PYTHAGOREAN QUADRUPLETS

EDRAY GOINS AND ALAIN TOGBE

ABSTRACT. We consider the multplicative properties of integer quadruplets
(a,b,c,d) satisfying a® + b + ¢ = d? as a generalization of Pythagorean
Triplets. In the proces we present a group structure on the rational points on
the unit sphere minus the poles and discuss a factorization result.

1. INTRODUCTION

It is easy to show that the Pythagorean Triplets — integers a, b, ¢ satisfying
a? +b? = ¢? - are closed under “multiplication;” that is, given two such triplets
one generates a third through the operation

(1) (a1, by, c1) @ (az, be, c2) = (ag az — by by, a1 by + az by, ¢y ¢2).

This operation induces an associative, commutative multiplicative structure on the
Pythagorean Triplets; see for example [Dav99, pg. 116]. We are motivated to study
a generalization to four variables, the so-called Pythagorean Quadruplets, where we
consider integers a, b, ¢, d such that a® + b? 4+ ¢? = d?. Such quadruplets have a
parametrization similar to the well-known triplets, as outlined in the

Proposition 1.1. For each Pythagorean Quadruplet (a,b,c,d) there ezist integers
m, n, p, q¢ such that
m? — p? — g

(2) a=mnp, b=mng, c=——0p 1 d=

mZ _|_p2 _|_q2
—2 n

Similar formulae are well-known for Pythagorean Triplets; see [Dav99, pgs. 151 -
154]. Some examples of such quadruplets are

12 +22 +22 — 32

32 +42 — 52

22 +32 +62 — 72

12+42+82 — 42+42+72 — 92

(3) 22 4+6°+97 = 624647 = 11°
52 4 122 = 324424122 = 137

224524142 = 2241024117 = 15°

8% 4 152 = 1241224122 = 824924122 = 17°
124624182 = 62462+177 = 62+1024+15%2 = 19°
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In this paper, we consider the associative, commutative operation
(a1, by, c1, di) © (az, by, 2, d2)

4
) = (ayag — by by, ay by +az by, c1dy + cady, ¢ co +dy dy)

and attempt to ask questions of factorization. Our main result may be stated as

follows. Let P = (a,b,c,d) be a Pythagorean Quadruplet, and denote n as the
greatest common divisor of a, b, ¢, d; then Py = (%, %, =, %) is also a Pythagorean
Quadruplet, and we say that h(P) = |d/n| is the height of P. Define {P} as the
collection of all scalar multiples of Py where we allow sign changes and permutations
a ¢+ b, a & ¢, b & ¢ as well; this “conjugacy class” corresponds to the identity

a®? + b + ¢? = d?. Then we prove the following

Theorem 1.2. Let P be a Pythagorean Quadruplet with h(]s) > 3. Then there
exist Py, Py with h(Py), h(Pz2) < h(P) such that {P} = {P, & Py}.

As an example, consider the identity 32 4+ 42 = 52. Viewed as a Pythagorean
Quadruplet, we have the factorization

(5) {(0,3,4,5)} ={(0,4,3,9)} ={(2,2,1,3) ®(2,2, 1, 3)}.
In a sense the identity 32 +4% = 5% is “generated” by the identity 12 + 2% 4 2? = 32

Our proof relies on the mapping

a-+1b

c+d

where the multiplicative properties of the complex numbers induce the multiplica-
tive properties of the Pythagorean Quadruplets. Most of the paper is concerned
with the rational points on the unit sphere which have an induced group structure
coming from stereographic projection.

(6) (a, b, ¢, d) —

2. MULTIPLICATION ON THE UNIT SPHERE

Ultimately we wish to study Pythagorean Quadruplets (a,b, ¢, d), but we note
that through the map

D e (555) e (9 (5) H(5) =1

it suffices to consider rational points on the unit sphere. To this end, we begin with
a discussion of the real points.

Recall that the unit sphere S?*(R) = {(z1, 2, v3) € R3| i +ad4ad=1}1is
isomorphic with the extended complex numbers under the “stereographic projec-
tion” map (21, x2, ¥3) — (1 +722)/(1 + x3). (See [ConT8, pgs. 8-9] for details.
Our formulas are different in that we map the north pole (0,0,1) — 0 and the
south pole (0, 0, —1) — oo.) The multiplicative structure of the complex numbers
induces a corresponding structure on the unit sphere.

Theorem 2.1. Denote the “poleless” unit sphere by
(8) STH(R) = {(xl, T2, x3) € R? | 24 as fai=1, a3 # j:l}
and define the operation & : S**(R) x S**(R) — S**(R) as

T1Y1 —T2Y2 T1Y2 +T2 x3—|—y3>

9 1, T2, T3) D , Y2, = s )
(9) (1, @2, ¥3) @ (Y1, Y2, Y3) <1+3€3y3 1+ 2393 1+z3y3
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This makes S?*(R) into a commutative group, where the identity is O = (1,0,0)
and the inverse of a point P = (v, v2, v3) is [-1] P = (21, —x2, —3).

The reader should keep in mind that although these formulas may seem a bit
odd, the underlying structure is closely tied to that of the complex numbers. This
construction is equivalent to $%*(R) = C* with stereographic projection the group
isomorphism.

Proof. Given two points (z1,22,23), (y1,92,y3) € S»*(R) we define the expression
(z1,22,23) D (y1,Y2,y3) = (21, 22, z3) based on the product

TitiTy y1tiy: ozt

10 = 1 z3) € S*(R).
(10) I+zs 14uys 1425 where (21, 22, ) € S'(R)
Noting that
(11) z1+izQ2_ Zerz% B 1725 _1723

1+ 25 (1423)° (142)° 1+z
we may take norms of both sides to aid in solving for z3:

1—a5 1— 1— »
(12) T3 Yys B o r3 +Ys

1+I3 1—|—’y3_1—|—23 :1—|—I3y37

(showing in particular that z3 # £1) while considering real and imaginary parts to
aid in solving for z; and zy:

(13) o= 1 Y1 2 Y2 and 2y = 1Y2 + 2y1.

1+ z3ys 1+a3ys
The statements about @ being associative and commutative follow from asso-
ciativity and commutativity of multiplication on the complex numbers. The point
(1,0,0) — 1 under stereographic projection, and

— g 2 2 1 ‘ . _
(14) (551, — o, —533) . Ty —1¥y T+ @5 +a3 (ajl ~|»z;c2)

1—a3  x9+ixe 1—x§_ 1+ a3

thereby verifying the statements about the identity and the inverse. O

3. FACTORIZATION ON THE RATIONAL UNIT SPHERE

The formulas in Theorem 2.1 are rational, so S* (k) = S$%*(R)Nk? is a subgroup
for any subfield & of R. In particular, we focus on the case when k = Q, where we
have the rational part of the “poleless” unit sphere:

(13) S§24(Q) = {(;z:l, T, x3) € Q° ‘ iy fad =1, 13 # :|:1}.

For example, both (O7 %, %) and (%, %, 1%) are such rational points, and in fact

4 3 _ 2 21 2 21
(0’ 5 5) = (5’ 3 5) © (5’ 3 5)7

2 6 9\ (212 2 21
(11’ 5k 11> = <3 3 3) “ (3 3 3)

This motivates the concept of “factorization” but first we need a way to measure

(16)

when one point is “larger” than another.
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Definition 3.1. Write P = (%, %, %) € S2X(Q) with a, b, ¢, d integers having
no common factors. We define h(P) = |d| as the height of P. Write P = P, @ P»
with Py, Py € S**(Q). We say that P is reducible if h(Py), h(P2) < h(P); and

irreducible if no such Py, Py exist.

As §%%X(Q) is a group, we can always find P, such that P = P; @ P, given P
and P;. The importance of reducibility is in bounding the heights of P; and Ps.

Proposition 3.2. Write P = (%, %, %) as in 3.1.
1. h(P) is odd.
2. If h(P) < 3 then P is irreducible.
3. If h(P) > 3 and ¢+ d is a multiple of 4 then P is reducible.

Given an odd integer d = 2m + 1, we can always find a point P € $?*(Q) such
that h(P) = |d|. This is equivalent to expressing d? = 8 mgzj +1=a?+b*+
as the sum of three integral squares, a result which was known to Legendre; see

[Dav99, pg. 127] and [Gau86, article 291].

Proof. Since P is a point on the unit sphere, a? 4+ 5% + ¢ = d%. Assume that
R(P) = |d| is even so that a? +b* 4 ¢? is a multiple of 4. This happens only when a,
b, ¢ are even as well, which contradicts the assumption that a, b, ¢, d are coprime.
Hence, h(P) must be odd.

Now assume that P is reducible with h(P) < 3. From the definitions, if h(P) = 1,
then P is irreducible; from the above result, h(P) = 2 is not possible, so h(P) =
3. Then there exist Py, P each of height 1 such that P = P, & P,. The only
points of height 1 are (+1,0,0) and (0,+1,0) — corresponding to +1 and +7 under
stereographic projection — and these points are closed under & so P must be of
height 1 as well, a contradiction.

Finally assume that d > 3 and ¢+ d = 4n. Since (a + b)Z =2ab+4n(d—c),
the sum a +b = 2m is even as well. Define P, = (%, %, %) € S%X(Q) and

m m-—a 3n—d)

d—n" d—n’ d—n

Then P = Py & P; and h(P) = d > 3 = h(Py) so it remains to show that h(P2) < d
as well. Clearly |¢] < Va2 +b? 4+ ¢? = d so 0 < n < d/2; that is, Sd"__nd # +1 so
that P, € S%*(Q) and h(P2) <d —n < d as desired. O

(17) Py=P&[-1]P = (

The condition that ¢ + d be a multiple of 4 is a bit strong. In fact, there are
irreducible points P where h(P) > 3; take for example (%, %, g) To remedy this,
we consider instead a “conjugacy class” which can always be factored.

Definition 3.3. Let P = (zy, 22, x3) € S**(Q). Denote the conjugacy class of P

as the set

(18) {P} = {(£200), £20(2), £20(3))| o € Sym(3)} N §"*(Q).

We say that {P} is reducible if there is a representative Py € {P} such that Py is
reducible; and irreducible if no such Py exists.

2 3

For instance, while (2, 2, %) is irreducible as a point, {(%, %, %)} is reducible as

a conjugacy class:

B (0 R A O (R )
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This motivates the main result of this section.

Theorem 3.4. Let P € $2*(Q).

1. h(P) is independent of the choice of representative of {P}.
2. If h(P) < 3 then {P} is irreducible.
3. If h(P) > 3 then {P} s reducible.

The conjugacy class {P} is just a fancy way to say we don’t care about the
ordering or signs of the coordinates. The only points P with h(P) = 1 correspond to
the class {(1,0,0)} while the only points with h(P) = 3 correspond to {(%, %, %) }
An equivalent way to say a class {P} is reducible is to say there are rational points
Py and P each with height less than that of P such that {P} = {P; & P2 }.
Proof. Write P = (%, %, 5) as in 3.1 so that h(P) = |d|. Then {P} simply consists
of permutations and sign changes of the coordinates, and each representative Py €
{P} has the same denominator d. Hence h(Py) = |d| as well.

If h(P) < 3 then h(Py) < 3 for each representative Py. Each Py is irreducible by
3.2 so the statement follows.

Now assume that h(P) > 3. By Proposition 3.2, d = 2m + 1 is odd, and not all
of a, b, ¢, are even so choose a representative Py = (%7 %, g) with ¢ =2n + 1 odd
as well. Note that c+d = Q(m—l—n—l— 1) and —c+d = Q(m—l—n) — 4 n so choose the
sign of ¢ so that ¢+ d is a multiple of 4; this can be done because either m + n or
m +n + 1 is even. Then by Proposition 3.2, Py is reducible, so by definition {P}
is reducible. O

4. FACTORIZATION OF PYTHAGOREAN QUADRUPLETS

We now consider the composition of maps
a b ¢ a+1b
20 bye,d)—~|=,=, =)= ——
(20) (a8, e, d) (d’ d7d> ctd
to gain more information about the multiplicative nature of Pythagorean Quadru-

plets. For the sake of completeness, we show how to parametrize all such quadru-
plets.

Proposition 4.1. For each Pythagorean Quadruplet (a,b,c,d) there ezist integers
m, n, p, q¢ such that

2 2 2 2 2 2
(21) a=mnp, b=mnyq, c:%n, d:%n.
Proof. If a =b = ¢ =d =0 there is nothing to prove, so assume that d # 0. Then
here exist relatively prime integers m, p, ¢ such that m (a +ib) = (c+d)(p+1¢).
Considering real and imaginary parts and using the fact that a? + b? + ¢? = d? we

find that

(29 4__2mp b_ 2mg e _miopoq
dimZ—l—pZ—l—qQ’ dimQ—l—pQ—l—qz’ dim2+p2+q27
the formulas follow. O

Now that we know how to factor points on the rational unit sphere, we discuss
factorizations of Pythagorean Quadruplets. We begin by discussing “conjugacy
classes.”
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Definition 4.2. Let P = (a,b,c,d) be a nontrivial Pythagorean Quadruplet i.c.
integers such that a* + b* + ¢* = d? but ¢* # d*. Denote the conjugacy class of P

as the set
. a b o
(23) {P} - {(a', b, d) ezt d 40, (E’ = E) c {P}}.

where P = (%, %, g) For any representative Py € {]5} define the height h(Po) as
the height of a representative Py € {P}. We say that {P} is reducible (irreducible,
respectively) iof {P} is reducible (irreducible, respectively).

~ We present a more intuitive way to view this definition of conjugacy class. If
P = (a,b,c,d) and n is the greatest common divisor of a, b, ¢, d, set Py =

(£ 2oe 4y Then {P} is the collection of all scalar multiples of P, where we

aﬁov&? sign %hanges and permutations a < b, a <+ ¢, b & ¢ as well. For example,
the Pythagorean Quadruplets with height either 3, 5, or 7 generate the classes
{(1,2,2,3)}, {(0,3,4,5)}, and {(2,3,6,7)}; a fact which corresponds to the identi-
ties 12 422 +22 = 3% 32 4+ 42 = 5%, and 22 4 32 462 = 7%
We may now state the main result of the paper.
Theorem 4.3. Let P = (a, b, ¢, d) be a nontrivial Pythagorean Quadruplet, and
define the operation @ as
(ar, b, c1, di) @ (az, by, ¢z, d2)

24
(24) = (ayaz —by by, a1 by +as by, cydz+cady, c1co+dyds).

1. This makes such quadruplets into a commutative monoid, with identity O =
(1,0,0,1).

2. If h(ﬁ) > 3, there exist Pythagorean Quadruplets Py, Py of height less than
h(ﬁ') such that {P} = {P,® P,}. If h(]s) < 3, then no such quadruplets exist.

3. {P} is reducible if and only if h(P) > 3.

The operation 6 may also be realized through the map defined by

a —b 0 0
b a 0 0
(25) p: Zr — Maty(7Z), (a, b, ¢, d) — 0 0 d c
0 0 ¢ d

Then ,u(.ﬁl P ]52) = ,u(]51) . p(]sg) is the product of the matrices, p(@) is the identity
matrix, and the nontrivial Pythagorean Quadruplets correspond to the submonoid

. a —b d ¢
of the image defined by det (b u ) = det (c d) # 0.

Proof. The results follow directly from Theorems 2.1 and 3.4 via the mapping
(a,bye,d) — (%, 2, 2). O
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