Activity #4: Discrete Random Variables & Conditional Probability

Recall in Activity 3, we calculated 24 possible arrangements of returning four babies to four mothers.

Order # of Successes Order # of Successes Order # of Successes Order # of Successes
ABCD 4 BACD 2 CABD 1 DABC 0
ABDC 2 BADC 0 CADB 0 DACB 1
ACBD 2 BCAD 1 CBAD 2 DBAC 1
ACDB 1 BCDA 0 CBDA 1 DBCA 2
ADBC 1 BDAC 0 CDAB 0 DCAB 0
ADCB 2 BDCA 1 CDBA 0 DCBA 0
We then found the following probability model: P(0 successes) = 9/24 = 0.375 P(1 success) = 8/24 = 0.333
P(2 successes) = 6/24 = 0.250 P(3 successes) =0/24 =0

P(4 successes) = 1/24 = 0.042

In this situation, the random variable is the number of babies correctly returned to their mothers. When we have a random variable in
which we can count all the possible outcomes, we say the random variable is discrete .

A discrete random variable X can take a finite (or countably infinite) number of possible values.

If we have a variable in which we cannot count all the possible outcomes, we say the random variable is continuous .

A continuous random variable X can take an infinite number of possible values (within a region).

1) Classify the following random variables as either continuous or discrete:
a) The number of children in a randomly selected family
b) The tension at which a randomly selected tennis racket has been strung
c) The age (in years) of a randomly selected SAU student
d) The weight of a randomly selected box of cereal

e) The number of tornados in lowa in a randomly selected year

For the next few activities, we will be concerned with discrete random variables.

We will learn how to: 1. Display the probability model (probability mass function) of a discrete random variable
2. Calculate the expected value of a discrete random variable
3. Calculate the variance (and standard deviation) of a discrete random variable
4. Calculate probabilities using special discrete probability models

We will then learn how to do those same four things with continuous random variables. As we do this, we will continue to learn more
probability rules.

In my experience, these are usually the most difficult topics for students (from all of MATH 300 and 301). | recommend you complete
as many practice exercises as you can for the next few activities.



We can display the probability model for a discrete random variable through a probability mass function . Here is a graphical display
of the pmf for our lazy nurse model:
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Notice that if we set the width of each bar to 1 unit, then the area of each bar is equivalent to the probability of each outcome. We will
eventually come to think of probability as the area under a curve.

Properties of Probability Mass Functions: 1) For each outcome, 0.00 ! P(X) ! 1.00
2) The sum of all probabilities in the sample space is 1.00

Rather than displaying the probabilities of each outcome, we can use a cumulative distribution function (cdf) to display cumulative
probabilities.

A probability mass function  displays the probability of each event P(X = Xx)
A cumulative distribution function displays the probability of each event and all preceding events P(X ! x)

HereOs the cdf for the number of correct babymother matches:
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| Properties of Cumulative Distribution Functions: 1) It is monotonically increasing

| 2) It always starts at 0 and ends at 1.0
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Suppose now we toss a coin 3 times. If our sample space consists of the number of heads obtained, the pmf and cdf are:
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2) Suppose a discrete random variable has the following probability function:

X 3 5 7 8 9

P(X =Xx) 0.08 0.10 0.16 0.20 0.25

Calculate the following probabilities:
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a) P(X<5)= e) P(X<3)=
b) P(X! 5) = f) PE<X<9)=
c) P(X>9)= g PGB! X! 9)=
d) P(X" 9) = h) P(X>3)=

3) Suppose a discrete random variable has the following cumulative distribution function:

X 1 2 3 4
P(X! x) 0.00 0.15 0.35 0.75

Calculate the following probabilities:

a) P(X! 3)= d) PX<4)=

1.00

b) P(X>4)= e) P2<X<4)=

¢) PX=3)= HPR! X! 4)=




Ok, thatOs enough with discrete random variables for the moment. Time for an abrupt shift in topics...

4) Suppose you roll two dice. What is the probability that the first die shows 6?

5) Suppose you roll two dice and find their sum to be 7. What are the possible values for the first die? What is the probability of
obtaining each outcome? What is P(X = 6)?

6) Now suppose you roll two dice and find their sum to be 5. WhatOs the probability that the first die shevs 6? Why does this answer
differ from the previous question?

7) Suppose, again, we find the sum of two dice to be 5. What is the probability that the first die shows a 2?

The conditional probability — of an event is the revised probability of that event when there is additional information about the
outcome of the random experiment.

If we are given information about event B, then the revised probability of event A is written as P(A | B)

P(A|B) is read as Othe probability of A given BO

P(A! B)

Conditional Probability Rule : Probability of event A occurring given that event B has occurred is P(A| B) = P(B)

We have not yet learned how to calculate the numerator of this formula, but we can still calculate conditional probabilities



LetOs take a more irdepth look at our experiment of rolling two dice. HereOs a list of all 36 possible outcomes in our sample space:
11121314/ 1516 21 2223 24 2526 31 32/33 34 35 36 41/42 43 44 45 46 51 52 53 54 55 56 61 62 63 64 65 66

WeOre interested in calculating the probability that the first die shows a 2 given the sum of the two dice is 5.

LetOs calculate this probability by looking at the sample space.

Looking at the sample space, we see 4 outcomes yield a sum of 5. The first die shows a 2 in only one of these 4 outcomes.

Therefore, P(first die shows a 2 | the sum is 5) =" = 0.25

P(A! B)

Now letOs try our formula:P(Al B) = P(B)

A) We can define: A = the first die shows a 2 and B =the sum of the dice is 5
B) Wecansee: P(A)=1/6 and P(B)=4/36=1/9 (from our sample space)

C) We can also see: P(A # B) = P(the first die shows a 2 and the sumis 5)=1/36

D) We now use our formula: P(A|B)= P(Al B)_1/36_1 =0.25
P(B) 4/36 4

8) In Europe, 88% of all households have a television. 51% of all households have a television and a VCR. WhatOs the probability
that a household with a television has a VCR?

9) The probability that it is Friday and a student is absent is 0.05. Given it is Friday, what is the probability that a student is absent?

10) A statistics professor tosses two coins that cannot be seen by any students. One student asks if one coin turned up heads. Given
that the professor Os response is Oyes,O find thebability that both coins turned up heads



P(A! B)

Conditional Probability: p(A | B) =
P(B)

Look at the denominator in that formula. Recall that probability is __# Of outcomes of interest
Tota # of posible outtomes

If we are given information that event B has already occurred, then the total number of possible outcomes is reduced to B.

P(A! B)

Conditional Probability: p(A | B) =
P(B)

If we multiply both sides of the equation by P(B), we derive the General Multiplication Rule: ~ P(AMN B) = P(A | B) ¥P(B)

11) A new testis developed to detect a specific disease that inflicts 10% of the population. The test has a 97% chance of correctly
detecting the disease in an infected individual. Suppose you take this test. WhatOs the probability that the test indicates you have
the disease?

Advice: Once we learn about independence, you will be tempted to forget this General Multiplication Rule. Do not forget this rule!

12) Suppose two people draw a card at random from a standard deck. If you know the first person draws a heart, what is the
conditional probability that the second person will also draw a heart? WhatOs the probability that both individuals will select hearts?



Conditional probabilities, unions of events, and intersections of events can often be displayed via contingency tables. For example,

suppose we are given the following data concerning the degrees earned by Americans in 2001-02:

B.A. Graduate Professional Total
Female 645 245 32 922
Male 505 187 40 732
Total 1150 432 72 1654

13) Calculate the following probabilities:

P(male | professiond) = P(professiond | mae) =

P(male ! professiond) = P(male ! professiond) =
P(male ! professond)' = P(male ! professond)' =
QUESTIONS:

A) From a Life Table, one finds that 89.835% of females can expect to live to age 60, while 57.062% can expect to live to age 80.
Given that a woman has reached the age of 60, whatOs the probability that she will live to age 80? (Hint: Start by pretending you
have a population of 100,000 women and determine how many are expected to live to each age).

B) The relationship between P(A|B) and P(B | A) is given by BayesO formula:P(B | A) = P(A| B) Eéi; '

Suppose 3% of the population is infected with a specific disease: P(infected) = 0.03
A screening test correctly identifies a disease 99% of the time: P(+ | infected) = 0.99.
The screening test incorrectly indicates infection 1% of the time: P(+ | healthy) = 0.01

For a randomly selected individual, the screening test will give a positive result 3.94% of the time.
P(+ | infected)P(infected) + P(+ | healthy)P(healthy) = (.99X.03) + (.01).97) = .0394

Suppose you take the screening test and get a positive result. WhatOs the probability that you are infected?



