Activity #6: Expectation, Quantiles, & Variance (Discrete Random Variables)

Recall the Lazy Nurse activity in which we found the following probability model: (X represents the number of correct baby-mother
matches)

X 0 1 2 3 4
P(x) 0.375 0.333 0.250 0.000 0.042

1) If we were going to conduct this experiment only one time, how many correct matches do you think you would have?

2) Now suppose you were going to conduct this experiment 1000 times. Suppose you calculated the average number of correct
matches you made over those 1000 trials. What do you expect that long-run average to be?

N
Expected value of Discrete Random Variables : E(X)= E xip(xl_) where p(x) represents the probability of a specific value of X

i=1

3) What is the expected value of the outcome of one roll of a die?

The expected value is interpreted as the long-run average value that would result from repeatedly running an experiment.

4) Whatis the expected value of X in the lazy nurse activity?

Scenario: Faked numbers in tax returns, payment records, invoices, expense account claims, and many other settings often display
patterns that aren’t present in legitimate records. Some patterns, like too many round numbers, are obvious and easily
avoided by a clever crook. Other patterns are more subtle. It is a striking fact that the first digits of numbers in legitimate
records often follow a distribution known as Benford®s Law. Here is that distribution:

First Digit 1 2 3 4 5 6 7 8 9
Probability 0.301 0.176 0.125 0.097 0.079 0.067 0.058 0.051 0.046

5) Calculate the expected value of X (the first digit in a set of records) under BenfordOs Law



6) Let's go back to our Lazy Nurse scenario where we found E(X) = 1.0. Suppose you are paid $50 for each correct match. What
would be your expected earnings per match? What if you made $50 per match plus $5 just for showing up?

Properties of Expected Values:

1) E(aX+b)=aE(X)+b (linearfunction of the expected value)

2) If X and Y are two random variables, then E(X + Y) = E(X) + E(Y)

7) You measure the lengths of crickets in a field and find they have a mean length of 1.2 inches. What is the mean length in
centimeters (1 inch = 2.54 centimeters)?

8) New Jersey’s Pick 3 game works like this: Bet 50 cents and select one 3-digit number between 000 and 999. If you win, you
collect $275. What is the expected gain or loss of this game?

9) Mike is offered a one-year $100,000 life insurance policy for $250. Because he is a 21-year old male, there is a 0.9985 probability

that Mike will live for a year (based on estimates from the U.S. National Center for Health Statistics). If Mike purchases this policy,
what is his expected value?

10) What would be the cost of the insurance policy if the company just breaks even (in the long run) instead of making a profit?



The expected value summarizes the location of a probability distribution, but doesn’t tell us anything about how spread out the
distribution is. To summarize spread, we often calculate the variance or stan dard deviation of a probability distribution.

variance : Var(X) = E[(X - (E(X))*]1= E(X*) - [E(X)]’

11) Examine the formula and explain what “variance” is?

12) Calculate the variance of the number face-up on one die.

13) Calculate the variance for the random babies activity:

X 0 1 2 3 4
P(x) 0.375 0.333 0.250 0.000 0.042

Properties of Variances:
1) Var(aX +b) = a’Var(X)
2) IfXandY are independent random variables, then Var(X+Y) = Var(X) + Var(Y)
3) IfXandY are independent random variables, then Var(X —Y) = Var(X) + Var(Y)
4) IfXandY are dependent random variables, then Var(X+Y) = Var(X) + Var(Y) + 2[E(XY) - E(X)E(Y)] (MATH 301 topic)

5) The standard deviation is calculated as the positive square root of the variance

6) SD(aX +b)=aSD(X)

14) The crickets you measured had a variance of 0.3 inches. What is the variance in centimeters?



15) The following table summarizes the Math and Verbal SAT scores for high school seniors in lowa. Calculate E(X+Y) and Var(X+Y)

SAT Math Score (X) E(X) = 625 SD(X) = 90

SAT Verbal Score (Y) E(Y) = 590 SD(Y) = 100

16) Given the following information: E(X) =25 E(Y)=13 Var(X) =4 Var(Y)=3 X &Y are independent calculate:

E(X+Y)=

Var(X+Y) =

E(X-Y)=

Var(X-Y) =

E@X-Y)=

Var(2X - Y) =



