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In this section we discuss matrix equations having the form Az = b where
A is a lower triangular Toeplitz matrix. We begin by showing that the
division algorithm for univariate polynomials leads to such equations.

A matrix is “Toeplitz” if has constant diagonals.

Definition: Let T be an n x n matrix. Then T is a Toeplitz matrix if,
for all 4, j, k,l, between 1 and n, j —i =1 — k implies T'(i,5) = T'(k, ).

Example: For n = 3, Toepliz matrices have the following form:

to t_q t_s
t to t_g
ta t to

Let
e ()= aqu+aq_1Xq_1 + -+ 4+ ap and
o P:= prerbplep_l ++b0

Recall that there exist unique polynomials U (the quotient) and R (the
remainder) such that P = QU + R and the degree of R is les than the degree
of Q. We can get U and R by first solving for U by matching coefficients
and the setting R := P — QU. We assume that p > ¢. (The other case is
trivial.) Let

o U=uUpnX™ 4+ Upm 1 X"+ g
where m is defined by ¢ + m := p. We have
e QU = agum X9 + (ag—1Um + aqlpm—1) XL+ + agup.

Equating coefficients we obtain the following matrix equation for the w’s:

ag 0 0 ... 0 0 U by
Qq—1 Gq 0 “e 0 0 Um—1 bp,1
Qq—2 Qqg—1 Qg e 0 0 Um—2 bp,Q
Gg—m+1 Qg—m+2 Gg—m+3 --- Qq 0 Uy bpferl
Qg—m  OQg—m+1 Og—m+2 --- Qg—1 Gq ug bp—m

A lower triangular Toeplitz can be ill-conditioned. The condition of the lower
triangular Toeplitz matrix which appears above determines the condition of
the division algorithm. In the euclidean algorithm for polynomials, a number
of such matrices appear; they determine the condition of this algorithm.

Definition: Let t := (to,t1,...,t,—1). We shall use LToep(t) to denote the
lower triangular Toeplitz matrix which has t as its first column. In other
words, LToep(t)(4, j) := t;—; if j < i and := 0 otherwise.

Example: For example, when n = 3, we have

to 0 O
LToep(to,t1,t2) = [t1 to O
ty 1 to
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Definition: We shall use Z,, (or simply Z) to denote the lower shift
matrix which is defined by Z,, := LToep(0, 1,0,...,0). In other words, Z,
is the lower triangular Toeplitz matrix which is zero except for ones on the
first sub-diagonal.

Example: For example, when n = 3, we have

0 00
Z=11 00
010

The following proposition explains the use of the word “shift” in the last
definition. The proposition says that multiplication by Z on the left shifts
the rows of a matrix down and multiplication by Z on the right shifts the
columns to the left.

Proposition 1. Let A be a n x n matriz. Then
o (ZA)(i,j) = A(i —1,j) ifi > 1 and = 0 otherwise.
o (AZ)(i,j) = A(i,j+1) if j <n and = 0 otherwise.

Proposition 2. The lower shift matriz is nilpotent. In fact, ZF is the
lower triangular Toeplitz matriz which is O except for ones on the (k + 1)st
subdiagonal. In particular, Z]' = 0.

Example: For example, when n = 3, we have

000
Z’=1(0 0 0
1 00

Proposition 3. Every lower triangular Toeplits matrix can be represented
as a linear combination of powers of the lower shift matriz:

LTO@p(to, . ,tnfl) =tol +t1Z, + tQZTQL + -+ tn,1ZZ_1

Proposition 4. The n X n lower triangular matrices with entries from a
commutative Ting form a commutative ring.

Example: For example, when n = 3, we have
LToep(to, t1,t2)LToep(ug, ui, ug) = (to +t12 + t2Z2)(u01 +urZ + UQZQ)
= tougl + (tiuo + tour)Z + (taug + trug + tous)Z>2.

Proposition 5. If the diagonal entry of a lower triangular Toeplitz matriz
s non-zero then it is non-singular. Its inverse is a lower triangular Toeplitz
matric.

Proof. (Sketch.) (Joel Roberts suggested this proof.) Let L be any strictly
lower triangular Toeplitz matrix; in other words, there exist tg,1,...,tn—1
such than L = LToep(0,t1,...,t,—1). Then L is nilpotent, in particular,
L" =0. We then have (I — L) ' =T+ L+ L?>+-.-+ "L a



