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Definition (Birkhoff) Suppose # = f(z), where f is C* on
an open set O. If zy is an initial condition and
T = limtn—wo(b(tn,xO)

then z is an w-limit point of zq. If {,, — —o0 then Z is
an a-limit. The set of such points is denoted by

w(zo) and a(zp). G. D. Birkhoff

LaSalle’s Invariance Theorem Consider z = f(z) where f is C*
on an open set U and zy € U. Suppose V : U — R is C! and
bounded from below. If ¢(t,x¢) is bounded from below and
V(é(t,z0)) < 0, then w(zg) C V71(0).

J. P. LaSalle



Barbosov-Krasovski Theorem Consider £ = f(z) where

f is C* on R™. Suppose V : R” — R is C*! and
1. V is positive definite,

2. V is negative definite, and

3. If ||z||lx — oo the V(z) — oc.

Then, the origin is globally asymptotically stable. that is , ) is stable and
o(t,zo) — 0 as t — oo for all zp € R™.

Theorem Suppose o € U and V : U — R is continuous
and positive on U — {z¢}, with V(z¢) = 0. For small enough
¢, V7 (c)NU is a compact neighborhood of zo.
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A Converse Theorem. Suppose = = f(z), f(0) = 0 where f is C*
on an open set 0 € O. If there exists k,y > 0 so that for every
initial condition zg € O

|62, zo) || < ke™"|zoll,

then there eixsits a ball B.(0) C O and a smooth Lyapunov
function V' defined on B.(0) satisfying

1. c|z||? < V(z) < a1 z||?
2. V < —cs||z|?

3. 1521l < eallz|



Necessary conditions for stability
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Necessary conditions for stabilizability



Necessary conditions for stability
Necessary conditions for stabilizability

Persistence of equilibria



