REAL ALGEBRAIC GEOMETRY

KENNETH R. DRIESSEL

QUADRATIC FORMS

References: In this section I mainly follow the book Basu, Pollack and
Roy(2003) .

Notation: Throughout this section K denotes an ordered field.
In this section we review a few basic properties of quadratic forms.

Definition: Let U, V and W be vector spaces over K. Then a map ¥ :
U x V — W is bilinear if it is linear in each of its arguments:
U(au,v) = a¥(u,v)
U(uy + ug,v) = ¥(ug,v) + ¥(ug,v)
U(u,av) = a¥(u,v)
U(u,v1 + v2) = ¥(u,v1) + U(u,ve).
A bilinear map ¥ : V x V — W is symmetric if
o U(u,v)=T(v,u).

If the bilinear map takes its values in the field K, that is, ¥V : U x V — K,
then it is called a bilinear form. A function ® : V — K is a quadratic
form if there is a symmetric bilinear form ¥ : V x V — K such that
d(v) = U(v,v).

The following identity (which is called the polarization identity) indi-
cates that the symmetric bilinear form can be recovered from the quadratic
form:

U(u+v,u+v)=V(u,u)+ V(u,v)+ ¥(v,u) + (v, v).

If we have an ordered basis vy,...,v, for V then V is isomorphic to
K™; in particular, we can map v = fivy + - -+ + fv, to the column vector
f=(f1,.-, fn)T. We can also use the basis to associate a symmetric matrix
with a quadratic form ® on V; in particular, we set M; j := ®(v;,v;). Then

Ov) =Y {Mi;fif;ij=1,....,n}=fTMf=(fMf)

where (f,g) := fTg is the standard bilinear form on K™. If G is a nonsin-
gular matrix and GTg = f then we have

®(v) = (GTg, MG g) = (9,GMG"g).
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In other words, a change of basis transforms M to GMG™. So the appro-
priate group action, in this setting, is the following one:

1= Gl(n, K) x K™" — K"" . (G, M) — GMGT

where Gl(n, K) denotes the general linear group of invertible n x n matrices
with entries from K. In particular, note that (GH) x M = G *x (H * M).

Definition: The rank of a quadratic form is defined to be the rank of its
associated matrix with respect to some basis. (It is easy to show that this
definition does not depend on the choice of basis.)

Theorem 1. Sylvester’s law of inertia. Let ® : V — K be a quadratic
form with rank r. Then there exist linearly independent linear forms Lj; :
V — K and nonzero scalars d;, fori=1,...,r, such that

O(v) = Z{diLi(v)Q ci=1,...,1}h
Furthermore, the following integer is a well-defined quantity:
#d; - d; > 0} — #{d; : d; < 0}

Definition: The well-defined integer of the last result is called the signa-
ture of the quadratic form.

Here is a matrix version of the last result: Let M be an n x n symmetric
matrix. Then there is a matrix G in Gl(n, K') and a diagonal matrix D such
that M = GDGT. If v, is the number of diagonal entries of D which are
positive and r_ is the number which are negative then Rank(M) = ry +r_
and Signature(M) = rp —r_. If D = diag(dy,...,d,) and g1,..., g, are the
columns of G, then

M = d19191T +--+ dngngrj;'

(This as called an “outer product” expansion of M.) In particular, note
that the gkg,r{ are matrices (with rank one). Also note, for f in K™,

(f.Mfy=dif qrgl f+ +duf gngl f=di(g1, [)* + ... dunlgn, f)*.

This displays the quadratic form as a sum of squares of linear forms. Such a
representation as a sum of squares is obviously not unique. (However, if the
|d;| have square roots in K then the d; can be taken from the three values
1,—1,0.)

The diagonalizing matrix G is easily computed using a modified version of
Gaussian elimination: If a column has a nonzero entry off the diagonal and
the diagonal entry in that column is nonzero then we can use that diagonal
entry as a pivot; in particular, we then use row operations to eliminate the
nonzero off-diagonal entries in that column. To maintain symmetry of the
matrix we also perform the same operations on the columns. There is one
further modification; sometimes there is a nonzero off-diagonal entry and
no nonzero pivot available to use to eliminate that entry; in this case the
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nonzero entry can be moved to the diagonal; here is an example of this
special situation:

1 —1\" (0 a\ (1 -1\ _ (22 ©
) GoG )= )
For more details, see, for example, Birkhoff and Maclane(1953) .
Definition: The triple (r4,7r_, 2) of numbers, where z :=n — (ry +r_) is
the dimension of the null space (or kernel) of M, is called the inertia of the
matrix M.
The proof of Sylvester’s law of inertia is well-known. We shall not repeat

the proof here. (See, for example, Birkhoff and Maclane(1953) or Basu,
Pollack and Roy(2003) for proofs.)

Theorem 2. Spectral. Let R be a real closed field. Let M be a symmetric
matriz with entries from R. Then the eigenvalues of M are in R and there
is an orthonormal basis of eigenvectors of M with coordinates in R.

We need more information about real closed fields to prove this result.
We do not include a proof here. We only want to note that r is the number
of positive eigenvalues of M and r_ is the number of negative eigenvalues
of M. Hence the signature of M is the difference between the number of
positive and number of negative eigenvalues of M. Since there is no obvious
intrinsic inner product in this setting, this viewpoint is somewhat unnatural.



