for
elliptic or hyperelliptic curves has yet been published.

In this paper, we give a GHS-like attack for some curves whose function fields are Kummer
extensions over the field K(x).

The attack works for the following families of curves:

1. Nonsingular superelliptic curves defined over Fqn (n divisible by 2) by an equation of the form

Y r = (X − a)h(X)

with a ∈ Fq2 \ Fq and h(X) defined over Fq. The resulting curve is superelliptic of genus
rg + (r − 1)(r − 2)/2 where g is the genus of the original curve.

2. Nonsingular hyperelliptic curves defined over Fqn (n divisible by 3) by an equation of the
form

Y 2 = (X − a)h(X)

with a ∈ Fq3 \ Fq and h(X) defined over Fq. The resulting curve is hyperelliptic of genus
4g + 1 where g is the genus of the original curve.

3. Nonsingular hyperelliptic curves defined over Fqn (n divisible by 3) by an equation of the
form

Y 2 = (X − a)(x− aq)h(X)

with a ∈ Fq3 \ Fq and h(X) defined over Fq. The resulting curve is hyperelliptic of genus
4g − 1 where g is the genus of the original curve.
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We also show that these are the only families of curves for which this method can work.

This paper is divided as follows: The curves considered here are described in section 2. We
show how to construct the function field associated to the Weil restriction of scalars in section 3.
In section 4, we give conditions under which the GHS-like attack can be possible. The attack for
the first family of curves (for quadratic field extensions) is explained in 5. The attacks for the two
other families of curves (for cubic field extensions) are described in 6. Finally, some examples are
given in section 8.

2 Curves

Let k = Fq be a field of characteristic p (q = pl, l ≥ 1) and K = Fqn its extension of degree n
(n > 1). Let σ be the Frobenius of K over k.

Let C be a nonsingular curve of genus g > 0 over K defined by the equation

Y r = f(X)

with
gcd(r, deg(f)) = 1 and r|(q − 1) (1)

(we require r|(q − 1) to insure that k contains a primitive r-th root of unity, it also implies that
gcd(p, r) = 1). Note that for C to be nonsingular, f(X) must be separable.

3 Weil Descent

Let {Ψ0,Ψ1, . . . ,Ψn−1} be a basis for K over k with sum 1. Let

X =
n−1∑
i=0

uiΨi and Y =
n−1∑
i=0

viΨi,

where ui and vi are variables over k, and for every constant a ∈ K, let

a =
n−1∑
i=0

aiΨi ai ∈ k.

Then the equation of C can be written in the form
n−1∑
i=0

Gi(u0, u1, . . . , un−1, v0, v1, . . . , vn−1)Ψi = 0.

We also extend σ to k[u0, u1, . . . , un−1, v0, v1, . . . , vn−1] such that it applies trivially. We then get
the variety A over k given by:

A :


G0(u0, u1, . . . , un−1, v0, v1, . . . , vn−1) = 0 σ(u0) = u0 σ(v0) = v0

G1(u0, u1, . . . , un−1, v0, v1, . . . , vn−1) = 0 σ(u1) = u1 σ(v1) = v1
...

...
...

Gn−1(u0, u1, . . . , un−1, v0, v1, . . . , vn−1) = 0 σ(un−1) = un−1 σ(vn−1) = vn−1.

A is the Weil restriction of scalars of C.
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3.1 Varieties

Lemma 1: Variety A (over k) is birationally equivalent to variety B over K defined by

B :



y0
r = σ0(f)(x0) σ(x0) = x1 σ(y0) = y1

y1
r = σ1(f)(x1) σ(x1) = x2 σ(y1) = y2

...
...

...
yn−2

r = σn−2(f)(xn−2) σ(xn−2) = xn−1 σ(yn−2) = yn−1

yn−1
r = σn−1(f)(xn−1) σ(xn−1) = x0 σ(yn−1) = y0

.

Proof: Let T be the linear transformation

T : kn → V

(where V is a subspace of Kn isomorphic to K) given by the matrix

T =
(
σi(Ψj)

)
0≤i,j≤n−1

.

This is invertible since {Ψ0,Ψ1, . . . ,Ψn−1} is a basis of K/k. We extend T to act trivially on
u0, u1, . . . , un−1 and v0, v1, . . . , vn−1.

Let x0 = X and y0 = Y . Then
x0

x1
...

xn−1

 = T


u0

u1
...

un−1

 and


y0

y1
...

yn−1

 = T


v0

v1
...

vn−1


since

xi = σi(x0) = σi(X) = u0σ
i(Ψ0) + u1σ

i(Ψ1) + . . .+ un−1σ
i(Ψn−1)

and
yi = σi(y0) = σi(Y ) = v0σ

i(Ψ0) + v1σ
i(Ψ1) + . . .+ vn−1σ

i(Ψn−1).

For every i, we have
σi(Y r − f(X)) = yi

r − σi(f)(xi)

and

Y r − f(X) =
n−1∑
i=0

Gi(u0, u1, . . . , un−1, v0, v1, . . . , vn−1)Ψi,

so

T


G0(u0, . . . , un−1, v0, . . . , vn−1)
G1(u0, . . . , un−1, v0, . . . , vn−1)

...
Gn−1(u0, . . . , un−1, v0, . . . , vn−1)

 =


∑n−1

j=0 Gj(u0, . . . , un−1, v0, . . . , vn−1)σ0(Ψj)∑n−1
j=0 Gj(u0, . . . , un−1, v0, . . . , vn−1)σ1(Ψj)

...∑n−1
j=0 Gj(u0, . . . , un−1, v0, . . . , vn−1)σn−1(Ψj)



=


σ0
(∑n−1

j=0 Gj(x0, . . . , xn−1, y0, . . . , yn−1)Ψj

)
σ1
(∑n−1

j=0 Gj(x0, . . . , xn−1, y0, . . . , yn−1)Ψj

)
...

σn−1
(∑n−1

j=0 Gj(x0, . . . , xn−1, y0, . . . , yn−1)Ψj

)


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=


y0
r − σ0(f)(x0)

y1
r − σ1(f)(x1)

...
yn−1

r − σn−1(f)(xn−1)


,

hence T applied to the equations of A gives the equations of B. Q.E.D.

We remove the conditions σ(xi) = xi+1, σ(yi) = yi+1 (i ∈ {0, 1, . . . , n − 2}), σ(xn−1) = x0 and
σ(yn−1) = y0 in variety B (i.e. we make the xi’s independent from each other and the yi’s also
independent from each other) to get variety C defined by

C :


y0
r = σ0(f)(x0)

y1
r = σ1(f)(x1)

...
yn−1

r = σn−1(f)(xn−1) .

We then intersect C with the n hyperplanes xi = x to get the variety D given by

D :


y0
r = σ0(f)(x)

y1
r = σ1(f)(x)

...
yn−1

r = σn−1(f)(x) ,

which is a curve over K.

Lemma 2: For j = 0, 1, . . . , n− 1, let yj be a root of the equation

yj
r = σj(f)(x).

If F = K(x, y0, y1, . . . , yn−1), then [F : K(x)] = rm for some m ∈ N, F = K(x, y0, y1, . . . , ym−1)
and D has an irreducible component with function field isomorphic to F .
Proof: This is a generalization to Kummer extensions of the proof of lemma 3 in [13]. The following
is an outline of the argument:
Every extension K(x, yj)/K(x) has prime degree r and is Galois over K(x) since the irreducible
factors of f(X) (and hence those of σj(f)(X)) are present to the power 1. Then there exists a
minimal subset {yj1 , yj2 , . . . , yjm} of the yj ’s such that F = K(x, yj0 , yj1 , . . . , yjm−1). Let I be the
kernel of the homomorphism

ϕ : K[x, y0, y1, . . . , yn−1]→ K[x, y0, y1, . . . , yn−1].

Then I is a prime ideal of dimension one (sinceK[x] has transcendence degree one overK) generated
by {x, y0, y1, . . . , yn−1}. I contains the left hand sides of the equations defining D by construction
of F . Then I defines an irreducible component of D having function field isomorphic to F . To
obtain F = K(x, y0, y1, . . . , ym−1), suppose that yj ∈ K(x, y0, y1, . . . , yj−1), i.e. yjr can be written
in the form

yj
r = Q(x)r

j−1∏
i=0

(yir)ci
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with Q(x) a rational function in K(x). By applying σ we get

yj+1
r = σ(yjr)

= σ

(
Q(x)r

j−1∏
i=0

(yir)ci
)

=
(
σ(Q)(x)

)r j−1∏
i=0

(yi+1
r)ci

=

((
σ(Q)(x)

)r j−1∏
i=1

(yir)ci−1

)(
Q(x)r

j−1∏
i=0

(yir)ci
)cj−1

=
(
σ(Q)(x)Q(x)cj−1

)r j−1∏
i=0

(yir)di

with d0 = cj−1c0 and di = ci−1 + cj−1ci for i ∈ {1, 2, . . . , j − 1}, i.e. yj+1 ∈ K(x, y0, y1, . . . , yj−1)
and by induction so are all remaining yi’s. Then F can be obtained by adjoining to K the roots of
the first m equations in D. Q.E.D.

3.2 Fields

Let F be as in Lemma 2. Assume that σ can be extended from K to F with order n, via σ(yi) =
ζiyi+1 (i ∈ {0, 1, . . . , n− 2}) and σ(yn−1) = ζn−1y0, where the ζi’s are r-th roots of unity (in k by
condition 1) satisfying

n−1∏
i=0

ζi = 1.

In practice, we begin by setting ζi = 1 for i ∈ {0, 1, . . . ,m−1} and compute σi(y0) for i ∈ {m,m+
1, . . . , n} (these are completely determined by the image under σ of y0, y1, . . . , ym−1 by Lemma 2).
If σn(y0) = y0 (as will be the case for the curves considered in section 4), σ already has order n on
F ; otherwise, we would have to look for a change of variable on the yi’s, i ∈ {1, 2, . . . ,m− 1} that
would give σn(y0) = y0.

If σ commute with the Galois group of F over K(x), let F ′ be the fixed field of F under σ. Then
F ′ is an extension of degree rm of k and we take it as the function field of C ′. This gives us the
following field diagram:
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F

K(x)

K

F ′

k(x)

k

HH
HHHH

HHH
HHH

HHH
HHH

n

n

n

rm

rm

H
HHH

HH

r

��
�
��
�

K(C)
H
HHH

HH

��
�
��
�
k(C ′)

∼=

The following proposition will be useful to compute the genus of the various field extensions.

Proposition 3: Suppose that F′/F is a finite separable extension of algebraic function fields having
the same constant field K such that gcd([F : F], char(K)) = 1. Let g (resp. g′) denote the genus of
F/K (resp. F′/K). Then

2g′ − 2 = [F′ : F](2g − 2) +
∑
P∈PF

∑
P ′|P

(e(P ′|P )− 1) deg(P ′)

where e(P ′|P ) is the ramification index of P ′ and PF = {P |P is a place of F/K}.
Proof: This is Hurwitz genus formula applied to the extensions considered in this paper. See [22]
proposition III.5.6, page 95 for more details.

4 Rational function fields

The main idea used in the Gaudry, Hess and Smart attack (for elliptic curves over fields of charac-
teristic 2) to obtain the equation of F ′ consisted in finding a subfield L of F such that [F : L] = 2
and L is a rational function field of K, and then to restrict L to a rational function field L′ over k.
We follow the same idea for Kummer extensions.

First we will look at conditions under which there exists a rational function field L = K(w),
K(x) ⊂ K(w) ⊂ F , with [F : K(w)] = r, such that K(w) is obtained from K(x) by adjoining
combinations of the yi’s and F is obtained from K(w) by adjoining a single yi (by symmetry, we
will assume that F = K(w, y0)). Next, we will consider under which conditions the fixed field of
K(w) under σ is a rational function field over k. Finally, we will show that if all the conditions
obtained above are satisfied, then σ commutes with the galois group of F overK(w), hence F = KF ′

(with F ′ the fixed field of F under σ).

To do the second part, we will look at whether or not we can find a generator of K(w) over K
which is fixed under σ (i.e. find w such that σ(w) = w). When combined with the third part, it
will give us the following field diagram:
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F

K(w)

K(x)

K

F ′

k(w)

k(x)

k

H
HHH

HH

HH
HHHH

HH
HHHH

HHH
HHH

n

n

n

n

rm−1

rm−1

r

r

H
HHHH

��
��
�r
k(C ′)

∼=

HHH
HH

r

�
�
�
�
�
�
�
�
��

K(C)

Theorem 4: If L is a rational function field such that K(x) ⊂ L ⊂ F and F = L(y0) where F is
the function field obtained in Lemma 2, then either L is of the form

L = K(x, u) with ur =
x− b
x− a

with a, b ∈ K distinct (case m = 2) or r = 2 and L is of the form

L = K(x, u, v) with u2 =
x− b
x− a

and v2 =
x− c
x− a

with a, b, c ∈ K distinct (case m = 3, r = 2).
Proof: Let L be a subfield of F containing K(x) such that F = L(y0) and assume that L is rational.
Then L is obtained from K(x) by adjoining m− 1 vi’s of the form

vi =
y0

yij
or vi =

yij
y0
.

Since curve C is nonsingular, so are the curves

yi
r = σi(f)(x)

and the vi’s are roots of equations of the form vi
r = hi(x) where the hi(x)’s are separable, and, by

construction hi(x) = p1(x)
p2(x) with p1, p2 ∈ K[x] and deg(p1) = deg(p2). In order for L to be rational,

then K(x, vi) must have genus 0 for every i. The only places of K(x) which are ramified in K(x, vi)
are those over p1(x) and p2(x) and if P ∈ PK(x) is ramified, there is a unique P ′ ∈ PK(x,vi) over P
and e(P ′|P ) = r. Then Proposition 3 gives

0 = genus(K(x, vi)/K) = 1 + r · (0− 1) +
1
2

(r − 1)(deg(p1) + deg(p2))

which forces deg(p1) = deg(p2) = 1 and hi(x) is of the form

hi(x) =
x− ai,1
x− ai,2

.
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If there are 4 or more distinct aj ’s in the m− 1 hi(x)’s, then L must contain K(x, v), with

vr =
(x− b1)(x− b2)
(x− b3)(x− b4)

for some b1, b2, b3 and b4 among the aj ’s. However,the genus of K(x, v) would be then 2(r− 1) > 0
(using Proposition 3), which would contradict the hypothesis that L is rational. The only cases we
need to consider are therefore isomorphic to L = K(x, u) (m = 2) with

ur =
x− b
x− a

and L = K(x, u, v) (m = 3) with

ur =
x− b
x− a

and vr =
x− c
x− a

(obviously, a, b, c ∈ K are all distinct).

However, in the second case (L = K(x, u, v)), the only places of K(x) which are ramified in L
are (x − a), (x − b) and (x − c) and if P ∈ PK(x) is ramified, there are r distinct P ′ ∈ PL over P
and e(P ′|P ) = r, hence

genus(L/K) = 1 + r2 · (0− 1) +
1
2

(r − 1) · 3r = (r − 1)(r − 2)/2

(using Proposition 3). Since we need the genus of L to be 0, r must be 2 in that case. Q.E.D.

5 Case m = 2

We let [F : L] = r and L = K(x, u) with ur = x−b
x−a .

5.1 Curves and rational field L

By construction, y0

y1
∈ L = K(x, u), and since y0

r = f(x), y1
r = σ(f)(x) with f(x) and σ(f)(x)

separable (C is nonsingular), then, up to symmetry on the choice of a and b, f(x) must be of the
form

f(x) = h(x)
i∏

j=0

(x− σj(a))

where h(x) is fixed under σ, a has order > i under σ and b = σi+1(a) 6= a (since σ(f)(x) =
h(x)

∏i+1
j=1 (x− σj(a))).

In order to get m = 2, it must be possible to write σ2(f)(x) in terms of f(x), σ(f)(x) and factors
to the power r. But σ2(f)(x) = h(x)

∏i+2
j=2 (x− σj(a)), so σi+1(a) = a (otherwise (x − σi+2(a)),

which has degree one in σ2(f)(x), would be absent from both f(x) and σ(f)(x)).

If we assume that i ≥ 1, then σ2(f)(x) must be of the form f(x) · σ(f)(x) · Q(x)r for some
Q(x) ∈ K(x) since both (x − a) and (x − σi+1(a) are present with degree one in σ2(f)(x). Then

8



Q(x)r would have to contain all the irreducible factors of h(x) and/or (x− σ2(a)) (if i ≥ 2) to the
power −1, which is impossible unless deg(h) = 0 and i = 1. But Q(x)r must also contain (x−σ(a))
to the power −2, which is impossible unless r = 2, forcing C to be of the form

Y 2 = h(X − a)(X − σ(a))

with h ∈ K, contradicting the assumption that C has genus greater than 0. Therefore i = 0, a has
order 2 under σ (so 2 divides n) and f(x) is of the form

f(x) = (x− a)h(x)

with a ∈ Fq2 \ Fq and h(x) ∈ Fq[x] = k[x].

We can now set
u =

y1

y0
,

which gives

σ(u) =
y0

y1
=

1
u

and σ2(u) = u

hence σ extends to K(x, u) with order n. From

ur =
x− b
x− a

= 1− a− b
x− a

we get

x = a+
a− b
ur − 1

=
aur − b
ur − 1

hence K(x, u) = K(u).

We summarize this in the following lemma:

Lemma 5: The only curves for which [F : K(x)] = r2 and such that there exists a rational field
L containing K(x) with [F : L] = r are of the form

Y r = (X − a)h(X).

In this form, [K : k] = n with n divisible by 2, a ∈ K \ k is such that σ2(a) = a and h(x) ∈ K[x] is
defined over k and satisfies gcd(h(x), x− a) = 1. In this case,

L = K(u)

with
ur =

x− σ(a)
x− a

and
σ(u) =

1
u
.
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5.2 Restriction and function fields

In order to compute the fixed field of K(u) under σ, we let

w =
au+ σ(a)
u+ 1

.

Then

σ(w) = σ

(
au+ σ(a)
u+ 1

)
=
σ(a) 1

u + a
1
u + 1

=
σ(a) + au

1 + u
= w,

so w is fixed under σand K(w) = K(u) since

u =
σ(a)− w
w − a

.

The fixed field of K(w) under σ is therefore k(w), and, in terms of w, x can be written as

x =
a(σ(a)− w)r − σ(a)(w − a)r

(σ(a)− w)r − (w − a)r
.

Since u = y1

y0
, then σ(y0) = y1 = uy0 and σ2(y0) = σ(uy0) = y0, hence σ extends to F with order

n (since 2 divides n). If τ is a generator of Gal(F/K(w)), then τ(y0) = ζry0 with ζr a primitve
r-th root of unity (which is in k by condition (1)) and

σ(τ(y0)) = σ(ζry0) = ζrσ(y0) = ζrvy0 = vτ(y0) = τ(vy0) = τ(σ(y0))

so Gal(F/K(w)) commutes with σ.

Theorem 6: Let K = Fqn, n even and C be a curve of genus g defined over K by

C : Y r = (X − a)h(X)

where h(X) ∈ K[X] is defined over k and a ∈ K \ k, σ2(a) = a. Then the function field of C can
be embeded in the function field of a curve C ′ of genus

g′ = rg +
(r − 1)(r − 2)

2

defined over k by the equation

ỹr = (η + σ(η)u(w))r(x(w)− a)h(x(w))

where η =
∑n/2−1

i=0 σ2i(µ) for some µ ∈ K such that TrK/k(µ) = 1.
Proof: Since Gal(F/K(w)) commutes with σ, we have F = KF ′ (where F ′ is the fixed field of F
under σ), hence F ′/k and F/K have the same genus g′.

We first consider g, the genus of K(C)/K. Since gcd(deg(h) + 1, r) = 1, the only places of
K(x) which are ramified in K(C) are (x− a), the place at infinity and the places over h(x), and, if
P ∈ PK(x) is ramified, there is a unique P ′ ∈ PK(C) over P and its ramification index is r. Then,
using Proposition 3, we have

g′ = 1 + r(0− 1) +
1
2

(r − 1)(deg(h) + 2) =
1
2

(r − 1) deg(h),
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so deg(h) = 2g/(r − 1).

We can now compute g′ in terms of g. The only places of K(x) which are ramified in F are
(x − a), (x − σ(a)), the place at infinity and the places over h(x), and, if P ∈ PK(x) is ramified,
there are r distinct P ′ ∈ PK(C) over P and their ramification index is r. Then, from Proposition 3,
the genus of F ′/k (and F/K) is

g′ = 1 + r2(0− 1) +
1
2

(r − 1) · r(deg(h) + 3)

= 1− r2 +
1
2

(r − 1) · r
(

2g
r − 1

+ 3
)

= rg +
(r − 1)(r − 2)

2

It remains to find an equation defining F ′ over L′ = k(w). Let µ ∈ K such that TrK/k = 1,
then F restrict to F ′ via the trace map. In particular, TrF/F ′(µw) = w, and TrF/F ′(µε) = ε for
every ε ∈ k.

To simplify the notation, we let

η =
n/2−1∑
i=0

σ2i(µ),

so TrK/k = η + σ(η) and σ2(η) = η. We now set

ỹ = TrF/F ′(µy0)

=
n−1∑
i=0

σi(µy0)

= y0

n/2−1∑
i=0

σ2i(µ) + uy0

n/2−1∑
i=0

σ2i+1(µ)

= ηy0 + σ(η)uy0

= (η + σ(η)u)y0

Then ỹ ∈ F ′ and ỹ 6∈ k(w) (since y0 6∈ K(u) = K(w)), hence F ′ = k(w, ỹ). If we compute τ(ỹ), we
have

τ(ỹ) = τ((η + σ(η)u)y0) = (η + σ(η)u)τ(y0) = ζr(η + σ(η)u)y0 = ζrỹ.

Then NF ′/L′(ỹ) is

NF ′/L′(ỹ) =
r−1∏
i=0

τ i(ỹ)

=
r−1∏
i=0

ζr
iỹ

= ζr
r(r−1)

2 ỹr

= ζr
r(r−1)

2 (η + σ(η)u)ry0
r

= ζr
r(r−1)

2 (η + σ(η)u)r(x− a)h(x)

= ζr
r(r−1)

2 (η + σ(η)u(w))r(x(w)− a)h(x(w))
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hence F ′/k(w) is defined by the equation

ỹr = (η + σ(η)u(w))r(x(w)− a)h(x(w))

Q.E.D.

Corollary 7: If curve C is nonsingular and defined over K by

C : Y r = (X − a)h(X) = (X − a)
d∑
i=0

hiX
i

with h(X) defined over k(X) of degree d ≡ −2 mod r (C has genus g = (r− 1)d/2) and σ2(a) = a,
then F ′ is the function field of the nonsingular curve C ′′ of genus g′ = rg + (r − 1)(r − 2)/2 =
(r − 1)((d+ 1)r − 2)/2 defined over k by

Zr = (a− σ(a))d+3q(w)
d∑
i=0

hi (a(w − σ(a))r − σ(a)(w − a)r)i q(w)d−i

where q(w) = (w − σ(a))r − (w − a)r.
Proof: Let ỹ and η be as in Theorem 6. If we set

Q(w) =
q(w)(d+2)/r(a− σ(a))(d+2)/r

(η + σ(η)u(w))(w − a)
=

((w − σ(a))r − (w − a)r)(d+2)/r (a− σ(a))(d+2)/r

(η − σ(η))w − (ηa− σ(ηa))
,

then

σ(Q(w)) = σ

(
((w − σ(a))r − (w − a)r)(d+2)/r (a− σ(a))(d+2)/r

(η − σ(η))w − (ηa− σ(ηa))

)

=
((w − a)r − (w − σ(a))r)(d+2)/r (σ(a)− a)(d+2)/r

(σ(η)− η)w − (σ(ηa)− ηa)

= (−1)2((d+2)/r−1) ((w − σ(a))r − (w − a)r)(d+2)/r (a− σ(a))(d+2)/r

(η − σ(η))w − (ηa− σ(ηa))
= Q(w),

hence Q(w) ∈ k(w) and if we let Z = Q(w)ỹ, then F ′ = k(w, ỹ) = k(w,Z). Since x(w) =
(a(w − σ(a))r − σ(a)(w − a)r)/q(w), we have

h(x(w)) =
d∑
i=0

hix(w)i = q(w)−d
d∑
i=0

hix(w)iq(w)d

= q(w)−d
d∑
i=0

hi(a(w − σ(a))r − σ(a)(w − a)r)iq(w)d−i

and
(x(w)− a) = (a− σ(a))(w − a)r/q(w),
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hence

Zr = Q(w)rỹr

=
q(w)d+2(a− σ(a))d+2

(η + σ(η)u(w))r(w − a)r
ỹr

=
q(w)d+2(a− σ(a))d+2

(η + σ(η)u(w))r(w − a)r
· (η + σ(η)u(w))r(x(w)− a)h(x(w))

=
q(w)d+2(a− σ(a))d+2

(w − a)r
· (x(w)− a)h(x(w))

= q(w)d+1(a− σ(a))d+3 · h(x(w))

= (a− σ(a))d+3q(w) ·
d∑
i=0

hi(a(w − σ(a))r − σ(a)(w − a)r)iq(w)d−i.

To show that C ′′ is nonsingular, we first note that q(w) = r(a− σ(a))wr−1 +O(wr−2), so Zr is
of the form

Zr = hdr(a− σ(a))d+1w(d+1)r−1 +O(w(d+1)r−2),

which has degree in w coprime to r, and by Proposition 3, the function field of the curve C ′′

(k(w,Z)) is
g′ ≤ (r − 1)((d+ 1)r − 2)/2

with equality if and only if the curve is nonsingular. But, by Theorem 6, F ′ = k(w,Z) has genus
rg + (r − 1)(r − 2)/2 = (r − 1)((d+ 1)r − 2)/2 over k, hence C ′′ must be nonsingular. Q.E.D.

6 Case m = 3, r = 2

If [F : L] = 2 and L = K(x, u, v) with u2 = x−b
x−a and v2 = x−c

x−a , we will show that L′ (the fixed field
of K(w) under σ) is not a rational function field over k(x).

6.1 Curves

By construction, y0

y1
∈ L = K(x, u, v), and since y0

r = f(x), y1
r = σ(f)(x) with f(x) and σ(f)(x)

separable (C is nonsingular), then, up to symmetry on the choice of a, b and c, f(x) must be of
the form

f(x) = h(x)
i∏

j=0

(x− σj(a))

where h(x) is fixed under σ, a has order > i+ 1 under σ and σi+1(a) is equal to either b or c. Then

σ(f)(x) = h(x)
i+1∏
j=1

(x− σj(a)),

σ2(f)(x) = h(x)
i+2∏
j=2

(x− σj(a))
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and

σ3(f)(x) = h(x)
i+3∏
j=3

(x− σj(a))

We have two cases to consider depending on wether or not σi+2(a) is equal to a.

case 1: σi+2(a) 6= a. By construction, y1

y2
must also be in L = K(x, u, v), and since y2

r =
σ2(f)(x), we have

y1
r

y2
r =

σ(f)(x)
σ2(f)(x)

=
(x− σ(a))

(x− σi+2(a))
.

Then both σ(a) and σi+2(a) must be in {a, b, c}, but so are a and σi+1(a). Since a has order > i+2
under σ, this is impossible unless σ(a) = σi+1(a), i.e. if i = 0. Then f(x) is of the form

f(x) = (x− a)h(x)

and, up to symmetry on the choice of b and c, we have b = σ(a) and c = σ2(a). We can then set

u =
y1

y0
and v =

y2

y0

hence
σ(u) =

y2

y1
=
v

u
and σ(v) =

y0

y1
=

1
u

In order to get m = 3, it must be possible to write σ3(f)(x) in terms of f(x), σ(f)(x), σ2(f)(x)
and factors to the power 2. Since σ3(f)(x) = (x − σ3(a))h(x), σ3(a) must be in {a, b, c} =
{a, σ(a), σ2(a)}. But σ3(a) can be neither σ(a) nor σ2(a) since a has order > i + 2 = 2 under σ,
hence σ3(a) = a.

case 2: σi+2(a) = a. If i was equal to 0, we would have m = 2 (see section 5), hence i must
be at least 1. In order to get m = 3, it must be possible to write σ3(f)(x) in terms of f(x),
σ(f)(x), σ2(f)(x) and factors to the power 2. Note that in this case, (x− σi+2(a)) = (x− a) and
(x− σi+3(a)) = (x− σ(a)).

Since (x− a) has power 1 in f(x), σ2(f)(x) and σ3(f)(x) and power 0 in σ(f)(x), then only one
of f(x) and σ2(f)(x) can be used in constructing σ3(f)(x). Similarly, (x − σ(a)) has power 1 in
f(x), σ(f)(x) and σ3(f)(x) and power 0 in σ2(f)(x), so only one of f(x) and σ(f)(x) can be used
in constructing σ3(f)(x). The only possible options are then σ3(f)(x) = σ(f)(x) · σ2(f)(x) ·Q(x)2

or σ3(f)(x) = f(x) ·Q(x)2, with Q(x) ∈ K(x).

If σ3(f)(x) = σ(f)(x)·σ2(f)(x)·Q(x)2, then σ3(f)(x) would have to be equal to (x−a)(x−σ(a))
(since σ3(f)(x) is separable and any other factor would be to a power divisible by 2). This would
force σ3(f)(x) = f(x) (since they are both polynomials of the same degree in K[x] and f(x) also
has (x− a) and (x− σ(a)) as factors). But the curve Y 2 = f(X) would then have genus 0, which
contradicts the assumption that C has genus ≥ 1.

The only possibility is therefore σ3(f)(x) = f(x) · Q(x)2 for some Q(x) ∈ K(x). If i is greater
than 1, we get

Q(x)2 =
f(x)

σ3(f)(x)
=
h(x)

∏i
j=0 (x− σj(a))

h(x)
∏i+3
j=3 (x− σj(a))

=
(x− σ2(a))

(x− σi+1(a))
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which is imposible since (x−σ2(a))
(x−σi+1(a))

is not a square in K(x) for i > 1, hence i must be equal to 1,
σ3(a) = a and f(x) is of the form

f(x) = (x− a)(x− σ(a))h(x).

Up to symmetry on the choice of b and c, we have b = σ(a) and c = σ2(a). We can then set

u =
y1

y2
and v =

y1

y0
,

hence
σ(u) =

y2

y0
=
v

u
and σ(v) =

y2

y1
=

1
u
.

We summarize these arguments in the following lemma:

Lemma 8: The only curves for which [F : K(x)] = 23 and such that there exists a field L of genus
0 containing K(x) with [F : L] = 2 are of the form

Y 2 = (X − a)h(X)

or of the form
Y 2 = (X − a)(X − σ(a))h(X)

For both forms, [K : k] = n with n divisible by 3, a ∈ K \ k is such that σ3(a) = a and h(x) ∈ K[x]
is defined over k and satisfies gcd(h(x), x− a) = 1. In both cases,

L = K(u, v)

with

u2 =
x− σ(a)
x− a

and v2 =
x− σ2(a)
x− a

and
σ(u) =

v

u
and σ(v) =

1
u
.

6.2 Rational field L

From u2 = x−b
x−a , we have x = a+ a−b

u2−1
, hence K(x, u, v) = K(u, v). Also, using v2 = x−c

x−a , we have
x = a+ a−c

v2−1
, so

a− c
v2 − 1

=
a− b
u2 − 1

⇒ v2 − 1 =
a− c
a− b

(u2 − 1)

⇒ v2 =
a− c
a− b

(
u2 − 1 +

a− b
a− c

)
⇒ v2 =

a− c
a− b

(
u2 +

c− b
a− c

)
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Using b = σ(a) 6= a, c = σ2(a) and σ3(a) = a, we get

v2 =
a− c
a− b

(
u2 +

c− b
a− c

)
=

σ2(b)− σ2(a)
a− b

(
u2 +

σ(b)− σ(a)
σ2(b)− σ2(a)

)
= −σ

2(a− b)
a− b

(
u2 +

σ(a− b)
σ2(a− b)

)
= −(a− b)q2

a− b

(
u2 +

(a− b)q

(a− b)q2

)
Since gcd(r, p) = gcd(2, p) = 1, q = pl is odd and we can set

γ =
1

(a− b)(q2−q)/2 , δ = σ(γ) and ρ = σ2(γ)

which gives us
v2 = −δ2(u2 + γ2)

Note that by construction of γ, δ and ρ we have

γ2δ2ρ2 =
(a− b)q

(a− b)q2 ·
(a− b)q2

(a− b)
· (a− b)

(a− b)q
= 1

hence the product γδρ is in k and is either 1 or −1.

We use two methods to find a generator z of K(u, v) over K. If K has a primitive fourth root
of unity ζ (if qn ≡ 1 mod 4), then v2 = −δ2(u− ζγ)(u+ ζγ) and we can look at

z2 =
(

v

δ(u− ζγ)

)2

= −(u+ ζγ)

On the other hand, if we can find two nonzero elements β and η in K sush that η2 + β2 + 1 = 0,
then (u0, v0) = (γβ, γδη) is a point on v2 = −δ2(u2 +γ2) and we look at the projection from (u0, v0)
of (u, v) on the line

(
z,− δβ

η z
)

(a parallel of the tangent to v2 + δ2u2 + δ2γ2 = 0 at (u0, v0)). the
following lemma show that these two method are sufficient to deal with every finite field of odd
characteristic (since if p ≡ 1 mod 4, Fp has a primitive fourth root of unity).

Lemma 9: If p ≡ 3 mod 4, then there exists at least one pair β, η ∈ Fp\{0} such that η2+β2+1 = 0.
Proof: To find a pair β, η ∈ Fp such that η2 + β2 + 1 = 0, we look for α ∈ Fp such that α is a
quadratic residue modulo p and α + 1 is a quadratic nonresidue (such an α must exist since 1 is
a quadratic residue and p − 1 is quadratic nonresidue). Then, by quadratic reciprocity, −(α + 1)
must be a quadratic residue (since −1 is a quadratic nonresidue) and we can therefore choose β to
be a square root of α in Fp and η to be a square root of −(α+ 1) in Fp, giving us η2 = −(β2 + 1).
Q.E.D.

In order to simplify the computation of σ(z), we will require that ζ, β and η (if they are used)
be in the field k, i.e. such that σ(ζ) = ζ, σ(β) = β and σ(η) = η. The construction of z is divided
into the following 3 cases:
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1. If q ≡ 1 or 7 mod 12 (i.e. q ≡ 1 mod 6): We let β be a root of T 2 + (γδρ)T + 1, i.e. β is a
primitve cube root of unity if γδρ = 1 and a primitive sixth root of unity if γδρ = −1 (these
exists in k since q−1 is divisible by 6). We use the second method to construct z (projection)
with η = β2. We can then set

z =
β3γ(v − βδu)
β2v + βδu+ γδ

which gives

u = βγ +
2β4γ2(z − βγ)
z2 + β4γ2

and v = β2γδ − 2β3γ2δ(z + β3γ)
z2 + β4γ2

2. If q ≡ 5 mod 12: We let ζ be a primitve fourth root of unity (exists in k since q−1 is divisible
by 4), and we can set

z =
v

δ(u− ζγ)

which gives

u = ζγ − 2ζγ
z2 + 1

and v = − 2ζγδz
z2 + 1

3. If q ≡ 11 mod 12 (in particular, p ≡ 11 mod 12): Using Lemma 9, we can find β and η in k
such that η2 + β2 + 1 = 0, we can then set

z =
ηγ(βv − ηδu)
ηv + βδu+ γδ

which gives

u = βγ +
2η2γ2(z − βγ)
z2 + η2γ2

and v = ηγδ − 2ηγ2δ(βz + η2γ)
z2 + η2γ2

Note: although p ≡ 1 mod 12 could also be handled in case 2, we use case 1 since finding a generator
of K(z) over K fixed under σ will be more straightforward in that case.

Since σ3(u) = σ2(v/u) = σ(1/v) = u and σ3(v) = v, then σ extends with order n in K(u, v) (3
divides n), hence σ extends with order n in K(z) for all three cases.

6.3 Restrictions

To prove that the fixed field under σ of L = K(z) is rational over k, we first prove the three
following lemmas:

Lemma 10: The polynomial T q+1 +T + 1 ∈ Fq[T ] splits over Fq3 and if ε0 is one of its roots, then
ε0 satisfies ε0σ(ε0)σ2(ε0) = 1. If q ≡ 5 mod 6, then ε0 ∈ Fq3 \ Fq.
Proof: Let ε0 be a root of T q+1 + T + 1 = 0 in Fq. Then ε0 6= 0 and σ(ε0) = −1 − 1

ε0
= −1+ε0

ε0

(since εq+1
0 = σ(ε0) · ε0). We also have σ2(ε0) = −1− 1

σ(ε0) = − 1
1+ε0

, which gives

ε0σ(ε0)σ2(ε0) = ε0 ·
−(1 + ε0)

ε0
· −1

1 + ε0
= 1
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and

σ3(ε0) = σ

(
−1

1 + ε0

)
=

−1
1− 1+ε0

ε0

= ε0,

hence ε0 ∈ Fq3 . If ε0 is in Fq, it must satisfy ε20 + ε0 + 1 = 0, so ε0 must be a primitive cube root of
unity, which is impossible if q ≡ 5 mod 6. Q.E.D.

Lemma 11: Let L = K(z) with σ(z) = a1z+b1
a2z+b2

6∈ K and a2 6= 0 and suppose that the polynomial
a2T

q+1 − b2T q + a1T − b1 has at least one root ε ∈ K. Then L = K(ẑ) with ẑ = 1
z+ε satisfying

σ(ẑ) = Âẑ + B̂ with Â = b2−a2ε
a2σ(ε)+a1

6= 0 and B̂ = a2
a2σ(ε)+a1

.
Proof: Let ε ∈ K be a root of a2T

q+1 − b2T q + a1T − b1, then (a2σ(ε) + a1)ε− (b2σ(ε) + b1) = 0,
so a2σ(ε) + a1 6= 0 (otherwise we would have σ(z) ∈ K) and we have

b2σ(ε) + b1
a2σ(ε) + a1

= ε

Also, (b2 − a2ε)σ(ε) + (b1 − a1ε) = 0, so b2 − a2ε 6= 0 (otherwise we would have σ(z) ∈ K). We let
ẑ = 1

z+ε , then we have:

σ(ẑ) = σ

(
1

z + ε

)
=

1
a1z+b1
a2z+b2

+ σ(ε)

=
a2z + b2

(a1z + b1) + σ(ε)(a2z + b2)

=
a2z + b2

(a2σ(ε) + a1)z + (b2σ(ε) + b1)

=
1

a2σ(ε) + a1

(
a2z + b2

z + (b2σ(ε) + b1)/(a2σ(ε) + a1)

)
=

1
a2σ(ε) + a1

(
a2z + b2
z + ε

)
=

b2 − a2ε

a2σ(ε) + a1

(
1

z + ε

)
+

a2

a2σ(ε) + a1

= Âẑ + B̂

where Â 6= 0, i.e. σ(ẑ) is linear in ẑ. Q.E.D.

Lemma 12: If σ(ẑ) = Âẑ + B̂ with Âσ(Â)σ2(Â) = 1, then there exists A,B ∈ K such that
σ(Aẑ) = Aẑ +B.
Proof: In order to have σ(Aẑ) = Aẑ + B, we must have σ(A)Â = A (since σ(Aẑ) = σ(A)Âẑ +
σ(A)B̂), i.e. A is a root of the polynomial ÂT q − T . Let α be any root of ÂT q − T over Fq,
then α = σ(α)Â. This also gives us σ(α) = σ2(α)σ(Â) and σ2(α) = σ3(α)σ2(Â), hence α =
Âσ(Â)σ2(Â)σ3(α). But Âσ(Â)σ2(Â) = 1 by hypothesis, hence σ3(α) = α, i.e. α ∈ Fq3 ⊂ K.
Q.E.D.

We can now prove the following theorem:

Theorem 13: L′, the fixed field of L = K(z) under σ, is rational over k and L = K(w), L′ = k(w)
for some w fixed under σ.
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Proof: To do this, we first find a generator ẑ of L over K such that σ(ẑ) = Âẑ+ B̂ (i.e. ẑ is linear
in ẑ), then find a constant A such that σ(Aẑ) = Aẑ + B for some B ∈ K. If µ ∈ K is such that
TrK/k(µ) = 1, we can then find a generator w of L over K by computing

w =
n−1∑
i=0

σi(µAẑ)

To obtain ẑ and A, we have the three following cases (depending on the construction of z):

1. If q ≡ 1 or 7 mod 12: Using σ(β) = β, β2 + γδρβ + 1 = 0 and γ2δ2ρ2 = 1 to simplify when
convenient, we get

σ(z) = σ

(
β3γ(v − βδu)
β2v + βδu+ γδ

)
=

β3δ( 1
u − βρ

v
u)

β2 1
u + βρ vu + δρ

=
β3δ − β4δρv

β2 + βρv + δρu

=
β3δ − β4δρ

(
β2γδ − 2β3γ2δ(z+β3γ)

z2+β4γ2

)
β2 + βρ

(
β2γδ − 2β3γ2δ(z+β3γ)

z2+β4γ2

)
+ δρ

(
βγ + 2β4γ2(z−βγ)

z2+β4γ2

)
= βδ2ρz + δρ

and we can set ẑ = z and Â = βδ2ρ. Since

Âσ(Â)σ2(Â) =
(
βδ2ρ

) (
βγρ2

) (
βγ2δ

)
= β3γδρ = 1,

there exists A,B ∈ K such that σ(Aẑ) = Aẑ +B (Lemma 12).

2. If q ≡ 5 mod 12: Using σ(ζ) = ζ, ζ2 = −1 and γ2δ2ρ2 = 1 to simplify when convenient, we
get

σ(z) = σ

(
v

δ(u− ζγ)

)
=

1
u

ρ( vu − ζδ)

=
1

ρ(v − ζδu)

=
1

ρ
((
−2ζγδz
z2+1

)
− ζδ

(
ζγ − 2ζγ

z2+1

))
= − z2 + 1

ζγδρ(ζz2 + 2z − ζ)

and since the gcd of the numerator and the denominator is (z − ζ), we get

σ(z) =
z + ζ

−ζ2γδρz + ζ3γδρ
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In order to use Lemma 11, we need to find a root of P (t) = (−ζ2γδρ)tq+1− (ζ3γδρ)tq + t− ζ
in K. If we sustitute t by (γδρ − ζ)t0 − ζ in P (t), this is equivalent to finding a root
of tq+1

0 + t0 + 1 in K. Then, using Lemma 10, all the roots ε of P (t) are of the form
(γδρ− ζ)ε0− ζ with ε0 ∈ K a root of tq+1

0 + t0 + 1. Then, from Lemma 11, Â = −ε0
σ(ε0)+1 = ε20.

Since Âσ(Â)σ2(Â) =
(
ε0σ(ε0)σ2(ε0)

)2 = 1 (by Lemma 10), Lemma 12 shows that there exists
A,B ∈ K such that σ(Aẑ) = Aẑ +B.

3. If q ≡ 11 mod 12: We first note that (after simplification)

(βη + ηγδρ+ β)(βη − ηγδρ+ β) = −(η2 + η + 1)2

hence βη + ηγδρ + β 6= 0 since η cannot be a primitive cube root of unity. Using σ(β) = β,
σ(η) = η, η2 + η2 + 1 = 0 and γ2δ2ρ2 = 1 to simplify when convenient, we get

σ(z) = σ

(
ηγ(βv − ηδu)
ηv + βδu+ γδ

)
=

ηδ
(
β 1
u − ηρ

v
u

)
η 1
u + βρ vu + δρ

=
ηβδ − η2δρv

η + βρv + δρu

=
ηβδ − η2δρ

(
ηγδ − 2ηγ2δ(βz+η2γ)

z2+η2γ2

)
η + βρ

(
ηγδ − 2ηγ2δ(βz+η2γ)

z2+η2γ2

)
+ δρ

(
βγ + 2η2γ2(z−βγ)

z2+η2γ2

)
=

ηδ(η2 − βγδρ)z2 − 2βη3γδz − η3γ2δ(η2 + γδρβ)
−(βη + ηγδρ+ β)z2 + 2ηγ(β2 − η)z + γ2η2(βη − γδρη + β)

Since the gcd of the numerator and denumerator is

(βη + ηγδρ+ β)z + ηγ(η − β2)

with the coefficient of z nonzero, we have

σ(z) =
ηδT1z + η2γδT2

T3z + ηγT4

with

T1 = γδρ(−2β2η − η − β2) + (−β − 2βη − β3 − β3η)
T2 = γδρ(βη + β3 + 2β) + (β2 + β4 − β2η + η)
T3 = γδρ(2β3 − 2βη + 2β) + (β4 − 2β2η + β2 + 1)
T4 = γδρ(β2η + 1 + β2) + (2β3 + β − βη + β3η)

Note that (after simplification), both T1T4 − T2T3 and (T1 + T4)2 are equal to

γδρ(−2β3η − 6βη − 2β5η − 6β − 6β5 − 10β3) + (−2β2η − 6β4η − 2η − 12β4 − 12β2)

and (T1 + T4) 6= 0 (otherwise this would force (ηδT1)(ηγT4) − (η2γδT2)T3 = η2γδ(T1T4 −
T2T3) = 0 and σ(z) would be in K). In order to use Lemma 11, we need to find a root of
P (t) = T3t

q+1 − ηγT4t
q + ηδT1t − η2γδT2 in K. If we sustitute t by ηγ

(
T1+T4
T3

t0 + T4
T3

)
in
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P (t), this is equivalent to finding a root of tq+1
0 + t0 + 1 in K. Then, using Lemma 10, all the

roots ε of P (t) are of the form ηγ
(
T1+T4
T3

ε0 + T4
T3

)
with ε0 ∈ K a root of tq+1

0 + t0 + 1. Then,

from Lemma 11, Â = ηγ
ηδ

−ε0
σ(ε0)+1 = γ

δ ε
2
0. Since

Âσ(Â)σ2(Â) =
γδρ

δργ

(
ε0σ(ε0)σ2(ε0)

)2 = 1

(by Lemma 10), Lemma 12 shows that there exists A,B ∈ K such that σ(Aẑ) = Aẑ +B.

In all three cases, σnẑ = ẑ since ẑ is in K(z), and σn(A) = A since A ∈ K, hence

w =
n−1∑
i=0

σi(µAẑ)

is fixed under σ and w = Ãẑ + B̃ for Ã = TrK/k(µA) and some B̃ ∈ K. Q.E.D.

From now on w is assumed to be the generator of L over K computed in the proof of Theorem
13.

6.4 Function fields

If u = y1

y0
(if C has equation Y 2 = (X−a)h(X)), then σ(y0) = y1 = uy0, σ2(y0) = vy0 and σ3(y0) =

y0, hence σ extends to F with order n (since 3 divides n). If τ is a generator of Gal(F/K(w)),
then τ(y0) = −y0 and

σ(τ(y0)) = σ(−y0) = −σ(y0) = −vy0 = vτ(y0) = τ(vy0) = τ(σ(y0))

so Gal(F/K(w)) commutes with σ.

Theorem 14: Let K = Fqn, n even and C be a curve of genus g defined over K by

C : Y 2 = (X − a)h(X)

where h(X) ∈ K[X] is defined over k and a ∈ K \ k, σ3(a) = a. Then the function field of C can
be embedded in the function field of a curve C ′ of genus

g′ = 4g + 1

defined over k by the equation

ỹ2 = (η + σ(η)u(w) + σ2(η)v(w))2(x(w)− a)h(x(w))

where η =
∑n/3−1

i=0 σ3i(µ) for some µ ∈ K such that TrK/k(µ) = 1.
Proof: Since Gal(F/K(w)) commutes with σ, we have F = KF ′ (where F ′ is the fixed field of F
under σ), hence F ′/k and F/K have the same genus g′.

We first consider g, the genus of K(C)/K. Since gcd(deg(h) + 1, 2) = 1, the only places of
K(x) which are ramified in K(C) are (x− a), the place at infinity and the places over h(x), and, if
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P ∈ PK(x) is ramified, there is a unique P ′ ∈ PK(C) over P and its ramification index is 2. Then,
using Proposition 3, we have

g = 1 + 2(0− 1) +
1
2

(2− 1)(deg(h) + 2) =
1
2

deg(h),

so deg(h) = 2g.

We can now compute g′ in terms of g. The only places of K(x) which are ramified in F are
(x − a), (x − σ(a)), (x − σ2(a)), the place at infinity and the places over h(x), and, if P ∈ PK(x)

is ramified, there are 22 distinct P ′ ∈ PK(C) over P and their ramification index is 2. Then, from
Proposition 3, the genus of F ′/k (and F/K) is

g′ = 1 + 23(0− 1) +
1
2

(2− 1) · 22(deg(h) + 4)

= 1− 8 + 2 (2g + 4)
= 4g + 1

It remains to find an equation defining F ′ over L′ = k(w). Let µ ∈ K such that TrK/k = 1,
then F restrict to F ′ via the trace map. In particular, TrF/F ′(µw) = w, and TrF/F ′(µε) = ε for
every ε ∈ k.

To simplify the notation, we let

η =
n/3−1∑
i=0

σ3i(µ),

so TrK/k = η + σ(η) + σ2(η) and σ3(η) = η. We now set

ỹ = TrF/F ′(µy0)

=
n−1∑
i=0

σi(µy0)

= y0

n/3−1∑
i=0

σ3i(µ) + uy0

n/3−1∑
i=0

σ3i+1(µ) + vy0

n/3−1∑
i=0

σ3i+2(µ)

= ηy0 + σ(η)uy0 + σ2(η)vy0

= (η + σ(η)u+ σ2(η)v)y0

Then ỹ ∈ F ′ and ỹ 6∈ k(w) (since y0 6∈ K(u) = K(w)), hence F ′ = k(w, ỹ). If we compute τ(ỹ), we
have

τ(ỹ) = τ((η + σ(η)u+ σ2(η)v)y0) = (η + σ(η)u+ σ2(η)v)τ(y0) = −(η + σ(η)u+ σ2(η)v)y0 = −ỹ.

Then NF ′/L′(ỹ) is

NF ′/L′(ỹ) =
1∏
i=0

τ i(ỹ)

=
1∏
i=0

(−1)iỹ
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= (−1)n/2ỹ2

= (−1)n/2(η + σ(η)u+ σ2(η)v)2y0
2

= (−1)n/2(η + σ(η)u+ σ2(η)v)2(x− a)h(x)
= (−1)n/2(η + σ(η)u(w) + σ2(η)v(w))2(x(w)− a)h(x(w))

hence F ′/k(w) is defined by the equation

ỹ2 = (η + σ(η)u(w) + σ2(η)u(w))2(x(w)− a)h(x(w))

Q.E.D.

If v = y1

y0
(if C has equation Y 2 = (X − a)(X − σ(a))h(X)), then σ(y0) = y1 = vy0, σ(y0) = v

uy0

and σ3(y0) = y0, hence σ extends to F with order n (since 3 divides n). If τ is a generator of
Gal(F/K(w)), then τ(y0) = −y0 and

σ(τ(y0)) = σ(−y0) = −σ(y0) = −vy0 = vτ(y0) = τ(vy0) = τ(σ(y0))

so Gal(F/K(w)) commutes with σ.

Theorem 15: Let K = Fqn, n even and C be a curve of genus g defined over K by

C : Y 2 = (X − a)(X − σ(a))h(X)

where h(X) ∈ K[X] is defined over k and a ∈ K \ k, σ3(a) = a. Then the function field of C can
be embedded in the function field of a curve C ′ of genus

g′ = 4g − 1

defined over k by the equation

ỹ2 =
(
η + σ(η)v(w) + σ2(η)

v(w)
u(w)

)2

(x(w)− a)(x(w)− σ(a))h(x(w))

where η =
∑n/3−1

i=0 σ3i(µ) for some µ ∈ K such that TrK/k(µ) = 1.
Proof: Since Gal(F/K(w)) commutes with σ, we have F = KF ′ (where F ′ is the fixed field of F
under σ), hence F ′/k and F/K have the same genus g′.

We first consider g, the genus of K(C)/K. Since gcd(deg(h) + 1, 2) = 1, the only places of K(x)
which are ramified in K(C) are (x− a), (x− σ(a)), the place at infinity and the places over h(x),
and, if P ∈ PK(x) is ramified, there is a unique P ′ ∈ PK(C) over P and its ramification index is 2.
Then, using Proposition 3, we have

g = 1 + 2(0− 1) +
1
2

(2− 1)(deg(h) + 3) =
1
2

(deg(h) + 1),

so deg(h) = 2g − 1.

We can now compute g′ in terms of g. The only places of K(x) which are ramified in F are
(x − a), (x − σ(a)), (x − σ2(a)), the place at infinity and the places over h(x), and, if P ∈ PK(x)
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is ramified, there are 22 distinct P ′ ∈ PK(C) over P and their ramification index is 2. Then, from
Proposition 3, the genus of F ′/k (and F/K) is

g′ = 1 + 23(0− 1) +
1
2

(2− 1) · 22(deg(h) + 4)

= 1− 8 + 2 (2g + 3)
= 4g − 1

It remains to find an equation defining F ′ over L′ = k(w). Let µ ∈ K such that TrK/k = 1,
then F restrict to F ′ via the trace map. In particular, TrF/F ′(µw) = w, and TrF/F ′(µε) = ε for
every ε ∈ k.

To simplify the notation, we let

η =
n/3−1∑
i=0

σ3i(µ),

so TrK/k = η + σ(η) + σ2(η) and σ3(η) = η. We now set

ỹ = TrF/F ′(µy0)

=
n−1∑
i=0

σi(µy0)

= y0

n/3−1∑
i=0

σ3i(µ) + vy0

n/3−1∑
i=0

σ3i+1(µ) +
v

u
y0

n/3−1∑
i=0

σ3i+2(µ)

= ηy0 + σ(η)vy0 + σ2(η)
v

u
y0

=
(
η + σ(η)v + σ2(η)

v

u

)
y0

Then ỹ ∈ F ′ and ỹ 6∈ k(w) (since y0 6∈ K(u) = K(w)), hence F ′ = k(w, ỹ). If we compute τ(ỹ), we
have

τ(ỹ) = τ
((
η + σ(η)v + σ2(η)

v

u

)
y0

)
=

(
η + σ(η)v + σ2(η)

v

u

)
τ(y0)

= −
(
η + σ(η)v + σ2(η)

v

u

)
y0

= −ỹ.

Then NF ′/L′(ỹ) is

NF ′/L′(ỹ) =
1∏
i=0

τ i(ỹ)

=
1∏
i=0

(−1)iỹ

= (−1)n/2ỹ2

= (−1)n/2
(
η + σ(η)v + σ2(η)

v

u

)2
y0

2
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= (−1)n/2
(
η + σ(η)v + σ2(η)

v

u

)2
(x− a)(x− σ(a))h(x)

= (−1)n/2
(
η + σ(η)v(w) + σ2(η)

v(w)
u(w)

)2

(x(w)− a)(x(w)− σ(a))h(x(w))

hence F ′/k(w) is defined by the equation

ỹ2 =
(
η + σ(η)v(w) + σ2(η)

v(w)
u(w)

)2

(x(w)− a)(x(w)− σ(a))h(x(w))

Q.E.D.

7 Conclusion

We have shown how a GHS-like Weil descent attack can be used to solve the discrete logarithm
problem for hyperelliptic and superelliptic curves of the form

Y r = (X − a)h(X)

over the field Fqn of characteristic p, with n divisible by 2, gcd(p, r) = 1, h(X) defined over Fq and
a ∈ Fq2 \ Fq.

We have also shown a similar attack to solve the discrete log problem on families of nonsingular
hyperelliptic curves in odd characteristic of the forms

Y 2 = (X − a)h(X)

and
Y 2 = (X − a)(X − σ(a))h(X)

over Fqn with n divisible by 3, h(X) defined over Fq and a ∈ Fq3 \ Fq.

In particular, for these curves to be used in cryptography, |Jac(C)(K)| should be almost prime
(i.e. a prime multiplied by a small factor). If |Jac(C)(K)| divides |Jac(C̃)(k)| (or a small multiple of
|Jac(C̃)(k)|), then experimental results seem to indicate that the kernel of the map from Jac(C)(K)
to Jac(C̃)(k) is likely to be small.

The main reason the Weil descent attack can be an effective way of solving the discrete log
problem for a curve C is due to the index calculus attack for curves of genus greater than 2. For
curves of genus 1 or 2, the best known attacks for the discrete log problem (Shank’s Baby Step-
Giant Step algorithm, Pollard’s ρ method) require O(g2qg/2+ε) bit operations. But for hyperelliptic
curves of genus 3 or higher, if the genus g is not too large, we can use the index calculus attack
(see [12] and [23] for g! < q, see also [1], [4], [11] and [18] for g! > q) which gives a running
time of O

(
g4q

2− 4
2g+1

+ε
)

(for (g − 1)! < q). Since Jacobian arithmetic for superelliptic curves over

the field Fq can be done in O(r7g2(log(q))2 bit operations (see [9]), so for a fixed r, the index
calculus attack for superelliptic curves of the form Y r = f(X) takes an asymptotic running time
of O

(
g4q

2− 4
2g+1

+ε
)

.
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8 Examples

Example 1:
Let K = Fp2 and k = Fp with p an 80 bit prime. Given an hyperelliptic curve C of genus 2 of

the form
C : Y 2 = (X − a)h(X)

with a ∈ K \ k and h(X) a polynomial of degree 4 defined over k, the curve C ′ obtained using the
Weil descent attack will be hyperelliptic of genus 4 over k. Although the security of Jac(C)(Fp2)
would appear to be equivalent to the security of an elliptic curve over a field of 160 bits, using the
index calculus attack on Jac(C ′)(Fp) decreases its security to the level of an elliptic curve over a
field of approximativeley 125 bits.

Example 2:
Let K = Fp3 and k = Fp with p an 30 bit prime. Given an hyperelliptic curve C of genus 3

given by an equation of the form

Y 2 = (X − a)h(X) or Y 2 = (X − a)(X − σ(a))h(X)

with a ∈ K \k and h(X) a polynomial defined over k, the curve C ′ obtained using the Weil descent
attack will be hyperelliptic of genus 11 (first equation) or 13 (second equation) over k. Although
the security of Jac(C)(Fp3) would appear to be equivalent to the security of an elliptic curve over
a field of approximatively 256 bits, attacking from Jac(C ′)(Fp) decreases its security to the level
of an elliptic curve over a field of approximativeley 110 bits (both security estimate assume the use
of index calculus).

Example 3:
Let K = Fp3 and k = Fp with p = 261 − 1. Given an elliptic curve E of the form

E : Y 2 = (X − a)(X − σ(a))(X − d)

with a ∈ K \ k and d ∈ k, the curve C ′ obtained using the Weil descent attack will be hyperelliptic
of genus 3 over k. Although elliptic curves over this field of 183 bits (proposed for cryptography
in [2]) are secure enough for most cryptographic applications, using the index calculus attack on
Jac(C ′)(Fp) decreases their security to the level of elliptic curves over a field of approximativeley
174 bits (which is less than expected, although it is still very secure in practice).
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