Washington University in St.Louis

SCHOOL OF ENGINEERING & APPLIED SCIENCE

ESE 553 - Nonlinear Dynamical Systems

Christopher I. Byrnes
Ph. D., P.E.

Department of Electrical and

Systems Engineering

Office: 421, Jolley Hall
Phone: 935-6067
E-mail: chrisbyrnes@wustl.edu

March 5, 2008



NONLINEAR SYSTEMS
Dynamical systems and differential equations.

A smooth dynamical systems on R" is a C! map:
¢ : R x R™ — R™ where ¢;(z) = ¢(t, z) satisfies:

1. ¢o(z) =z for all z € R™.
2. pr0¢s = g4y for t,s € R.

The Existence and Uniqueness theorem for ODE’s. Consider the
initial value problem z = f(z),z(0) = zy, where o € R™ and suppose
that f: R™ — R™ is C'. Then there exists a > 0 and a unique
solution

z:(—a,a) - R"

of this ODE satisfying z(0) = .

Remark. If yp and z( are two initial conditions, for which the solutions exist
on a time interval [0, 7] then there exists a constant K > 0 such that

ly(t) — z(@)]| < e"*llyo — ol
for t € [0,T7].
N.B. This is also true for parameters p in f(z, ).



Lyapunov’s Indirect Method Suppose & = f(x), where
f is C*. Suppose f(0) =0, and f(z) = Az + R(z).

1. If 0(A) C C™ then 0 is a locally asymptotically
stable equilibrium.

2. If 0(A) N C* # @ then 0 is an unstable equilibrium.

A. M. Lyapunov



Theorem (Lyapunov’s Direct Method) Suppose z = f(z), where
f(0) =0and fis C' on an open set 0 € O. Let V : O — R be a C* function
such that

1. V(0) =0 and V(z) > 0 if z # 0;
2. V<0in O.

Then 0 is stable. Furthermore, if V' also satisfies
3. V<0in©O -0,
then 0 is asymptotically stable.

A. M. Lyapunov




Theorem (Lyapunov’s Direct Method) Suppose z = f(z), where
f(0) =0and f is C' on an open set 0 € O. Let V : O — R be a C' function

such that

1. V(0) =0 and V(z) > 0 if z # 0;
2. V<0in O.

Then 0 is stable. Furthermore, if V' also satisfies
3. V<0in® -0,
then 0 is asymptotically stable.

Definition (Birkhoff) Suppose # = f(z), where f is C* on
an open set O. If zy is an initial condition and
T = limt,,—»ooqs(tnaxO)

then z is an w-limit point of zq. If £, — —o0 then Z is
an a-limit. The set of such points is denoted by

w(zo) and a(zo). G. D. Birkhoff




LaSalle’s Invariance Theorem Consider £ = f(z) where f is C'
on an open set U and zo € U. Suppose V : U — R is C' and
bounded from below. If ¢(t, o) is bounded, then w(zo) C V~1(0).

J. P. LaSalle




Lyapunov’s Indirect Method Suppose & = f(x), where
f is C*. Suppose f(0) =0, and f(z) = Az + R(z).

1. If 0(A) C C™ then 0 is a locally asymptotically
stable equilibrium.

2. If 6(A) N C*t # () then 0 is an unstable equilibrium.

Persistence of Equilibria



A Converse Theorem. Suppose = = f(z), f(0) = 0 where f is C*
on an open set 0 € O. If there exists k,y > 0 so that for every
initial condition zy € O

|62, zo)|| < ke™"[|zo],

then there eixsits a ball B.(0) C O and a smooth Lyapunov
function V' defined on B.(0) satisfying

1. ci|z]|* < V(z) < c1|z])?
2. V< —cs|z||?

3. 1521l < eallz



