Activity #3: Application of Counting Techniques & Probability Rules

Warm-up question:

A) Amy has two children; the youngest is a female. Betty has two children; one of her children is female. What'’s the probability that
Amy has two female children? What's the probability that Betty has two female children?

Situation: A committee with 8 members (5 male, 3 female) must select two members to speak at next weeks’ conference. Through a
process he claims was random, the president of the committee selected two females to speak. Do we have reason to
believe the president didn’t select the speakers at random?

1) Let’s begin by listing the sample space of this experiment. We’re selecting a sample of 2 people from a population of 8, so it's
either a permutation or a combination. Which is it? How do we know if “order matters?”

2) Calculate the total number of pairs we could select from these 8 people.

If we denote the male committee members as (1, 2, 3, 4, 5) and the females committee members as (X, Y, Z), the sample space is:

{12, 13, 14, 15, 23, 24, 25, 34, 35, 45, 1X, 1Y, 1Z, 2X, 2Y, 2Z, 3X, 3Y, 3Z, 4X, 4Y, 4Z, 5X, 5Y, 5Z, XY, XZ, YZ}

Now we must define our outcome of interest. We are interested in the outcomes in which 2 females are selected: A = (XY, XZ, YZ)

Number of events in A

3) If each outcome in the sample space is equally likely to occur, we can calculate P(A) = - .
Number of possible outcomes

Is each outcome equally likely to occur? Calculate the probability of selecting 2 females from our committee of 8 people.




4) From this result, do we have reason to believe that the president did not choose the members at random?

5) What's the probability of selecting two males to speak at the conference?

6) What is the probability of selecting either two males or two females?

7) What is the probability of selecting one male and one female? (We can use the complement rule)

8) Suppose the committee had 50 male and 30 female members and that the president chose 20 females to give a presentation.
What's the probability of this happening if the president chose committee members at random?



Situation: Suppose you mustinspect a batch of 100 rods and decide whether or not to accept the shipment. Since inspecting all 100
rods would be too time-consuming, you decide to inspect a sample of 4 rods. You create the following decision rule

| assume there are no defective rods. If | find one or more defective rods in my sample, | will conclude that my
assumption is wrong. | will therefore reject shipment.

Let's also assume that the manufacturer of these rods has placed 20 defective rods in the batch (hoping that you won’t look
at these rods).

What is the probability that you will incorrectly accept shipment of these rods?

9) To begin, let’s once again define our sample space. Order doesn’t matter, so we calculate the number of ways of choosing a
sample of 4 rods from a population of 100 rods as:

100!

wCs = 00—~ 3,921,225

Now that we have our sample space, we must define our event of interest. We want to know the number of ways we can select no
defective rods from the population. Therefore, we need to know how many ways we can select 4 non-defective rods from the
total number of non-defective rods in the batch. Calculate this.

10) Now calculate the probability of incorrectly accepting the shipment of rods. How could we reduce this probability?

11) What's the probability that we find at least one defective rod in our sample of 4 rods?

12) What's the probability that we find exactly 1 defective rod in our sample of 4 rods? How about 2 defective rods?



The strategies we have learned so far work when the outcomes are equally likely. We will often be interested in experiments in which
the outcomes are not all equally likely. For example, suppose we toss a coin three times...

Our sample space is: HHH HHT HTH THH HTT THT TTH TTT (all equally likely to occur)

Suppose now that we’re interested in the number of heads we get in 3 rolls. Sample space: {0 heads, 1 head, 2 heads, 3 heads}

13) Our sample space has 4 possible outcomes, but it is incorrect to assume the probability of each outcome is 25%. Whatis the
probability of each outcome? To answer this, we must look again at our sample space:

Outcome Number of Heads Proportion of total outcomes
HHH 3 l =0.125
8
HHT 3
HTH 2 —=0.375
THH 8
HTT 3
THT 1 —=0.375
TTH 8
1
TTT 0 § =0.125

Scenario: You are the world’s laziest nurse. One night, four mothers with the last names of Anderson, Boyd, Carter, and Dillon give
birth to baby boys. Each mother gives her child a first name alliterative to his last: Andy Anderson, Bobby Boyd, Chris
Carter, and Dennis Dillon. You're too lazy to keep track of which baby belongs to which mother, so you decide to return the
babies to their mothers completely at random.

Our goal will be to calculate the probability that we return 0, 1, 2, 3, or 4 babies to the correct mothers.

14) Let’'s simulate this experiment. Take four index cards and one sheet of scratch paper.

a) Write A on the first index card, B on the ond card, C on the 3“’, and D on the 4™,
b) Divide your sheet of paper into four areas (A, B, C, D) corresponding to the mothers’ last names.
c) Shuffle the four index cards and deal them out randomly with one index card going to each area on your paper.
d) Finally, turn the index cards over to reveal which babies were correctly assigned to their mothers.
)

e) Repeat this process five times, each time record the number of correct matches you find

Repetition 1 2 3 4 5

# of matches

Aggregate the results from the rest of the class and complete the following table

# of matches 0 1 2 3 4 Total

Count

Proportion




15) Now that we have an empirical estimate of our probability model, let’s use an exact enumeration analysis to create a probability
model. Let’s list all the possible arrangements of returning babies to the mothers. How many outcomes should we find in our
sample space.

16) The following table displays the sample space along with the number of correct baby/mother matches in each outcome.

Order # of Successes Order # of Successes Order # of Successes Order # of Successes
ABCD 4 BACD 2 CABD 1 DABC 0
ABDC 2 BADC 0 CADB 0 DACB 1
ACBD 2 BCAD 1 CBAD 2 DBAC 1
ACDB 1 BCDA 0 CBDA 1 DBCA 2
ADBC 1 BDAC 0 CDAB 0 DCAB 0
ADCB 2 BDCA 1 CDBA 0 DCBA 0
Calculate the following probabilities: P( 0 successes ) = P( 1 success )=
P( 2 successes ) = P( 3 success ) =

P( 4 successes ) =

QUESTION:

17) Four students, who had received A’s in statistics all semester, stayed out late the night before a test. Waking up late, they did not
make it to class to take the test. Their excuse to the professor was that they had a flat tire (and, therefore, they should be allowed
to retake the test). The professor agreed, wrote out a test, and sent the four students into separate rooms to take it. The first
question, written on the front of the test, was worth 5 points. All four students answered this question easily. When they flipped to
the back of the test, they saw the following item (worth 95 points):

Exam Question: Which tire was flat?

What is the probability that all four students chose the same tire?



