4.2 Center Manifold Theory for Continuous-Time
Systems

This section is a basic review of the center manifold theory for continuous-time sys-
tems. In the literature, A.L. Kelley proved the existence of a €7 center manifold
at a nonhyperbolic equilibrium point of a finite-dimensional vector field of class C”
{see [Kel67], [Car81]). Recently, A. Vanderbauwhede and S.A. Van Gils have proved
the existence of a C" center manifold at this nonhyperbolic equilibrium point (see
VG8T)).

Suppose the matrix A has s eigenvalues with negative real part (04}, u eigenvalues
with positive real part (o,) and ¢ eigenvalues with zero real part (o.). Then, it
follows from the linear algebra that IR® can be decomposed into the direct sum of
three invariant subspaces, denoted E° E*, E° {with dimensions s, u, ¢ respectively),
with the property that 4lp. has all eigenvalues with negative real part, Alp. has all
eigenvalues with positive real part, and Ajge has all eigenvalues with zero real part.

We now state the famous center manifold theorem. A simple proof for this theorem
for the C° case is given in Appendix E.2.

Theorem 4.2.1 [ Center Manifold Theorem ) Let & = fla) : UCR - R
be a C7,(r 2 1} vector field vanishing at the origin, L.e. f(0) = 0 and A = DF(0)
whose spectrum o(A) = {o,, 7, o} where s +u ¢ = n, with their corresponding
eigenspaces E*, E* and ES.  Then locally, there exist C™ stable, unstable and center
manifolds W*, W* and W* tangent to E5, EY and E¢ respectively ot O and invariant
for the flow of f. 1

Remark 4.2.1 {(Nonunigueness of the center manifold) [Kel67] We consider a simple
planar system described by

: 2

! b (4.2.1)
Ty = =, )

i

Integrating the system (4.2.1) directly, we obtain the general solution

2

. (f = e,
@alt) = ryer

where (0} = (29, 29, Eliminating L, we obtain
Sl R Z7 T3
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The phase portrait in the {(xy, zy) plane for the system (4.2.1) is illustrated in

Figure 4.2.1.
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Figure 4.2.1: Ex. 4.1.1: Phase potrait of the plant, showing some center manifolds

Let

1
u(zy, ¢ = { cert  fory <0,

0 for y > 0.

Clearly, u(0, ¢} = u,, (0,¢) = 0, so that

W= {{zy, 22} : z» = u{z;, ¢}, c arbitrary }

is a center manifold for each real constant ¢. Thus the center manifold, tangent to
the direction of the eigenvector belonging to 0 (¢he z-axis}, is far from unique. O

Since we will be mainly interested in the cases in which 2 = 0 can be a stable
equilibrium, in what follows, we will restrict ourselves to consider only those cases in

which the matrix A = D {0} has all eigenvalues with nonpositive real part.

When A has all cigenvalues with nonpositive real part, one can always make a
linear change of coordinates in U such that the system £ = f{z) is represented in the

form
¥

-
Ao

where S is an (s x s} stable {or

= Sy + Ply, ),
= Cz + ply,2),

(4.2.9)

Hurwitz) matrix {i.e. with all eigenvalues having
negative real part}, C'is an (¢ x ¢} “central” matrix {i.e. with all eigenvalues lving
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on the imaginary axis), and the functions v and p are C7 functions vanishing at
{1y, z) = (0,0} together with all their first order derivatives.

The center manifold W* goes through the origin, where it is tangent to  E°, i.e.
the z-axis where y = 0. Hence, it can be represented as

We={{gz) e R* x V]y=rlz), 7(0) =0 and #'(0) = 0},

r

where V' is a neighborhood of z = () in R®.

Remark 4.2.2 [Kel67] If the origin is Lyapunov stable with respect to a center
manifold for the system (4.2.2), then it can be shown that the center manifold is
unique. [J

Remark 4.2.3 W* is invariant under the flow of Eq. (4.2.2) and this imposes a
constraint on # that can be easily deduced in the following way. TLet (y(t), z{t)} be
any solution curve of Eq. (4.2.2) that lies on the center manifold W, i.e. suppose
that y(t) = m(z(¢)). Differentiating this with respect to ¢, we obtain the relation

ST(a(t) + V() #0) = S5 (C0) + ulrl=(0), 2(1))) (4.2.3)
Since the condition (4.2.3) must hold for any solution curve of Eq. (4.2.2), we conclude
that the mapping = satisfies the partial differential equation

%g (Cz + pln(z2),2)) = Sw(z) + ¥(w{z), z). {4.2.4;

Remark 4.2.4 Consider, instead of Eq. {4.2.2), a system of the form

y = Sy + Tz + oy, z), (4.25)
io= Cz + ply, z), %00}

where S is an (s x s} stable (or Hurwitz) matrix {(i.e. with all eigenvalues having
negative real part), C s an (¢ ¥ ¢} central matrix, (1.e. with all eigenvalues lving
on the imaginary axis), and the functions ¢ and p are (7 functions vanishing at
y, 2z} = {0,0) together with all their first order derivatives. Suppose #: V' — R is
a mapping satisfving 7{0} = 4. The submanifold

Wo={{yg,2) e R x V 1y =n(2)}}
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i invariant under the flow of Eq. {4.2.5) if the mapping 7 satisfies the partial differ-
ential equation

()n . PPN N ; 4\
W(C%L p(r(z), z)) = Su(z) + Tz + ¢(n(z), 2. (4.2.6)

Comparing the first order terms on both sides of above, it is seen that the matrix

o
IT = 5;(0}
satisfies
SH + T =10,

That is, IT satisfies
s Tyl Ml
o cllil=l1]e

Thus, we deduce that
Image([ﬂb = F*
I

Thus, W€ is a center manifold for Eq. (4.2.5) if and only if Eq. (4.2.6) holds. O

The following lemma is a standard result in center manifold theory. This lemma
shows that any trajectory of the system Eq. (4.2.2) starting at a point in a sufficiently
small neighborhood of the origin of IR™ converges to the center manifold as ¢ - 0,
with exponential decay.

Lemma 4.2.1 Suppose y = n(z) is a center manifold for Eq. (4.2.2) at (0,0).
Let  (y{t), z(t)} be a solution of Eq. [4.2. 2).  There exist a neighborhood UY of
(0,0) and real numbers M >0, o > 0 such that, if (y{(0),z(0)) € UY, then

y(t) =7 (=)l < M exp(—at) [y(0) - 7(=(0))]

forall + >0, solong as (y(),2()) e UY.

The following theorem, known as the reduction principle, provides a more detailed
picture about the role that the center manifold plays in the analysis of the asymptotic
properties of the system Eq. (4.2.2) near {0.0). By definition, any trajectory of Eq.
(4.2.2] starting at a point y° = #(z Y of the center manifold y = w{z} can be described
in the form

y(1) = w(=(t)), (1) = C(t)

i
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where ({7} is the solution of the differential equation

{=CC + plw(().C) (4.2.7)
satistying the initial condition ((0) = 20
that the asymptotic behavior of Eq. (4.2.2
(4.2.7).

Essentially, the reduction principle shows

) is completely determined by that of Eq.

‘Theorem 4.2.2 (Reduction Principle ) Suppose =0 is a stable (resp. asymp-
totically stable, unstable) equilibrium of Eq. (§.2.7). Then (.2} = (0,0} is a stable
(resp. asymptotically stable, unstable) equilibrium of Eq. (4.2.2). O

As an application of reduction principle, we have the following interesting lemma.

(See also A. Isidori ([Isi89], pp. 442-443).

Lemma 4.2.2 Consider a system

= flzy), L
y = Ay + plz,y), (42.8)

and suppose that p(z,0) = 0 for all z near 0 and

p,. o
5, (0:0)=0. (4.2.9)

If 2 = f(2,0) has an asymptotically stable equilibrium af z = 0 and the etgenvalues
of A all have negative real part, then the system (4.2.8) has an asymptotically stable

equilibriuvm at (z,y) = (0,0). O

As another application of the reduction principle, we prove the following lemma.

Lemma 4.2.3 Consider a triangulor system

£ o= flz), {4.2.10)

where [ o B — " is a locally C* map from o domain E C R™ into R", and
g E = F = R s alocally O map from a domain E C F C R® % R? into IR,
Suppose that the system

T = f{z) (4.2.11)
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is neutrally stable at the origin, and the systemn
i = g(0.y) (4.2.12)

ts locally exponentially stable ai the origin.  Then the full systern (1.2.10) is Lyapunov
stable at the origin (z,y) = (0,0).

Proof. Linearizing the full system {4.2.10) at the origin (z,y) = {0,0), we have

T = Az +oalz), |
v o= By-{—«ﬁ(gy’y) (4.2.13}

where 4 is an (n x n) matrix having all its eigenvalues with zero real part, B is a
(p % p) Hurwitz matrix, and the functions o and [ vanish at the origin together with
all their first partial derivatives.

By the center manifold theorem, the system {4.2.13) has a C' center manifold at
the origin, the graph of a C' mapping
y = 7(x)
with the map pi satisfying

7(0) = 0 and D7 (0) = 0.

The motion on the center manifold y = m{x) is governed by the reduced dynamics
&= f(z)
which, by hypothesis, is Lyapunov stable at the origin.

Hence, it follows immediately from the reduction principle that the full system
(4.2.10) is Lyapunov stable at {2, y) = (0,0).

The reduction principle is very useful in stability theory, because it reduces the
stability analysis of an n-dimensional differential system to that of a lower dimensional
system (namely, c-dimensional) differential system.  To implement the reduction
principle in practice, we need to solve the center manifold equation

S Gy ol wlay ) = Swley) + B(x, wlay )]
s ‘ { s

which is quite difficult in general. However, it is always possible to approximate
the solution x5 = x{x) of the center manifold equation to any required degree of
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accuracy.  We can then use the approximate solution thus found in the reduced
system (E.2.39).  In this way. we may still determine the asymptotic properties
of the equilibrium z; = 0 of the reduced system (E.2.39), and thus determine the
asymptotic properties of the equilibrium (z,,2,) = {0,0) of the system (E.2.8).

The center manifold equation can be rewritten as

» on ) o . . )
Nz ) = o [Cz; +alry, iz )] - St{wy)] = Sn{xy) — Blon, 7(z,) = 0, (4.2.14)

with the boundary conditions
7(0) =0 and Drx(0) = 0. (4.2.15)

Theorem 4.2.3 [Car81] Suppose that a function o(x1), with ¢(0) = 0, Dp(0) = 0,
can be found such that N(é(z1)) = O(|lay)|¥) for some k> 1 as 1]~ 6. Then

m(1) = 8(m) + O(ml"), as flor]) = 0.

Thus, we can approximate m(x1) to any required degree of accuracy by seeking
power serles solutions of (4.2.14). However, such power series expansions do not
always exist, since W may not be analytic at (1,72) = (0,0) {see Example E.2.3).

As an application of Theorem 4.2.3, we consider the following example.

Example 4.2.1 Consider the system

v 2k, X Ty o= erxy, ;
%; a 2 1 e (4.2.16)
) L Ty = -2xy 417,
Wy - < :}&::‘ 3
The center manifold equation for the system {4.2.16) 1s
FRE W Jor
L LR o . . . -
e Jewym (g )] = =2 (2q) + 22, (4.2.17)
o
with the boundary conditions
mlay) =0 and Dala)) = 0. (4.2.18)
92
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The simplest approximation that we may try for 7(z;) is
m{2y) = axi + Ol [*), (4.2.19)
where a is a constant to be determined. Substituting (4.2.19) in {4.2.17) gives
/i . ] 7 ¢ 4 Q. H ; P
(20m1 + O(|z, *)}2aexd + O(jz ")) = —2aa? + 2% + O(jz, ). (4.2.20)
So, we have B
’// \7‘1
{~2a+1=0 or a= 5
- e ////‘

Thus, we may set
I, 43

Hence, the reduced system is
-

_ 1
Ty = enm{r) = *2*673% + Oflzif). / (42.21)

Using Lemma 3.1.1, we deduce that the equilibrium z; = 0 of the reduced system
(4.2.21) is asymptotically stable if and only if e < 0. Using the reduction principle,
we can then conclude that the equilibrium (z;,2,) = (0,0) of the system (4.2.16) is
asymptotically stable if and only if ¢ < 0. O

We end this section with a geometric proof of Malkin’s theorem contained in
Hu&9].

Theorem 4.2.4 ( Malkin’s Theorem } Consider the system described by

2 = Raxy + p(g;hg;QL ! ‘
Ty = Sy + q{(f)hi’z) (4,2.22}

where oy € Ry € R, R, S are constant matrices, S 1s Hurwitz, p.q are ana-
Iytic functions vonishing at (xy,79) = (0,0) together with all their first order partial
dervivatives, and the Taylor series expansion of gz, 0) begins with terms of degree at
least N + 1, where N > 2. If ihe equilibrium x; = 0 of the reduced system

iy = play, 0 {4.2.23)

is stable, asymptotically stable, or unstable in the Nith approzimation, then the equi-
librium (21, 29) = (0.0} of the full system (4 2.22) 15 stable, asympiotically stable, or
unstable respectively.
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Proof. [Hu89] Due to the term Ruy. we can not apply the center manifold theorem
directly. We first make a change of coordinates

(B (1 —BQ™ [y
2% I S R B T

[r—

Then, under the new coordinates (here, we denote them by x; and Zo),

A=l TG oIl T R

bl

1.6

] [0 0 INEIS plry + RQ ™ oy, 2y) + RQ q(xy + RQ 2y, 2y) 49 9
S I U , -1 . (—in,Qi)
Lo L0 Q] L, glx) + RQ) To, Ta}

By the center manifold theorem, the system (4.2.24) has a center manifold at the
origin, the graph of a C! map, 2, = m{x1) with 7 satisfying

7(0) =0 and Dm(0) = 0.

By hypothesis, the expansion of g{xy1, 0) begins with terms of degree N + k, where
k=1

Qur goal is to prove 7(x;) = O(jja, |V ).
For this purpose, we consider the analytic function

Flxy, 23) = Quy + gz, + ROy, Zy).

Then, F{0,0) = 0 and
aF
500 =0

Since @ is Hurwitz, it is nonsingular.  Therefore, it follows from the implicit

funetion theorent that there exist a d > 0 and a unique analytic function G such that,
for llz1]] < &, we have

QG ) + qley + RQ™'Glay), Gl =0 (4.2.25;

) =4,

Since the expansion of ¢(z,.0) begins with terms of degree N + k. 4(0
Dg(0,8) = 0, and G(z() is analvtic, the expausion of G{w:} must also begin from
terms of degree N + k.
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Thus, we find that

(MG)(z;) 2 DG (x)[pla + RQ™G ), Glay))] |
= Oz O(lerl*) + OV ) = O|Jay ¥ +5+1,

Then, from Theorem 4.2.3, it follows that

mlrn) = Gle) + Oy |¥57) = O | ¥4%),

3

The flow on the center manifold is governed by the equation
Ty = plzy + RO o (), wlzy)) + RO q(z; + RQ ™' r(2y), wlaq)),

i.E.

# = pl(an, 0) + Oz | ). (4.2.26)

If the equilibrium z; = 0 of the dynamics
@ = pl{z1,0) {4.2.27)

is stable, asymptotically stable, or unstable in the Nth approximation, then it is
also stable, asymptotically stable, or unstable for the system (4.2.26) respectively,
Therefore, by the reduction principle; we conclude that if the equilibrium 2, = 0 of the
system (4.2.27) is stable, asymptotically stable, or unstable in the Nth approximation,
then the equilibrium (2, 2,) = (0, (i) is stable, asymptotically stable, or unstable for
the full system (4.2.22) respectively. This completes the proof. 0

4.3 Output Regulation of Nonlinear Systems

As an application of center manifold theory, we describe in this section the results
contained in [AB90] solving the state feedback and error feedback regulator problems.

We consider a multivariable nonlinear plant described by

o= flay+ gleju -+ pla)w,

W= slw), (4.3.1;
e = hix)+glw).

The first equation of (4.3.1) descri bes, a plant, with state x, defined on a neigh-

borhood X of the origin of R”, and inpat v € IR™. The evolution of the state z
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