Activity #23: Independent Samples t-test

In the past two weeks, we have learned how to conduct hypothesis tests to compare an observed statistic to a hypothesized population parameter.
Examples: Do UFO observers have higher or lower IQs than average? To answer this, we compared X to u= 100

Will Davenport voters pass the levy? ~ To answer this, we compared [0 to p = 0.50

WeOre now ready to learn how to compare the parmeters of two populations.
Examples: Does an experimental drug reduce blood pressure? To answer this, we will compare Hdrug with up,acebo

Do graphing calculators increase achievement? To answer this, we will compare L.gc With U aditional

Thinking behind hypothesis tests: 1. Assume the hypothesized value of the parameter is true.
2. Look at your observed data and find how plausible the null hypothesis is based on your observations
3. If the null hypothesis isnOt plausible, conclude the hypothesized value of the parameter is not true.

Before we begin, letBs recall some of the facts weOve learned in this class.

Independence : The outcome of event A does not influence the outcome of event B.
Two groups of subjects (or objects) are said to be independent if there are no links between subjects in the two treatment groups.

Expected Values : E(X) =t and E(X+Y)=E(X)+E(Y) and E(X!Y)=E(X)! E(Y)

The average difference between two groups is equal to the difference between the group averages.

Variance: Var(X) =/
If X and Y are independent , Var(X +Y) =Var(X) +Var(Y) and Var(X!Y)=Var(X)+Var(Y)

Population #1 Population #2
Subjects: Ny Subjects: N,
Observed Data: X1, X15,...Xq, Observed Data: X1, X15,...Xq,
Parameter. [ I --- Are these different? ---" Parameter. U,
Parameter: ! ; Parameter: ! ,
Hypotheses = Ho: [y = Hj or !ty = 0 } If we write them like this, weOre really just comparing one

Ha: IJ1 | uz or IJ1 ] IJ2 =0 observed statistic to a hypothesized value for the parameter.



We donOt know the values offd; or U, so we wonOt be able to directly calculate([,l1 ! [,12) . Instead, weOll have to use a point estimate of this quantity. The logical estimator

touseis (X1! X2). If we want to use the estimate (X1 ! X2), weOll need to know its sampling distribution.

Sampling Distribution of (Yl ! Yz):

1. since E(X 1Y) = E(X)! E(Y) # E(X1! X2)=E(X1)! E(X2) =y ! U,

2. Under the null hypothesis, L; ! Hy, = 0, so we know the sampling distribution is centered at zero.

3. We know the standard error of a sampling distribution is calculated as: ! M =

4. We now can calculate the variance of the sampling distribution as: /

_ — — 12 12
5.since Var(X ! Y)=Var(X)+Var(Y) # Var(X1" Xz2)=Var(X1)+Var(Xz) =1 +-2
R N

6. Therefore, the standard error of this sampling distribution is: ! X" Xo —

observed hypothesied
SE.

7. The standard form for a z-statistic is: Z =

(X" X2)" (" H2) _ (o)

7. Therefore, our test statistic is: Z =




What happens if we donOt know the values of/ for the two groups? Logic would dictate we substitute their estimates:

Good Guess:

Option #1:

(X2t X2) ! (! wy) e Unfortunately, this is not a t-distribution. We can only use the t-distribution if we
T replace one ! with an S. We replaced two parameters with their estimates

If we canOt use the-tlistribution, what can we do?

If we can safely assume the two groups have equal population variances (/ 12 = 5), we can substitute a single value of 82 for a single value of ! 2
Then we would still have a t-distribution!

Remember, weOll never know the true values of! 12 or ! 22 How could we possibly ever assume theyOre equal if we donOt know their true values?

In this class, weOll use the eyeball method. If it looks as thoughSl2 ! Sg weOll conclude the variances are approximately equal. In MATH 301, weOll learn more
sophisticated methods for testing the equality of variances.

Suppose we draw two independent samples of observations and calculate: 512 =8 and Sg =10. I think | can safely assume the variances are equal.
What one value should | substitute in for those variances? Since the sample sizes might be different for the two groups, weOll need a weighted average:

( i1 1) and S§ — ( i2 2) the weighted average is: SFZJOOIed — (nl H 1)51 (n2 . 1)52
n!l n,!1 (!'Y+(n,!' D

If 87 =

(! DS +(ny ! Ds;
(!'D+(n,! D

Therefore, when we assume equal variances, the standard deviation is: Spooled =

_ (X! X2) ! (! pp)
+ 1 [(n! 1)512"'(”2! 1)53

oy (! D+ ! 1)

Our test statistic is:

1 |(n! 1)512 +(n, ! 1)35

non | (! )+,

Confidence Interval: (x 1! X 2) + 1:nl+n2! 2



Option #2:  If we cannot assume the two groups have equal variances (’ 2w / 2 ) we must modify the degrees of freedom (if we still want to use the t-distribution)

If you use a statistical software package to run an independent sample t-test, the degrees of freedom will be modified using the Welch-Satterthwaite Method:

, 2
df’* = ‘éht M #
0/31 e 0/32
l# &

n!l !1

IOm going to assume you all could use this if you had to, so weOre not going to calculate it ever by hand in this clas Instead, weOll use another methodE

Conservative Method:  If weOre comparing two independent population means and we cannot assume the variances are equal, we will use:

(Xl' XZ)' (U ! Hp)

ty = where df =min{n, ! In, ! 1}




