Activity #5: Conditional Probabilities, Event Intersections, Independence

Recall the following probability rules we derived in the previous activity:

P(A! B)

1) Conditional probability rule : Probability of event A occurring given that event B has occurred is: P(A| B) = P(B)

2) General multiplication rule : The probability that both events A and B occuris: P(A" B)=P(A|B)¥P(B)

Scenario: In 1998, the American Film Institute listed the top 100 films ever made: http://www.afi.com/tvevents/100years/movies.aspx

Two people (Alan and Beth) gather to watch a movie. Instead of arguing about the selection of the movie, they agree to
randomly choose a movie from the OTop 1000 list. The following téd summarizes the number of films Alan or Beth have
seen

Beth yes Beth no Total
Alan yes 42 6 48
Alan no 17 35 52
Total 59 41 100

We define the events: A = Alan has seenthe flm and B = Beth has seen the film

1) Calculate the following probabilities:

P(A) = P(B) =
P(A") = P(B") =
P(A! B)= P(A" B")=
P(A! B)'=

P(A! B)=

P(A"! B)=

P(A! B)' =




2) We found that the (unconditional) probability that Alan has seen a movie is 0.48. Suppose a movie has been selected and we
know that Beth has already seen the movie. Does this additional information change the (conditional) probability that Alan has
seen the movie? Explain

3) Suppose we know that Alan has not seen the movie. WhatOs the probability that Beth has not seen the movie?

Now consider Chuck and Donna, who are going to follow the same process in order to choose a movie from the Top 100 Films list.

Donna yes Donna no Total
Chuck yes 15 10 25
Chuck no 45 30 75
Total 60 40 100

4) The probability that Donna has seen a randomly selected movie is: P(D) = 0.60. Suppose they select a movie and we are told that
Chuck has already seen it. Does this change the probability that Donna has seen the movie

Two events are independent if knowledge that one occurred (or did not occur) does not impact the probability of the other occurring.

If A and B are independent, then: 1) P(A|B)=P(A) (Knowledge about event B does not change the probability of event A occurring)

2)PA! B)=P(A)xP(B) (ifand only if A and B are independent). Verify this for Chuck & Donna.

5) Based on these conditional probabilities, which couple (Alan & Beth or Chuck & Donna) has the best chance of staying together



6) Suppose two dice are rolled. Let A = {the first die is a 6}, B = {the sum of the dice is 5}, and C = {the sum of the dice is 7).

Are the events events A and B independent? Are the events A and C independent?

System Reliability: A satellite launch system is controlled by a system of 3 computers. Normally, computer 1 controls the
system, but if it malfunctions, computer 2 automatically takes over. If computer 2 malfunctions, computer 3
takes over. The launch system will fail if all three computers malfunction. If we know each computer has a
0.05 chance of malfunctioning at any given time, what is the probability that the launch will fail?

Let A = {Computer 1 fails}, B = {computer 2 fails}, and C = {computer 3 fails}, so P(A) = P(B) = P(C) = 0.05.

7) WhatOs the probability that both computer 1 and 2 will fail? Can we assumendependence? WhatOs the probability that all 3
computers fail? WhatOs the probability that all 3 computers work properly?

8) WhatOs the probability that either computer 1 or computer 2 will operate? (General Addition Rule)

System Reliability: Another company designed a satellite so that all three computers must function in order to get a successful
launch. If each computer functions properly 95% of the time, whatOs the probability that the launch will fail?

9) The launch will fail if at least one computer fails. WhatOs the probability that at least one computer will fail?

General Addition Rule: P(A" B" C)=P(A)+P(B)+P(C)#P(A$ B)#P(A$ C)#P(B$ C)+P(A$ B$ C)

Another solution: P(failed launch) = 1.0 B P(computer 1 works and computer 2 works and computer 3 works)



Scenario: 5% of male high school athletes go on to play at the college level.
Of these, 1.7% enter major league professional sports.
About 40% of these athletes go on to have a professional career lasting more than 3 years

WhatOs the probability that a high school athlet goes on to have a professional career longer than 3 years?

10) Sketch a probability tree to visualize the probabilities of all possible outcomes from these three statements.

In this previous example, we calculated probabilities Ogoing forwardd We can also begin with professional athletes and Olook backO
at their earlier careers. To do this, weOll need to use BayesO Theorem:

BayesO Theorem: Posterior probability of the event A conditional on eventB P(A | B) = P(B|A)P(A)
P(B|A)P(A)+P(B|A")P(A")

11) What proportion of professional athletes competed in college?

0.0170.05)

We can write this as P(A | B) and calculate:  P(A|B) = 0 017(0 03 10 000:(0 93 =0.899¢

An extremely useful formula for calculating complex probabilities is the Law of Total Probability:

Law of Total Probability ~ P(A) = [P(A | B) ¥P(B)] + [P(A |B") ¥P(B')]

Look at the following Venn diagram to see how this law works. The sample space S is partitioned into two parts: B and BO.

BO




Law of Total Probability: ~ P(A) = [P(A | B) ¥P(B)] + [P(A |B") ¥P(B')]

12) Suppose | give you a multiple-choice test (each item has 4 possible choices). Suppose you know the answer to 60% of the items,
but you must randomly guess on the remaining 40% of the items. If we randomly select one item from the test, what is the
probability that you will answer it correctly?

LetOs begin by identifying out all the probabilities we know:

P(correct answer) = P(incorrect answer) =

P(you know the answer) = P(you do notknowthe answer) =
P(correct | you knowit) = P(correct | you do noknowit) =
P(incorrect | you knowit) = P(incorrect | you do noknowit) =

Now use the Law of Total Probability to answer the question:

13) Three programmers, Alice, Ben, and Chuck, write a Ia[ge chunk of code. Alice writes 60% othhe code, Ben writes 30%, and Chuck
writes 10%. Furthermore, it is known that 3% of AliceOs code tends to be buggy; 7% of Ben@®de tends to have bugs; and 5% of
ChuckOs code is buggy. If we randomly select a line of code, whatOs the probability that we will find a bug?

14) Given a bug has been found, whatOs the probability that each programmer wrote that line of code?



Probability Rules:

1) 0.0!P(A)!1.0

2) P(S)=1.0

3) P(AD) = 1.OP(A)

4) If A and B are disjoint, then P(A orB) = P(A" B) =P(A) + P(B)

5) If B is a subset of A, then P(AorB) =P(A" B) =P(A)

6) General addition rule: P(AorB)=P(A" B)=P(A)+P(B)DPA! B)
7) In general, if you have three events A, B, and C:

P(AorBorC)=P(A" B" C)=P(A)+P(B)+P(C)PPA! B)PP(A! C)PPB! C)+PA! B! C)

P(A! B)

8) The probability of event A occurring given that event B has occurred is: P(A | B) = P(B)

9) The probability of both events A and B occurring is: P(A " B) = P(A |B) ¥P(B)

10) P(A | B) = P(A) if A and B are independent

P(BIA)P(A)

11) BayesO Theorem: P(A|B) = P(B[A)P(A)+ P(B|A)P(A)

12) Law of Total Probability: P(A) = [P(Al B)e P(B)] + [P(Al B')e P(B')]

P(A" B)=1#P(A" B)=P(A'$B)
P(A$ B)'=1#P(A$ B)=P(A" B)

13) De MorganOs Laws:



