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Abstract

We define and review the basic notions of variance, standard deviation, covari-
ance, and correlation coefficients for random variables. We give proofs of their
basic properties.
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1 Definitions and Summary of the Propositions

Definition 1 E(X) = the expected value of a random variable X is the mean
or average value of X.

Definition 2 Var(X) = the variance of X = E([X — E(X)]?).
Definition 3 Stdev(X) = the standard deviation of X = /Var(X).

Definition 4 Cou(X,Y) = the covariance of X andY =
E(X - BX][Y — E(Y))).

Definition 5 Cor(X,Y) = the correlation coefficient of X and Y =
Couv(X,Y)
Stdev(x)Stdev(y) "

Proposition 1: Var(X) = E(X?) — E(X)?
Proposition 2: Var(aX + b) = a?Var(X)
Proposition 3: Stdev(aX + b) = |a|Stdev(X)
Proposition 4: Cov(X,Y) =E(XY) - E(X)E(Y)
Proposition 5: Cov(aX + b,cY + d) = acCov(X,Y)
Proposition 6: Cov(X, X) = Var(X)

Proposition 7: Cov(X,Y) = Cov(Y, X)

n

Proposition 8: Var <Z wiXZ—) = Z w;w; Cov(X;, X;)
i=1 i=1 j=1

Proposition 9: Cov (Z wiX,-,Y> = ZwiCov(Xi,Y)

i=1 i=1

Proposition 10: |Cor(X;,X3)| <1
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2 Proofs of the Propositions
Proposition 1 Var(X) = E(X?) — E(X)?

Proof:

Var(X) = E([X —E(X)]*)

E(X2 —2XE(X) 4+ E(X)?)

E(X?) - 2E(X)E(X) + E(X)?
( )?

~ E(X?)-E(X

Proposition 2 Var(aX + b) = a? Var(X)

Proof:
Var(aX +b) = E([(aX +b) — E(aX +b)]?)
= E([GX+b*aE(X) —b)%)
= E([a(X - E(X))]?)
= E(a’[X - E(X)]*)
= @®B([X — E(X)]Q)
aQVar(X)

Proposition 3 Stdev(aX + b) = |a|Stdev(X)

Proof:

Stdev(aX +b) = Var(aX + b)
= a?Var(X) (by Proposition 2)
= la]y/Var(X)
= |a|Stdev(X)

Proposition 4 Cov(X,Y) = E(XY) — E(X)E(Y)

Proof:

Cov(X,Y) = E
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Proposition 5 Cov(aX + b,cY + d) = acCov(X,Y)

Proof:

Cov(aX +b,cY +d) =

E([aX +b—E(aX + b)][cY +d — E(cY + d)])
E([aX +b—aE(X) = b][cY +d — cE(Y) — d])
E(a[X — E(X)]c[Y — E(Y)))
acE([X — E(X)][Y — E(Y)])

= acCov(X,Y)

Proposition 6 Coy(X,X) =

Proof:

Cov(X, X)

Proposition 7 Coy(X,Y) =

Proof:

Cov(X,Y)

Var(X)
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Proposition 8 Var (Z wZ-Xi> = Z w;w; Cov(X;, X;)

i=1 i=1 j=1

Proof:

Var (i wiXi>
i=1

E lz wiXZ-] —E (Z wiXi>
i=1 i=1

(by Proposition 1)

i=1 j=1
n o n non
i=1 j=1 i=1 j=1
= D) wiw; [E(XiX;) — B(X;)E(X;)]
i=1 j=1

= Z Z w;w;Cov(X;, X;) (by Proposition 4)

i=1 j=1

Proposition 8 can be stated in terms of matrix algebra as follows:

Var (Z wiXi> =w'Vw
i=1

where:

w = column vector of the values w; fori=1...n
w’ = the transpose of w, a row vector
V =n x n matrix of the covariances Cov(X;, X;)
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i=1 =1

Proposition 9 Cov <Z w; X, Y> = Z w; Cov(X;,Y)

Proof:

Cov (i wiXi, Y)

i=1

E (zn: wiXiY> ~E (i win-> E(Y)
- (by Propos?ion 4)

_ Z wi [B(X:Y) — B(X,)E(Y)]

= Z w;Cov(X;,Y) (by Proposition 4)

i=1

X —

Lemma 1 Let p = E(X) and 0 = Stdev(X). Define X = Then
o
E(X) =0 and Var(X) = Stdev(X) = 1.
Proof:
5 X — 1
B = B(FE) = @00 -0 = S0) =0

5
=
5>
I
e
Y N
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Lemma 2 Let puy = E(X4), 01 = Stdev(X1), po = E(Xs), and
o9 = Stdev(X32)

X — s Xo—
21TH nd X, = 22T R

01 02

Define Xl =

Then Cor(Xy,Xs) = CO’I}(X17X2).

Proof:
L X, — X, —
Cov(X1, Xs) = Cov< LA W “2>
g1 g9
1
= Cov(X1,X2) (by Proposition 5)
0102
= COI‘(Xl,XQ)

Proposition 10 |Cor(X;, X5)| <1

Proof:!

Define X; and X5 as in [2].

0 < Var(X;+ Xy)
Var(X;) + 2Cov(X1, X3) + Var(X>)

(by Propositions 6, 7 and 8)
2(1+ Cor(X4,X3)) (by Lemmas 1 and 2)
1+ Cor(Xy, X5)
Cor(Xy, X3)

L
IA A

Similarly,

0 < Var(X; — X)
Var(X;) — 2Cov(X1, X3) + Var(X>)

(by Propositions 5, 6, 7 and 8)
2(1 — Cor(X1,X3)) (by Lemmas 1 and 2)
1 —Cor(Xy, X3)
Cor(Xy, X5)

IV IA

IThis nifty proof is from Feller [1]
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