In Defence of Indispensability
MARK COLYVAN*

Indispensability arguments for mathematical realism have been around a
long time in various forms, but the modern formulation due to Quine [1980]
and Putnam [1979] is an argument that implores us to give mathematical
entities (numbers, functions, sets and such) the same ontological standing as
other entities in our best scientific theories (electrons, neutron stars, quarks,
and such). This argument, when properly appreciated, is a very powerful
and persuasive device for warding off nominalism. While, strictly speaking,
it does not establish mathematical realism as its conclusion, it does create
a serious problem for scientific realists who refuse to admit mathematical
entities into their ontologies. This argument, however, has suffered attacks
from seemingly all directions in recent times. First Charles Chihara [1973],
then Hartry Field [1980], raised doubts about the indispensability of math-
ematics to science, and more recently Elliott Sober [1993] and Penelope
Maddy [1992], [1995a], [1995b] have raised separate doubts as to whether
we really ought to be committed to entities which are indispensable to our
best scientific theories.

In the face of these worries, indispensability arguments do not enjoy the
widespread support they used to. Indeed, for mathematical realists such
as myself, who think that indispensability arguments offer the only good
reason for that realism, these are worrying times! In this paper I will address
what I take to be the most serious of the attacks on indispensability—the
Maddy objections—and I show that indispensability arguments can survive
this attack. In particular, I will be defending the Quine/Putnam version
of the argument against Maddy’s claim that there are internal tensions
between the doctrines of naturalism and confirmational holism. As we
shall see, both these doctrines are crucial to the indispensability argument,
so it is important that they be mutually consistent. I want to make it
clear at the outset, that in this paper I will not be engaging in the project
of providing independent support for naturalism or holism; I will only be
concerned with showing that the internal tensions Maddy points to are
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apparent rather than real.

In the next section I outline the indispensability argument and discuss
its reliance on the doctrines of naturalism and holism. In Section 2, I
outline the three Maddy objections to this argument, followed in Section 3
by a discussion of Maddy’s conception of the doctrine of naturalism and,
in particular, how this conception differs from the Quinean conception.
Then in Section 4, I defend the indispensability argument against each of
Maddy’s objections, taking particular notice of the role naturalism plays in
these objections. This is followed by a brief conclusion.

1. Indispensability, Naturalism and Holism

Firstly let’s review the Quine/Putnam indispensability argument. The ar-
gument has two premises:

1. We (ought to) have ontological commitment to all and only those enti-
ties that are indispensable to our best scientific theories (Quinean Ontic
Thesis).!

2. Mathematical entities are indispensable to our best scientific theories.

From these we conclude that we (ought to) have ontological commitment

to mathematical entities.

Since Field’s challenge to the second premise in Science Without Num-
bers (Field {1980]) there has been much discussion on the issue of the indis-
pensability of mathematics to science. I won’t enter into that debate here.
I take it (as does Maddy) that it is a fact about our scientific theories that
mathematics s an indispensable part of those theories.?

Instead, I wish to concentrate on what is, in some ways, a more funda-
mental attack on the indispensability argument—Penelope Maddy’s claim
that the first premise of the argument is not supported by scientific/mathe-
matical practice. In order to understand her attack, though, we first need
to look at the motivation for the Quinean Ontic Thesis, which lies in the
doctrines of naturalism and holism.

Naturalism is the denial of a first philosophy. As Quine rather famously
puts it:

...naturalism: abandonment of the goal of a first philosophy. It sees natural

science as an inquiry into reality, fallible and corrigible but not answerable to

1 Quine actually speaks of those entities that are existentially quantified over in the
canonical form of our best scientific theories, rather than indispensability. The difference
(if any) need not concern us here.

2 Although the meaning of the terms ‘indispensable’ and ‘dispensable’ are extremely
unclear in this context, for the most part this need not concern us, since, as I've already
mentioned, Maddy agrees that mathematics is indispensable, at least on any intuitive
reading of ‘indispensable’. For the record though, I take ‘dispensability’ to be defined as
follows: An entity is dispensable to a theory if there exists a modification of that theory
resulting in a second theory, functionally equivalent to the first, in which the entity in
question is neither mentioned nor predicted. Furthermore, the second theory must be
preferable to the first. See Colyvan [forthcoming] for further details.
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any supra-scientific tribunal, and not in need of any justification beyond obser-
vation and the hypothetico-deductive method. ... The naturalistic philosopher
begins his reasoning within the inherited world theory as a going concern. He
tentatively believes all of it, but believes also that some unidentified portions
are wrong. He tries to improve, clarify, and understand the system from within.
He is the busy sailor adrift on Neurath’s boat. (Quine [1981}, p. 72)

For instance, when faced with the task of legitimising (or not) current
scientific practice the philosopher of science does not occupy some privi-
leged, pre-scientific position, rather, s/he works from within the scientific
program, using the methods prescribed by that program.

This high regard for scientific methodology has an important conse-
quence for ontology. When asking questions about what exists, naturalism
counsels us to look to science for the answers—we are to find what exists
in our best scientific theories. Naturalism rules out other means of being
granted real status. For instance, if there are no scientific grounds for be-
lieving in ghosts, then there are no grounds for believing in ghosts. Thus
naturalism ensures that only entities in our best scientific theories ought
to be granted real status. The Quinean Ontic Thesis, however, states that
we ought to believe in all and only those entities indispensable to our best
scientific theories. I take it that naturalism alone doesn’t ensure that all
the entities indispensable to our best scientific theories ought to be granted
real status. This, however, is ensured by holism.

There are at least two distinct doctrines in Quine’s philosophy that go by
the name of ‘holism’. These are usually referred to as semantic holism and
confirmational holism. The first is the thesis that the unit of meaning is not
the single sentence, but the whole language (or at least a large portion of it).
This is a result of Quine’s famous thesis of indeterminacy of translation.3
The second, confirmational holism, is the thesis that scientific theories are
confirmed (or falsified) as wholes. As Quine puts it:

[T]he falsity of the observation categorical®* does not conclusively refute the
hypothesis. What it refutes is the conjunction of sentences that was needed
to imply the observation categorical. In order to retract that conjunction
we do not have to retract the hypothesis in question; we could retract some
other sentence of the conjunction instead. This is the important insight called
holism. (Quine [1992], pp. 13-14)

It is only confirmational holism that is required for the indispensability
argument.’ We simply note that if some theory is confirmed by empirical
evidence, then the whole theory is confirmed, so naturalism implores us to
believe in the existence of all the entities of the confirmed theory.

3 See Quine {1960}, pp. 26-79 for details.

4 By ‘observation categorical’ Quine simply means a statement of the form ‘whenever
P, then Q'. For example, ‘where there’s smoke, there’s fire’.

5 Cf. Resnik [1995) and Hellman (forthcoming]
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Maddy accepts the naturalistic backdrop, but, as we shall see, she has
some serious reservations about how well confirmational holism accords
with that backdrop. So, having outlined the indispensability argument and
the motivation for the first premise, which is the one that Maddy finds
objectionable, I will move on to discuss Maddy’s objections.

2. Maddy’s Objections

Although Maddy’s three objections to indispensability arguments are large-
ly independent of one another, there is a common thread that runs through
each of them. Each draws attention to problems of reconciling natural-
ism and confirmational holism. In particular, she points out how a holistic
view of scientific theories has problems explaining the legitimacy of certain
aspects of scientific and mathematical practices, which presumably ought
to be legitimate given the high regard for scientific practice that natural-
ism endorses. That said, I will now outline each of Maddy’s objections
separately.

2.1. The Scientific Fictions Objection

The first objection to the indispensability argument, and in particular to
confirmational holism, is that the actual attitudes of working scientists
towards the components of well confirmed theories vary ‘from belief to
grudging tolerance to outright rejection’ (Maddy [1992], p. 280). In ‘Tak-
ing naturalism seriously’ (Maddy [1994]) Maddy presents a detailed and
concrete example which illustrates these various attitudes. The example is
the history of atomic theory from early last century, when the (modern)
theory was first introduced, until early this century, when atoms were finally
universally accepted as real. The puzzle for the Quinean ‘is to distinguish
between the situation in 1860, when the atom became “the fundamental
unit of chemistry”, and that in 1913, when it was accepted as real’ (Maddy
[1994], p. 394). After all, if the Quinean Ontic Thesis is correct then scien-
tists ought to have accepted atoms as real once they became indispensable
to their theories (presumably around 1860) and yet renowned scientists such
as Poincaré and Ostwald remained sceptical of the reality of atoms until as
late as 1904.

For Maddy the moral to be drawn from this episode in the history of
science is that ‘the scientist’s attitude toward contemporary scientific prac-
tice is rarely so simple as uniform belief in some overall theory’ (Maddy
[1994], p. 395). Furthermore, she claims that ‘[sjome philosophers might be
tempted to discount this behavior of actual scientists on the grounds that
experimental confirmation is enough, but such a move is not open to the
naturalist’ (Maddy {1992], p. 281), presumably because ‘naturalism coun-
sels us to second the ontological conclusions of natural science’ (Maddy
[1995a], p. 251). She concludes:

If we remain true to our naturalistic principles, we must allow a distinction to
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be drawn between parts of a theory that are true and parts that are merely
useful. We must even allow that the merely useful parts might in fact be
indispensable, in the sense that no equally good theory of the same phenomena
does without them. Granting all this, the indispensability of mathematics in
well-confirmed scientific theories no longer serves to establish its truth.(Maddy
[1992], p. 281)

I will not discuss my reply to this or any other of her objections until I
present them all, since at least some of my remarks will apply to more than
one of them.

2.2. The Role of Mathematics in Science

The next problem for indispensability that Maddy suggests follows on from
the last. Once one rejects the picture of a scientific theory as a homoge-
neous unit, the next question concerns whether the mathematical portions
of theories fall within the true elements of the confirmed theories. To an-
swer this question Maddy firstly points out that much mathematics is used
in theories that make use of hypotheses that are explicitly false, such as the
assumption that water is infinitely deep in the analysis of water waves or
that matter is continuous in fluid dynamics. Furthermore, she argues that
the hypotheses are indispensable to the relevant theory, since it would be
unworkable without them, but it would be foolish to argue for the reality
of the infinite simply because it appears in our best theory of water waves
(Maddy [1995a]).

Next she looks at instances of mathematics appearing in theories not
known to contain explicitly false simplifying assumptions and claims that
‘[s]cientists seem willing to use strong mathematics whenever it is useful
or convenient to do so, without regard to the addition of new abstracta to
their ontologies, and indeed, even more surprisingly, without regard to the
additional physical structure presupposed by that mathematics’ (Maddy
[1995a], p. 255). In support of this claim she looks at the use of continuum
mathematics in physics. It seems the real numbers are used purely for con-
venience. No regard is given to the addition of uncountably many extra
entities (from the rationals, say) or to the seemingly important question of
whether space and time (which the reals are frequently used to model) are
in fact continuous or even dense. Nor is anyone interested in devising exper-
iments to test the density or continuity of space and time. She concludes
that ‘[tJhis strongly suggests that abstracta and mathematically-induced
structural assumptions are not, after all, on an epistemic par with physical
hypotheses’ (Maddy [1995a], p. 256).

2.3. The Mathematical Practice Objection

Maddy begins this objection by noting what she takes to be an anomaly
in Quinean naturalism, namely that it seems to respect the methodology
of empirical science but not of mathematics. It seems that, by the indis-
pensability argument, mathematical ontology is legitimised only insofar as
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it is useful to empirical science. This, claims Maddy, is at odds with actual
mathematical practice, where theorems of mathematics are believed be-
cause they are proved from the relevant axioms, not because such theorems
are useful in applications (Maddy [1992], p. 279). Furthermore, she claims
that such a ‘simple’ indispensability argument leaves too much mathemat-
ics unaccounted for. Any mathematics which does not find applications
in empirical science is apparently without ontological commitment. Quine
himself suggests that we need some unapplied mathematics in order to pro-
vide a simplificatory rounding out of the mathematics that is applied but
‘(m]agnitudes in excess of such demands, e.g., 3, or inaccessible numbers’
should be looked upon as ‘mathematical recreation and without ontological
rights’ (Quine [1986], p. 400).8

Maddy claims that this is a mistake, as it is at odds with Quine’s own
naturalism. Quine is suggesting we reject some portions of accepted math-
ematical theory on non-mathematical grounds. Instead she suggests the
following modified indispensability argument:”

[T]he successful application of mathematics gives us good reason to believe
that there are mathematical things. Then, given that mathematical things
exist, we ask: By what methods can we best determine precisely what mathe-
matical things there are and what properties these things enjoy? To this, our
experience to date resoundingly answers: by mathematical methods, the very
methods mathematicians use; these methods have effectively produced all of
mathematics, including the part so far applied in physical science. (Maddy
(1992}, p. 280)

This modified indispensability argument and, in particular, the respect it

6 More recently Quine has refined his position on the higher reaches of set theory and
other parts of mathematics which are not, nor ever likely to be, applicable to natural
science. For instance, in his most recent work, From Stimulus to Science, he suggests:
They are couched in the same vocabulary and grammar as applicable mathematics,
so we cannot simply dismiss them as gibberish, unless by imposing an absurdly awk-
ward gerrymandering of our grammar. Tolerating them, then, we are faced with the
question of their truth or falsehood. Many of these sentences can be dealt with by
the laws that hold for applicable mathematics. Cases arise, however (notably the
axiom of choice and the continuum hypothesis), that are demonstrably independent
of prior theory. It seems natural at this point to follow the same maxim that natural
scientists habitually follow in framing new hypotheses, namely, simplicity: economy
of structure and ontology. (Quine [1995), p. 56)

A little later, after considering the possibility of declaring such sentences meaningful but

neither true nor false, he suggests:
I see nothing for it but to make our peace with this situation. We may simply
concede that every statement in our language is true or false, but recognize that in
these cases the choice between truth and falsity is indifferent both to our working
conceptual apparatus and to nature as reflected in observation categoricals. (Quine
[1995], p. 57)

7 This suggestion was in fact made earlier by Hartry Field (Field [1980], pp. 4-5) but
of course he denies that any portion of mathematics is indispensable to science; so he
had no reason to develop the idea.
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pays to mathematical practice, she finds more in keeping with the spirit, if
not the letter, of Quinean naturalism.

She then goes on to consider how this modified indispensability argument
squares with mathematical practice. She is particularly interested in some
of the independent questions of set theory such as Cantor’s famous contin-
uum hypothesis: Does 2% = R;? and the question of the Lebesgue mea-
surability of £1 sets. The problem though, for indispensability-motivated
mathematical realism, is that it is hard to make sense of what working
mathematicians are doing when they try to settle such questions, or so
Maddy claims.

For example, in order to settle the question of the Lebesgue measurability
of the L1 sets, two new axioms have been proposed as supplements to the
standard ZFC axioms. The two. competing axiom candidates are Godel’s
axiom of constructibility, V = L, and some large cardinal axiom, such
as MC (there exists a measurable cardinal). These two candidates both
settle the question at hand, but with different answers. MC implies that
all &} sets are Lebesgue measurable whereas V = L implies that there
exists a non-Lebesgue-measurable £} set. The informed consensus is that
V # L and that some large cardinal axiom or other is true,® but the
reasons for this verdict seem to have nothing to do with applications in
physical science. Indeed, much of the appeal of large cardinal axioms is
that they are less restrictive than V = L, so to oppose such axioms would
be ‘mathematically counterproductive’ (Maddy [1995a], p. 265). These are
clearly intra-mathematical arguments that make no appeal to applications.

Furthermore, if the indispensability argument is correct, it is quite possi-
ble that physical theories would have some bearing on developments in set
theory, since they are both part of the same overall theory. For example,
Maddy claims that if space-time is not continuous, as some physicists are
suggesting,? this would undermine much of the need for set theory (at least
in contexts where it is interpreted literally) beyond cardinalities such as Ro.
Questions about the existence of large cardinals would be harder to answer
in the positive if it seemed that indispensability considerations failed to de-
liver cardinalities as low as 3;. Maddy thus suggests that indispensability-
motivated mathematical realism advocates set theorists’ looking at devel-
opments in physics (theories of quantum gravity in particular) in order to
tailor set theory to best accord with such developments.!® Given that set
theorists in general do not do this, a serious revision of mathematical prac-
tice is being advocated, and this, claims Maddy, is a violation of naturalism
(Maddy [1992], p. 289). She concludes:

8 There are, of course, some notable supporters of V = L. In particular, Quine [1992],
[1995] and Devlin [1977).

9 For example, Richard Feynman ([1965], pp. 166-167) suggests this.
10 Cf. Chihara ([1990}, p. 15) for similar sentiments.
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In short, legitimate choice of method in the foundations of set theory does not
seem to depend on physical facts in the way indispensability theory requires.
(Maddy [1992], p. 289)

I now wish to defend the indispensability argument against the three
objections I outlined in this section. Before I look at each objection in
detail though, it will be useful to examine Maddy’s conception of natural-
ism a little more closly, as my reply to her objections depends on a clear
understanding of her naturalism. Indeed, I believe that there has been a
certain amount of confusion over how naturalism is to be understood in the
context of the indispensability argument, and this confusion has allowed
her objections to seem more damaging than perhaps they ought.

3. Maddy’s Naturalism

It might be argued that there are two ways in which Maddy’s conception
of naturalism differs from Quine’s. The first she points out herself:

On this view [i.e., Quinean naturalism]|, the philosopher occupies no privileged

position from which to critique the practice of natural science; if philosophy

conflicts with that practice, it is the philosophy that must give. As a philoso-

pher of mathematics, I extend this compliment to the practice of classical

mathematics as well. (Maddy [forthcoming])
She then remarks in a footnote that ‘[i|t isn’t clear that Quine would ap-
prove this extension’ (Maddy [forthcoming]). The result of this extension
is seen in her modification of the Quine/Putnam indispensability argument
which I discussed in Section 2.3. Recall that she finds Quine’s rejection
of quantities such as 1, against the spirit of naturalism, since accepted
mathematical practice is rejected on non-mathematical grounds. 1 shall
discuss this departure from Quinean naturalism in more detail when I come
to defend the indispensability argument against the mathematical-practice
objection. At this stage I merely wish to point out that there is a departure
and that Maddy recognises this.

The other way in which Maddy’s naturalism might be thought to differ
from Quinean naturalism is also illustrated in the above quote. It is seen
in the move from ‘the philosopher occupies no privileged position’ to ‘if
philosophy conflicts with [scientific] practice, it is the philosophy that must
give’. Surely the former does not imply the latter. Quinean naturalism
tells us that there is no supra-scientific tribunal, whereas Maddy seems
to be suggesting that this implies science itself is in a privileged position.
That is, the philosopher of science must merely rubber-stamp any scientific
practice. Elsewhere she echoes this view of naturalism. For example, in
‘Set theoretic naturalism’ she writes ‘the [set theory] methodologist’s job is
to account for set theory as it is practiced, not as some philosophy would
have it be’ (Maddy [1996], p. 490).

There is much ground between a first philosophy, which Quine rejects,
and the rubber-stamp role which Maddy seems to advocate. For instance,






