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6.1 Introduction

Algorithms that contain computations that can be executed simultaneously, offer
possibilities of exploiting the parallelism present by implementing them on appro-
priate hardware, such as a multiprocessor system or an application-specific inte-
grated circuit (ASIC). Many digital signal processing (DSP) algorithms contain in-
ternal parallelism and are besides meant to be repeated infinitely (or a large number
of times). These algorithms, therefore, not only have intra-iteration parallelism
(between operations belonging to the same iteration) but inter-iteration parallelism
(between operations belonging to different iterations) as well [Par91].

The distribution in time of operations in the realization of an algorithm is called a
schedule. A schedule in which all operations of a single iteration should terminate
before any of the next iteration can be started is called nonoverlapped. On the other
hand, schedules that exploit inter-iteration parallelism are called overlapped because
the execution of consecutive iterations overlap in time. The two types of schedules
are illustrated in Figure 6.1. In the figure, i and i + 1 refer to the successive iteration
numbers, while T0 is the length of the iteration period (see Section 6.2). The set of
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computations belonging to the same iteration have the same shading; individual
computations are not shown.
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Figure 6.1.  A nonoverlapped(a) and an overlapped (b) schedule

Overlapped scheduling is also called loop folding [Goo90] or software pipelining
[Lam88, Jon90]. As opposed to hardware pipelining, that allows for overlapping the
execution of subsequent operations within the same funtional unit (FU) by an ap-
propriate hardware design, software pipelining overlaps the execution of a set of
operations in an iteration by scheduling them appropriately on the available FUs.

This chapter deals with techniques to obtain overlapped schedules for a specific
class of DSP algorithms. The chapter has a tutorial character: the main ideas are
explained and references to the literature are provided. On the other hand, no ex-
perimental results are presented: they can be found in the cited literature.

The chapter is organized as follows. The first sections introduce and define the
problem. Then attention is paid to the theoretical lower bound on the iteration period
of an overlapped schedule. Finally, different scheduling techniques are discussed.

6.2 Data-Flow Concepts

A convenient representation for parallel computations is the data-flow graph (DFG).
A DFG consists of nodes and edges. An edge transports a stream of tokens each of
which carries some data value. As soon as a sufficient number of tokens is present at
the input edges of a node, the node consumes these tokens and produces tokens at its
output edges with values corresponding to the operation that the node is supposed to
perform. Edges act as first-in first-out buffers for the transported tokens.
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A DFG can represent any computation [Dav82, Eij92, Lee95]. In this chapter,
however, only DFGs without conditional constructs are considered. They are suffi-
ciently powerful to model most traditional DSP algorithms (filters). DFGs that do
not contain conditional constructs are called synchronous [Lee87]. Synchronous
DFGs have the interesting property that they can be scheduled at compile time (the
number of tokens consumed and produced by each node is always known) and no
run-time overhead related to data-dependent scheduling is required. If one restricts
each node in a synchronous DFG only to consume a single token from each input
and produce a single token on each output per invocation, one gets a homogeneous
DFG [Lee87]. Such DFGs will be called iterative DFGs (IDFGs) following the ter-
minology of [Hee92]. This chapter mainly deals with IDFGs.

An IDFG is a tuple 〈V, E〉, where the vertex set V is the set of nodes and E is the
set of edges of the graph. The set V can be partitioned in a set of computational
nodes C, a set of delay nodes D, a set of input nodes I, and a set of output nodes O.
A computational node c ∈ C represents an atomic and nonpreemptive computation.
‘Atomic’ means that each node represents a computation of the lowest level of
granularity, i.e. a computation corresponding to a single activation of an FU. ‘Non-
preemptive’ means that a computation cannot be interrupted before completion to
continue its execution at a later moment. It is further assumed that a single execution
time δ(c) in the target architecture can be associated with each node c; this time is
expressed in integer multiples of the system clock period. Hardware pipelined FUs
are not considered in this chapter. Including them would require characterization by
a second entity called the data-initiation interval, the time necessary to execute a
pipeline stage. A delay node d ∈ D stores a token received at its input during one
iteration period T0 before producing it at its output. Again, T0 is an integer multiple
of the system clock period. In a more general model, a delay node can delay a token
for more than one iteration period. The number of periods that a node d ∈ D delays
its input, is indicated by µ(d). Instead of using explicit delay nodes, one could as
well define delay as an edge attribute. The delay multiplicity then corresponds to the
number of initial tokens on the edge.
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Figure 6.2.  The IDFG of a second-order filter section
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Although this model has some advantages from a mathematical point of view, the
model with explicit delay nodes will be used here in order to be consistent with
many earlier publications. An input node only produces tokens and an output node
only consumes them. Figure 6.2 shows an example IDFG that represents a second-
order filter section. In the figure, the node with the label T0 represents the delay ele-
ment. The nodes m1 to m4 that provide the constant multiplication coefficients, can
be considered equivalent to inputs for the discussion in this chapter. Note that each
cycle in an IDFG should at least contain a delay element. Deadlock would otherwise
prevent the progress of computation in the IDFG (in terms of token flow: nodes in a
cycle will never be activated if there are no initial tokens present in the cycle).

6.3. Models for the Target Architecture

Overlapped scheduling methods can be directed to different target architectures. The
target architecture that is the easiest to work with from a theoretical point of view is
the ideal multiprocessor system. It consists of a set of identical processors each of
which can execute all operations in the IDFG. The time to transfer data between any
pair of processors in an ideal multiprocessor system is negligible. This hardware
model has been used in many studies on overlapped scheduling [Par91, Hee92,
Gel93, Mad94] and will be the main model used in this chapter.

More realistic hardware models will explicitly deal with the multiprocessor net-
work topology and the associated communication delays. Actual multiprocessor
systems can roughly be divided in those that are suitable for coarse-grain parallel-
ism and those suitable for fine-grain parallelism. In the former case, setting up a
connection and transferring data will take tens of clock cycles, which means that
tasks executed on the same processor should have a similar execution time in order
to take advantage of the parallel hardware. Examples of scheduling approaches for
DSP algorithms for this type of hardware are given in [Kon90, San96b]. Hardware
that supports fine-grain parallelism, has the property that transferring a data item
from one processor to the other takes just a few clock cycles. The multiprocessor
system is then often integrated on a single integrated circuit [Che92, Kwe92] al-
though systems composed of discrete commercially available digital signal proces-
sors also exist [Mad95]. A method that generates overlapped schedules for this type
of architectures is discussed in Section 6.7.

Another target architecture is an application-specific integrated circuit (ASIC)
that is the outcome of high-level (or architectural) synthesis. The architecture is
then composed of FUs, such as adders and multipliers, for the actual calculations,
registers or memories for the storage of intermediate results, and interconnection
elements such as buses and multiplexers [Gaj92]. The types of architectures and
clocking strategies considered normally allow the transfer of data within the same
clock period as the one in which a computation terminates. This makes the schedul-
ing problem for these architectures very similar to the one for the ideal multiproces-
sor system, the main difference being that FUs normally cannot execute all possible
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operations (additions should e.g. be mapped on adders and multiplications on multi-
pliers). Many overlapped scheduling methods for high-level synthesis have been
proposed [Goo90, Olá92, Lee94, Kos95, Wan95, Hei96].

Yet another target architecture for overlapped scheduling is a very-long instruc-
tion word (VLIW) processor, a processor that contains a data path with multiple
FUs that can be activated in a flexible way by appropriate parts of the instruction
word. It is especially in this context that the term “software pipelining” is used
[Lam88].

6.4 Definitions of the Problems

In this section, first some attention is paid to the terminology related to multiproces-
sor scheduling and high-level synthesis. Besides, some functions are introduced that
will be used in the rest of this chapter. The optimization goals to be addressed are
then defined.

6.4.1 Terminology and Definitions

Multiprocessor scheduling and high-level synthesis will map each operation in the
IDFG to a time instant at which the operation should start, and to an FU on which
the operation will be executed (of course, many more issues, such as the storage of
intermediate values in registers, should also be settled). The mapping to a time in-
stant is called scheduling (in the strict sense; “scheduling” is also often used for both
mappings). The scheduling will be indicated by a function σ : C → Z (where Z is the
set of integers). For a c ∈ C, σ(c) represents the time instance at which c starts its
execution with respect to the starting time of the iteration, which is zero by defini-
tion.

The set of FUs that will be present in the final solution, is F (a processor in a
multiprocessor system will also be considered to be an FU). The set of all possible
operation types (e.g. addition and multiplication) is Ω. The operation type of a node
is given by the function γ : C → Ω and the operations that an FU can execute by the
function Γ : F → 2Ω (2Ω is the power set of Ω, the set of all its subsets).

The mapping of a computational node to a specific FU is called assignment and
is given by the function α : C → F. Clearly, for c ∈ C, it holds that γ(c) ⊂ Γ(α(c)).

Unfortunately, no uniform terminology is used in the literature. Other terms used
for “assignment” include allocation and binding (while “allocation” can also mean
the reservation of hardware resources for synthesis without performing yet an actual
mapping). The terminology used in this chapter follows the one of [Pot92].

Note that σ and α as defined above are independent of the iteration number. This
means that the type of schedules considered in this paper are static. Although σ
maps to values in Z, time values should be taken modulo T0 when checking for re-
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source conflicts on the same FU. This is a direct consequence of the overlapped
scheduling strategy. If the values of α depend on the iteration number in a way that
the FUs to which an operation is mapped, changes according to a cyclic pattern, the
schedule is called cyclostatic [Sch85]. Figure 6.3 shows an example of a cyclostatic
schedule. In the figure, the schedules of different iterations have been given different
shadings. The superscripts of the operation labels refer to the iteration number. Note
that the cyclostatic pattern has a period of two. Branch-and-bound methods for ob-
taining cyclostatic schedules, as well as for some variants, are described in [Gel93].
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Figure 6.3. An example of a cyclostatic schedule

6.4.2 Optimization Goals

Traditionally, two optimization goals are distinguished for scheduling: one either
fixes the iteration period and tries to minimize the hardware or one tries to minimize
the iteration period for a given hardware configuration. The first problem is called
the time-constrained synthesis problem, while the second is called the resource-
constrained synthesis problem. In ASIC design, the optimization of yet a third en-
tity, viz. power, is becoming more and more important. Overlapped scheduling can
contribute to the reduction of power [Kim97]; this issue will, however, not be dis-
cussed further in this chapter.

In DSP, the iteration period T0 of an algorithm is often part of the specifications
and the problem to be solved is time constrained. Besides, as will become clear from
the text below, T0 should be provided in order to be able generate overlapped sched-
ules. The resource-constrained problem can be solved by repetitively solving the
time-constrained version of the problem and increasing T0 until the resource con-
straints are satisfied. One can also increase T0 during the scheduling process as is
discussed in Section 6.7.

Apart from the iteration period, there is a second time entity that can be opti-
mized. It is the latency, the time between the consumption of inputs and the produc-
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tion of the corresponding outputs. Note, that the latency can be smaller or larger
than or equal to T0 in an overlapped schedule, while the latency is never larger than
T0 in a nonoverlapped schedule.

Apart from the just mentioned “optimization versions” of the scheduling prob-
lem, also the “decision version” may be of practical importance: finding out whether
a solution exists for a given set of resources (and generate a solution if one exists).
This problem could be tackled in a similar way as the resource-constrained problem.

6.5 Iteration Period Bound

This section deals with the iteration period bound (IPB) of an IDFG, the theoretical
lower bound for T0 derived from the IDFG topology. Below, attention will be paid
to the IPB in nonoverlapped and overlapped schedules, and to an efficient method to
compute the IPB.

6.5.1 Nonoverlapped Scheduling

The simplest case of an IDFG is one that does not contain any delay elements and
is therefore acyclic. When the schedule is nonoverlapped, in such a case, the IPB is
given by the longest path from any of the inputs of the IDFG to any of its outputs,
where path length is the sum of the execution times δ(c) of all computational nodes c
in the path. This longest path is called the critical path of the IDFG.

 Longest paths in such directed acyclic graphs (DAGs) can be computed in linear
time, i.e. in O(|C| + |E|), using well-known shortest/longest-path algorithms from
computational graph theory [Cor90].
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When the IDFG contains delay elements, these delay elements can be replaced by
a pair of input and output nodes. As the scheduling is nonoverlapping anyhow, the
fact that the delay element consumes a token in the current iteration and releases it in
the next, can be modeled by sending the token to an output node in the current itera-
tion and reading it from an input node in the next. Figure 6.4 shows the IDFG of
Figure 6.2 after the conversion of each delay element into a pair of input and output
nodes. Clearly, once that the delay nodes have been removed, the new graph is a
DAG and the IPB can be computed using the linear-time longest-path algorithm
mentioned above.

The fact that the IDFG contains delay elements, offers optimization possibilities
using a transformation called retiming [Lei83, Lei91]. Retiming states that the be-
havior of a computation described by an IDFG does not change if delay elements
connected to all inputs of a computational node are removed and replaced by delay
elements connected to all outputs of the same computational node as is shown in
Figure 6.5. If superscripts are again used to indicate the iteration number, one finds
for Figure 6.5(a): d0 = a0 + b0; c0 = d-1 = a-1 + b-1. In the case of Figure 6.5(b), one
gets: e0 = a-1; f0 = b-1; c0 = e0 + f0 = a-1 + b-1, which shows the correctness of the
transformation.
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Figure 6.5. The retiming transformation

Retiming can be used to position the delay elements in the IDFG in such a way
that the DAG obtained after replacing the delay elements by input-output node pairs
has the smallest IPB. This can be achieved by a polynomial-time algorithm [Lei83,
Lei91]. However, if resource minimization is a goal as well, the problem becomes
NP-complete [Gar79] as is shown in [Pot94a].

6.5.2 Overlapped Scheduling

The value of T0 in an IDFG without delay elements, which must be a DAG, can be
arbitrarily short when overlapped schedules are allowed. New iterations can be
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started at any desired time, as a computation does not depend on any of the output
values of earlier iterations. This is not true if the DAG was obtained by splitting
each delay node into an input and output node. Then, an iteration can only start at
the moment that the output values that will be used as input for the actual iteration
are available.

In general, the IPB for an overlapped realization of an algorithm is given by the
following expression [Rei68, Ren81]:
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This equation can be understood as follows. In a cycle of the IDFG, an operation
should wait until its output has propagated back to its input before it can be executed
again. This is expressed in the numerator. However, this waiting time should be dis-
tributed among the total number of delay elements present in the cycle. This is ex-
pressed by the denominator. The cycle in the IDFG for which the quotient above has
the highest value determines the IPB. It is called the critical loop. A scheduling for
which T0 equals the IPB is called rate optimal. Note that the expression in Equation
1 is independent of any retiming of the IDFG (retiming does not modify the number
of delay nodes in a cycle).

In Section 6.2 it was mentioned that T0 should be an integer multiple of the sys-
tem clock period, while the result of Equation 1 may be a fraction. In case of a frac-
tion, one should, therefore, use the smallest integer larger than the fraction given by
Equation 1. Besides, the IPB of a static schedule cannot be smaller than the largest
execution time of all operations in the IDFG:
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In the rest of this chapter, the IPB as defined in Equation 2 will be used and the
term “rate optimal” will refer to this definition. It is, however, possible to realize
scheduling solutions that meet a fractional bound given by Equation 1 by unfolding
[Par91] the IDFG, i.e. creating a new IDFG that represents multiple executions of
the original IDFG [Jen94, San96a]. Cyclostatic scheduling (see Section 6.4.1) can
also be used to achieve the IPB of Equation 1. Note that one can see a cyclostatic
schedule as a special case of an unfolded one, viz. one with an unfolding factor
equal to the cyclostatic period that should besides obey strict constraints on sched-
uling and assignment.
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Figure 6.6. The optimally retimed correlator circuit

One might think that the IPB for a nonoverlapped schedule after optimal retiming
is equal to the IPB for an overlapped schedule. This is not necessarily the case when
the IDFG contains operations with an execution time larger than one clock period as
will be illustrated by means of the example of Figure 6.61. The IDFG shown is the
optimally retimed correlator from [Lei83, Lei91]. The IDFG consists of computa-
tional nodes for addition, comparison (indicated by the label ‘?’) and a host node
that takes care of inputs and outputs (indicated by the label ‘H’; the main function of
the “dummy” host node is to impose a limit on the latency). An addition takes 7
clock periods, a comparison 3, while the host node executes in 0 clock periods. It is
not difficult to see that this circuit has a critical path consisting of c2, c3 and c5,
which results in an IPB of 13 if the schedule should be nonoverlapped.
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Figure 6.7. A rate-optimal overlapped schedule for the correlator
                                                          
1 The fact that the IPB of the optimally retimed correlator can be improved by
choosing for an overlapped schedule, was discovered by András Oláh, currently
employed by Ericsson, Hungary.
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On the other hand, the circuit has an IPB of 10 for an overlapped schedule. This
number follows from the three critical loops present (c0 - c1 - c7; c0 - c1 - c2 - c6 - c7;
c0 - c1 - c2 - c3 - c5 - c6 - c7). A rate-optimal schedule for an ideal multiprocessor
system is shown in Figure 6.7.

It is in principle possible to realize a DSP algorithm at a speed higher than given
by the IPB of Equation 1. This will require, however, modifications of the algorithm
specifications and affect the finite word-length effects which may be quite important
in DSP. Modifications involve transformations like look-ahead calculations that e.g.
compute the next system state based on earlier states than the current one [Par87,
Men87, Par89, Par95, Gle95].

6.5.3 Efficient Computation

The direct application of Equation 1 (or 2) for the computation of the IPB would
imply the enumeration of all cycles in the IDFG. The number of cycles can grow
exponentially with respect to the number of nodes [Ger92] which implies an expo-
nential worst-case time complexity for some graphs. Although IDFGs encountered
in practice have a limited number of cycles and an enumerative approach seems to
be feasible [Gel93, Wan95], it is important to notice that the problem can be solved
in polynomial time. Many algorithms have been proposed for the IPB problem in
IDFGs [Ger92, Kim92, Cha93, Pot94b, Ito95], some of them based on earlier solu-
tions originally meant for other applications [Law66, Law76, Kar78]. Here, the most
efficient of these methods will be explained in short.
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Figure 6.8. The delay graph of the optimally retimed correlator

It was originally meant to solve the minimum cycle mean problem [Kap78],
where the “cycle mean” for a cycle in an edge-weighted graph refers to the total
weight of the edges in the cycle divided by the number of edges constituting the cy-
cle. In order to apply the minimum cycle mean method to the IPB problem for
IDFGs, the original IDFG 〈V, E〉, should first be transformed into a delay graph 〈D,
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Ed〉 [Ito95], of which the vertex set consists of the delay nodes in V. The edge set Ed

of this graph consists of those (u, vj) for which there is a directed path from delay
node u to delay node v that passes through computational nodes only. The edge
weight w(u, v) of such an edge equals the total execution time of all nodes in the
path. Figure 6.8 shows the delay graph of the optimally retimed correlator of Figure
6.6. Note that the IPB is equal to the maximal cycle mean of the delay graph.

The maximal cycle mean algorithm, adapted from the original minimal cycle
mean algorithm, consists of the following steps:
– Choose an arbitrary node s ∈ D. Set F0(s) = 0 and F0(v) = –∞, for all v ∈ D, v ≠

s.
– Calculate Fk(v), for k = 1, ..., |D| according to:
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u v E

k
d

( ) ( ) ( , )
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∈
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– The IPB is then found from:
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Figure 6.9. The step by step development of the maximum cycle mean algorithm

The application of this algorithm to the delay graph of Figure 6.8 is illustrated in
Figure 6.9. The figure shows the values of Fk(v) for all v and all k; d2 has been cho-
sen as the arbitrary node s with which the algorithm starts. Equation 3 can now be
applied to these values. It follows that IPB equals 10.

The construction of the delay graph from the IDFG can be achieved in O(|D||E|)
time using the algorithm for the construction of a longest-path matrix given in
[Ger92]. The maximal cycle mean algorithm given above has a time complexity of
O(|D||Ed|). The overall time complexity of the IPB calculation method is therefore
O(|D|(|E| + |Ed|)). Given the fact that all nodes in the IDFG have a bounded number
of input edges (a multiplication or addition has e.g. two inputs), it can be stated that
|E| = O(|C|).
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6.6 Mobility-Based Scheduling

The overlapped scheduling problem is NP-complete [Gar79, Hee92], which means
that optimal solutions can only be found by algorithms that have an exponential time
complexity in the worst case. Such algorithms can only be applied to small-size
problems. For larger problems, one should use heuristics that will generate solutions
that may not be optimal but can be obtained in acceptable time. One class of heuris-
tics, the so-called mobility-based heuristics, are discussed in this section. First the
notion of scheduling ranges is introduced. Then, heuristic scheduling techniques
based on this notion are explained. Finally, some attention is paid to the assignment
problem.

6.6.1 Scheduling Ranges

The scheduling solution as given by σ(c) for c ∈ C should obey in the first place the
precedence constraints in the IDFG. For an edge (u, v) ∈ E, where u, v ∈ C, the
precedence constraint implies that operation v cannot start its execution before the
completion of operation u. If there is a path of n delay nodes between u and v, v
cannot start before the execution of u belonging to n iterations ago is completed. In
general, all precedence constraints of the IDFG for all pairs of computational nodes
u and v separated by n delay nodes (n may be equal to zero) are given by:

σ σ δ( ) ( ) ( )v u u nT≥ + − 0 (4)

Note that n = 0 for intra-iteration precedence constraints and n > 0 for inter-
iteration precedence constraints. All precedence constraints given by Equation 4 can
be represented in an inequality graph 〈C, Ei〉, using the following construction rules
[Hee92]:
– The vertex set consists of the computational nodes C of the IDFG.
– Rewrite the inequalities of Equation 4 as:

 σ σ δ( ) ( ) ( )v u u nT− ≥ − 0 (5)

– The edge set Ei has a directed edge (u, v) for each pair of nodes for which an
inequality as given in Equation 4 (or 5) exists. The edge weight of the edge (u,
v) is given by the right-hand side of Equation 5.

The inequality graph for the optimally retimed correlator of Figure 6.6 is given in
Figure 6.10 when T0 = 10. Note that the summation of the weights in each directed
cycle is either zero (for critical loops) or negative. This is a direct consequence of
the fact that T0 should not be chosen smaller than the IPB in order for the IDFG to
be computable.
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Figure 6.10. The inequality graph for the optimally retimed correlator circuit

The inequalities of Equation 4 can only be solved if the start time in the schedule
of at least one node is known. Suppose that the start time σ(r) of some reference
operation r ∈ C is set to zero. Then, the length of the longest path from r to some
node v in the inequality graph gives the earliest possible moment at which v is al-
lowed to start. This time is often called the as-soon-as-possible (ASAP) scheduling
time. On the other hand, zero minus the length of the longest path from any node v
to r gives the latest possible time at which v is allowed to start. This time is called
the as-late-as-possible (ALAP) scheduling time. For each node the ASAP and
ALAP times together define its scheduling range [Hee92] (or mobility interval
[Pau89]) denoted by [σ–(v), σ+(v)]. The difference σ+(v) – σ–(v) is called the mobil-
ity [Pau89] or freedom [Par86].

The computation of the scheduling ranges amounts to the single-source longest-
path problem and can be solved by means of the Bellman-Ford algorithm [Cor90] in
O(|C||Ei|) time (for the ALAP times one should reverse the orientation of the edges
[Hee92]). Because |Ei| is O(|C|) (see Section 6.5.3), the complexity of computing the
ranges becomes O(|C|2). The Bellman-Ford algorithm is actually an algorithm for
shortest paths, but can easily be modified to compute longest paths [Sch83].

The ranges for the operations c0 through c7 that can be derived from the inequal-
ity graph of Figure 6.10 if c0 is chosen as the reference node, are respectively: [0, 0],
[0, 0], [-7, -7], [-4, -4], [-11, -4], [-1, -1], [-4, -4] and [-7, -7]. Note that c4 is the only
node with a mobility larger than zero because it is the only node that is not part of
any critical loop. If T0 is chosen equal to 11 instead of 10, the respective ranges be-
come: [0, 0], [0, 1], [-8, -6], [-5, -2], [-11, -4], [-2, 1], [-5, -3], [-8, -7]. Now, all op-
erations except for the reference have some mobility.

So far, the scheduling ranges have been determined based solely on precedence
relations from the IDFG. For heuristic scheduling methods, it is important that non-
optimal solutions that are allowed by these scheduling ranges, are eliminated as
much as possible, without excluding any optimal solution. This increases the prob-
ability that a heuristic finds an optimal solution. Scheduling ranges can be tightened
by using schedule constraints. A simple example is to incorporate a latency con-
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straint. This can be accomplished by adding input and output nodes to the inequality
graph, fix the inputs at time zero, and the outputs at the latency time [Kos95]. This
method has also the advantage that all scheduling ranges are finite (as long as each
computational node has an incoming path connecting it to an input and an outgoing
path connecting it to an output, which is the case in all IDFGs that make sense).

Another possibility, reported in [Tim93a], uses resource constraints to tighten the
scheduling ranges. It is based on so-called functional unit ranges (or module execu-
tion intervals), which represent the range of system clock periods in which func-
tional units should start to execute an operation. A bipartite graph G is constructed
in which edges are placed between operation scheduling ranges and functional unit
ranges which have clock periods in common. A feasible schedule implies that a
complete bipartite matching in G exists. Edges which can never be part of such a
matching can be deleted, and the operation scheduling ranges can be tightened ac-
cordingly.

In case only a resource constraint, an iteration period constraint, or a latency con-
straint has been given, new constraints can be generated by using lower-bound esti-
mation techniques [Tim93b, Rim94]. These new constraints can be used to tighten
scheduling ranges even more.

6.6.2 Mobility-Based Scheduling Heuristics

Below, the principles of mobility-based scheduling methods are explained without
going into the details of the methods themselves. A few methods are mentioned and
some attention is paid to an efficient way of “updating” scheduling ranges.

“determine the scheduling ranges”;
repeat

“select an unscheduled operationc according to some rule”;
repeat

“select a time instancet in c’s scheduling range
according to some rule”;

if “the selection satisfies all schdule constraints”
then

“schedulec at t”;
else

“removet from c’s scheduling range”;
“update the scheduling ranges of the other operations”;

fi
until “c has been scheduled”

until “all oprations have been scheduled”;

Figure 6.11. The pseudo-code of a generic mobility-based scheduling heuristic
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Given the fact that operations have mobility, one can say that the goal of the
(time-constrained) scheduling problem is to fix each operation within its scheduling
range in such a way that the resources necessary to implement the resulting schedule
are minimized. The operations cannot be moved independently within their sched-
uling ranges: moving one operation may constrain the ranges of other operations.
The pseudo-code of a generic mobility-based scheduling heuristic is given in Figure
6.11. Of course, the algorithm starts with the determination of the scheduling ranges
applying the techniques mentioned in Section 6.6.1 and using as many constraints as
possible. Many possibilities exist for selecting c and t in the algorithm. Examples of
some algorithms are mentioned below. Two key activities in the algorithm, the
check for scheduling constraint satisfaction and the updating of the ranges, deter-
mine the effectivity but also the complexity of the algorithm.

Mobility-based heuristics can both be used for nonoverlapped and overlapped
scheduling and a heuristic developed for nonoverlapped scheduling [Par86] can of-
ten be easily adapted for the case of overlapped scheduling. A difference is that the
computation of overlapped schedules requires that the resource requirements are
computed after taking all times modulo T0. Besides, the updating of scheduling
ranges is more complex in the case of overlapped scheduling.

The force-directed scheduling method [Pau89, Ver91, Ver92], is an example of
an algorithm that originally was developed for nonoverlapped schedules. It can eas-
ily be adapted for overlapped scheduling [Olá92]. The method is computationally
quite intensive as it investigates many different possibilities before taking a decision
on fixing or constraining a single operation.

Greedy methods, on the other hand, take decisions on fixing an operation within
its range without investigating many alternatives [Hee92, Kos95]. They have the
advantage of a low computational complexity, but may generate solutions of lower
quality.

Recently, the combination of genetic algorithms [Gol89, Dav91] and greedy heu-
ristics have shown to give good results [Hei95, Hei96]. The idea is to have a greedy
heuristic that can be controlled by a permutation of the operations in the IDFG.
Simply stated, whenever the heuristic should select an operation to schedule among
a set of candidates, it will choose the one that is first in the permutation. It is the task
of the genetic algorithm to generate different permutations. For the genetic algo-
rithm, the greedy heuristic is just an evaluation function that returns the cost of a
permutation and generates a schedule as a side effect. Some more information on
this method is given in Section 6.7 when discussing a generalization of this method
target for architectures with communication delays.

All mobility-based heuristic have in common that scheduling ranges should be
updated after fixing an operations start time or constraining its scheduling range.
This can in principle be done by recomputing all ranges using the Bellman-Ford
algorithm [Hee92] as mentioned in Section 6.6.1 (of course, the algorithm should be
modified to respect the scheduling decisions already taken, which is straightfor-
ward). Then, each update will have a time complexity of O(|C|2) and any mobility-



Overlapped Scheduling Techniques for High-Level Synthesis 141

based scheduling algorithm will have at least a time complexity of O(|C|3) as an up-
date calculation is necessary after each scheduling decision.

The complexity of the range-updating problem can be reduced to O(|C|) by means
of a method presented in [Hei96] (similar ideas can also be found in [Lam89], where
methods are used that deal with symbolic expressions in T0). The main idea is to
solve the all-pairs longest-path problem (see [Hee90] on how well-known shortest-
path algorithms [Cor90] can be straightforwardly adapted for longest-path computa-
tions) for the inequality graph and store the results in a inequality distance matrix
Di[u,v], for all pairs u, v ∈ C. Each time that the range of some operation u is con-
strained by modifying either σ–(u) or σ+(u) (both are assigned the same value when
the operation is fixed completely), the ranges of the remaining, yet unscheduled op-
erations v can be updated as follows:

( )σ σ σ− − −← +( ) max ( ), ( ) [ , ]v v u u viD

( )σ σ σ+ + +← −( ) min ( ), ( ) [ , ]v v u v uiD

Clearly, a single update can be done in constant time and updating the ranges of
all yet unscheduled operations can be done in O(|C|) time. The initial effort to com-
pute the inequality distance matrix can be limited to O(|C|2log|C|) using Johnson’s
algorithm [Cor90]. Actually, the matrix can be reused during different runs of a
greedy algorithm, making this method of updating even more interesting than the
one based on the Bellman-Ford algorithm.

Until now, it has been assumed that each operation in one iteration of the IDFG is
executed exactly once. In case operations are enclosed by loop constructs, opera-
tions are executed multiple times during one iteration of the IDFG. In that case,
streams [Mee93a] can be used to represent a particular sequence of executions of an
operation, which are characterized by a vector representation. Scheduling these
streams is defined as scheduling the first operation of such a stream inside its sched-
uling range, together with an extended constraint satisfaction and schedule range
update, based upon specialized ILP techniques [Ver95, Ver97]. These methods are
used in the Phideo high-level synthesis tool [Mee93a, Mee95].

6.6.3 Assignment

Scheduling algorithms try to minimize the number of resources to be used by the
final solution e.g. keeping track of the number of operations that have to be executed
simultaneously. In this section, some attention is paid on how to compute the actual
number of resources required by mapping the operations on FUs (for the sake of
simplicity, the ideal multiprocessor target architecture is assumed; if distinct FU
types are present, the assignment problem should be solved separately for each
type).
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First the case of nonoverlapping scheduling is considered. After the completion
of scheduling, it is known that all operations c ∈ C occupy some FU during an exe-
cution interval [σ(c), σ(c) + δ(c) – 1]. Operations whose intervals overlap must be
assigned to distinct FUs. This problem can be modeled by a conflict graph 〈C, Ec〉
[Spr94] with as vertex set the set of computational nodes C and edges between those
computational nodes whose execution intervals overlap. Because of the way it is
constructed such a graph is called an interval graph [Gol80]. Suppose e.g. that the
following intervals are given: i1 = [1, 4], i2 = [12, 15], i3 = [7, 13], i4 = [3, 8], i5 = [5,
10], i6 = [2, 6] and i7 = [9, 14]. From these, the interval graph given in Figure
6.12(a) can be obtained.
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Figure 6.12. An interval graph (a) and its optimal coloring (b)

For any conflict graph, its minimal vertex coloring will result in optimal solution
of the assignment problem. The vertex coloring problem for graphs in general is
intractable [Gar79]. However, as a consequence of the way they are constructed,
interval graphs form a special subset of all possible graphs that can be colored opti-
mally in polynomial time by the left-edge algorithm, an algorithm that was originally
published in the context of printed-circuit board routing [Has71]. The algorithm
always finds a solution that uses as many FUs as the number of operations that are
executed simultaneously. An optimal solution of the example just presented is
shown in Figure 6.12(b).
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Figure 6.13. A set of circular arcs (a), its corresponding conflict graph (b) and the
graph's optimal coloring (c)
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In the case of overlapped scheduling, the FU occupancy cannot be modeled by
linear intervals. Instead, circular arcs can be used to model the fact that occupancy
may fold around the T0 boundary. These arcs can be used to construct a conflict
graph that is called a circular-arc graph. Figure 6.13 shows an example set of cir-
cular arcs, the corresponding circular-arc graph and a solution of the minimal col-
oring problem for this graph.

Unfortunately, the vertex coloring problem for circular-arc graphs is an NP-
complete problem [Gar80]. Besides, a solution with a number of colors equal to the
lower bound (the number of simultaneously executing FUs) may not exist. An algo-
rithm that always finds the optimal solution within acceptable time for practical
problems is presented in [Sto92]. A heuristic that performs very well in practice is
described in [Hen93]. Both algorithms have been designed for the register assign-
ment problem, the problem of mapping intermediate values that need to be stored
during execution to a minimal number of registers. Note that even when nonover-
lapped schedules are used for an iterative computation, the register occupancy will
cross the T0 boundary if an iteration needs results computed in previous iterations.
Therefore, the register assignment problem amounts to circular-arc graph coloring
even when nonoverlapped scheduling is used.

Another algorithm that also was originally developed for register assignment is
described in [Mee93b]. It generates a cyclostatic assignment and in this way can
deal with operations that have a longer execution time than T0. Besides, the algo-
rithm has the pleasant property that it guarantees a solution with at most one more
FU than the lower bound.

6.7 Target Architectures with Communication Delays

This section will present the principles of an overlapped scheduling method for a
target architecture with nonnegligible communication delays suitable for fine-grain
parallelism. A more detailed description of the approach can be found in [Bon97]
(other approaches for the same problem are unknown to the authors).

The problem is resource constrained. The resources are given by an interconnec-
tion network graph 〈F, L〉 where F is the set of FUs and L is the set of links. Each
link can transfer a single data item at a time and requires a time λ for the transport.

The solution is based on a layered approach similar to the genetic scheduling
method proposed in [Hei95, Hei96] and shortly discussed in Section 6.6.2. The top-
level consists of a genetic algorithm that generates permutations to control a greedy
lower-level heuristic. However, the greedy heuristic itself consists of two layers: a
global heuristic that deals with an abstraction of the interconnection network and a
black-box heuristic that refines the decisions taken by the global heuristic by routing
data across the network, taking link occupancy into account, etc. The method is il-
lustrated in Figure 6.14. The method performs scheduling and assignment simulta-
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neously. In the presence of communication delays, the scheduling needs assignment
information in order to take sensible decisions.
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for all operations
  ...
  ...
endfor

simple
schedule

T0

schedule
+ realized     
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Figure 6.14. The three-layered scheduling approach

The scheduling method is based on mobility. However, the scheduling range as
defined in Section 6.6.2 is not sufficient in the presence of communication delays. In
order to deal with delays, the global heuristic not only uses the “inequality distance
matrix” Di,, but as well a hardware distance matrix Dh. An entry Dh[f, g] of the ma-
trix for two FUs f, g ∈ F gives the shortest communication distance in system clock
periods from f to g. Suppose that the computational nodes that already have been
scheduled, are contained in the set S. Then the scheduling range [σ–(v), σ+(v)] for
the (tentative) assignment of a computational node v to an FU f is given by:

( )σ σ α− ∈
= + +( ) max ( ) [ , ] [ ( ), ]v s s v s f

s S
i hD D

( )σ σ α+ ∈
= − −( ) min ( ) [ , ] [ , ( )]v s v s f s

s S
i hD D

It may now happen that a range is empty, i.e. that communication delays prevent
the satisfaction of all precedence constraints. It may even happen that the ranges of
all yet unscheduled operations for all possible assignments are empty. In such a case
the algorithm performs cycle insertion, it increases T0 with the goal to create valid
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scheduling ranges when necessary. In order not to violate the greedy character of the
algorithm, the already scheduled operations are not rescheduled. This illustrated in
Figure 6.15.
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Figure 6.15. An example of cycle insertion

Both the global heuristic as well as the black-box heuristic can insert cycles when
confronted with the impossibility of continuing scheduling and assignment. Clearly,
it is the task of the genetic top layer to overcome the greedy nature of both heuristics
and to try to find a globally optimal solution.

6.8 Conclusions

This chapter has introduced the notion of overlapped scheduling. As opposed to
nonoverlapped scheduling, overlapped scheduling takes advantage of the parallelism
present between multiple iterations in a repetitive algorithm. Many issues relevant to
overlapped scheduling have been explained and a selection of important techniques
has been presented.
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