Activity #2: Basic Probability Theory

Last time, we said: Out of 100 tosses of a fair coin, we expect to obtain around 50 heads and 50 tails

1) If there is a 50% chance of getting heads or tails, why don’t we expect to obtain exactly 50 heads each and every time we conduct
this experiment? How do we even know there is a 50% chance of obtaining heads on any single coin toss?

A phenomenon is random if individual outcomes are uncertain but there is nonetheless a regular distribution of
outcomes in a large number of repetitions.

The probability of any outcome refers to our prediction of the likelihood of that outcome occurring in the future.

2) What is the probability that | am reading this question on the second day of class? What is the probability that | will read this
question on the second day of class next year? What is the probability that you showed up to class today?

In dealing with random events and probability, our ultimate goal is to create a probability model.

A probability model displays (in a list or graphically):
a) All possible outcomes of an experiment (called the sample space )
b) The probability of observing each of those outcomes

3) Write out the probability model for flipping a fair coin. How did you estimate the probabilities for this model? Write out the
probability model for your grade in this course. How did you estimate the probabilities for this model?



Probability is a useful concept, but it can be interpreted in many ways. Three approaches to probability can be taken:
1. Relative frequency approach:  Probability is how frequently something happens over a large number of repetitions
2. Classical approach: Probability is related directly to the number of possible outcomes in an experiment.
3. Subjective approach: Probability is intuitive.

It is not important to remember the names of these approaches or their differences. Itis only important that you understand how
probabilities are estimated and understood. In time, you will calculate probabilities without thinking about any specific approach.

Let's use these approaches to gain understanding about probabilities.

Relative frequency : Probability is estimated from the proportion of times an outcome occurs in a long series of repetitions.

P(win) = lim VNS
ridst " trials

4) The relative frequency approach to probability uses past experiences to estimate probabilities. Suppose we toss a coin 10 times
and observe 7 heads.

7
Our best estimate of the probability of tossing heads would be — =.70. Why is this estimate inaccurate?

Karl Pearson, a famous statistician, once tossed a coin 24,000 times and observed 12,012 heads.

Using these results, the estimated probability of observing heads would be 12,012
is more accurate? 4,000

=.5005 Do we know if this estimate probability

5) Under the relative frequency approach, probability is defined as the proportion of times an outcome occurs as the number of
repetitions approaches infinity. A greater number of repetitions yields a probability estimate that is more stable.

How would you estimate and interpret the following probabilities using the relative frequency approach?

A) What's the probability that the next vice president will become president in the future?

B) What's the probability that Kobe Bryant makes his next free throw?

C) If we roll two dice and calculate their sum, what'’s the probability that the sum is 77?

To estimate this probability, | had a computer simulate 5,000 rolls of two dice.

From these 5,000 rolls, 897 summed to 7.

From these results, we would estimate the probability of rolling a 7 to be

97 =.1794
0

Can you think of another way to estimate the probability of rolling a 7?



Classical : Probability is directly related to the number of outcomes in a given experiment.

Assume an experiment has S different outcomes and each of those outcomes has an equal chance of occurring.

# of events in A

If each outcome is equally likely, then the probability of observing outcome A P(A) =

# of events in S

In this approach, we must carefully define our sample space (all possible outcomes) and our outcome of interest.

6) Let's first make sure we understand what is meant by a sample space. Suppose we toss a coin 3 times. List the sample space. Is
each outcome in the sample space equally likely to occur? What's the probability that we observe at least 2 HEADS?

7) Again, suppose we toss a coin 3 times and we’re only interested in the number of HEADS we observe. List the sample space. Is
each outcome in the sample space equally likely to occur? What's the probability that we observe at least 2 HEADS?

8) Suppose | select one SAU student at random and ask what grade he or she earned in speech class. What is the sample space for
this experiment? Are all outcomes equally likely to occur?

This table shows the 36 possible outcomes (the sample space) from rolling 2 dice.

11 21 31 41 51 61

12 22 32 42 52 62

13 23 33 43 53 63

14 24 34 44 54 64

15 25 35 45 55 65

16 26 36 46 56 66
Since each outcome is equally likely, the probability of observing any one outcome is — =~ 0.0278 .

What's the probability of rolling a 7? How does this compare to our relative frequency approach? Which is more accurate?



The classical approach is useful, but counting outcomes can quickly become tedious. For example...

If we roll a die 3 times, we have 216 possible outcomes
If we roll a die 10 times, we have 60,466,176 possible outcomes

If we toss a coin 10 times, we have 1024 possible outcomes
If we toss a coin 20 times, we have 1,048,576 possible outcomes

If we choose 6 lottery numbers between 1 and 36 (and no number can repeat), there are 1,402,410,240 possible outcomes.
If we choose 6 lottery numbers between 1 and 36 (and numbers can repeat), there are 2,176,782,336 possible outcomes

Listing the sample spaces for these experiments would be an inefficient way of calculating the total number of possible outcomes.
Thankfully, we can use some basic counting rules to speed up our calculations.

Counting Rules: Multiplication Rule, Factorial Rule, Permutations, and Combinations

Advice: We will encounter these counting rules throughout the first two-thirds of this course, so they are important.
Trying to memorize these rules and their names is not a good use of your time.
You will use a calculator to evaluate these formulas, but it is important that you understand why these formulas work
You will want to memorize how to calculate combinations ; you will use the slot method for all other calculations

Multiplication Rule:  An experiment consisting of n trials each having x possible outcomes has X" possible outcomes

9) Suppose we toss a coin 3 times. How many possible outcomes could we observe? Draw a tree diagram to display this. How
many possible outcomes could we get from tossing a coin 5 times? How about if we roll a die 3 times?

10) Rather than using the multiplication rule, you can use what | call the slot method . In this method, you draw slots (blank lines) to
represent the number of trials. Then you write the number of possible outcomes for each slot and multiply those numbers. Try the
slot method to calculate the number of possible outcomes from rolling a die 3 times.

11) A restaurant offers a choice of 6 entrees, 4 beverages, and 2 desserts. How many different meals can you make from these
choices (assuming you choose one entrée, beverage, and dessert)? If the restaurant also allows you to choose 2 different
beverage sizes, how many different meals can you make?



12) In order to create an online bank account, you must select a unique PIN. Your PIN must be 4 characters long and each character
may be:
a lower-case letter
an upper-case letter
or a number

The characters may be repeated. If there are 300 million people in America, could they all have unique PINs?

13) How would the probability from the previous question change if characters could not be repeated?

Factorial Rule:  The number of ways to arrange n objects in a row, called a permutation of the n objects, is equal to n!

Use this rule only when sampling without replacement (once an object is selected, it can’t be selected again)

14) In how many ways can we arrange the letters ABCD? Do you see why this is considered to be sampling without replacement?

15) Let’s use the slot method again:

16) How many PINs could we generate from question #13 (no characters may be repeated)?

17) How many unique ways are there to arrange 10 books on a shelf? If we arrange books randomly, is each outcome equally likely?



18) Today you must study, play videogames, sleep, eat, and call your parents. In how many ways can you arrange your schedule?

n!

- (n"r)!
Order is important with permutations. In other words, the event ABCD is not the same as the event ACBD

Permutations: If we need to fill r positions by selecting from n different objects, we have Pr arrangements

19) Using each digit only once, how many unique 4-digit numbers are there?

20) Use the slot method to answer the previous question.

21) How many ways are there to select a president, vice president, and secretary from 6 people? Is order important?

||n% n|

:%’l&: (n( A

Combinations: ~ The number of ways to select r items from n distinct items (order not important) is: nC,-

Order is not important with combinations. In other words, the event ABCD = the event ACBD
The slot method does not work with combinations (because order is not important)

22) How many ways can we select committee members from 6 people? How does this differ from the previous question?



23) Will we always have fewer combinations than permutations? Why or why not?

24) How many different 5-card hands can we select from 52 cards? How can we calculate these combinations on our calculator?

25) Suppose we must divide 8 subjects into 2 groups. In how many ways can we do this? In how many ways can we divide 12
subjects into 3 groups?

26) Suppose you draw one card from a standard deck of 52 cards (jokers removed). Calculate the following probabilities:

P(red card) = P(Joker) =
P(club) = P(Ace or Jack) =
P(not a club) = P(ace or club) =

From this simple example, we can derive some facts about probabilities. For any event A in sample space S:

a) 0! P(A)! 1.0 (Every probability is a number between 0 and 1)

b) P(S)=1.0 The probability of the entire sample space is 1.0 (or the sum of all probabilities 1.0)

Suppose we have an experiment and we know: S ={A, A’} and P(A) = 0.30. We can see thatP(A’) =

c) P(A)=1.0! P(A) (Complement Rule: The complement of an event A is defined to be “event A does not occur”)




We’ll use this opportunity to introduce Venn diagrams as a visualization of events and a sample space. The following Venn diagram

displays a sample space S, an event A, and the complement of A. Shaded areas in a Venn diagram represent probabilities. Therefore,
the following diagram shows the probability of event A occurring.

S Example:
AO 1 2 3
4 5 6

“Probability of event A occurring” Experiment = Roll a die

Event A = {greater than 3)
P(A) = 0.50
P(A)=1-0.50=0.50

27) Let's derive additional probability rules and introduce some vocabulary. Consider events A and B in sample space S:

Events A and B are disjoint Event B is a subset of Event A Events A and B overlap

A: Greater than 3

A: Greater than 3 A: Greater than 3
B: Less than 3

B: Greater than 4 B: Multiple of 3

Set Notation:

Union of events : P(A! B)=P(A or B) = “probability of either event A or event B occurring”

Intersection of events : P(A" B) = P(A and B) = “probability that both event A and event B occur”
Subset: B # A = “event B is a subset of event A”

28) Suppose a class contains 10 freshmen, 15 sophomores, and 5 juniors. If you select one student at random, calculate:

P(freshman) = P(sophomore) =

P(junior) = P(sophomore or junior) =




Advice: We will encounter about one dozen important probability rules. Many of them will be common sense.
While these rules can come in handy, | do not want you to rely on looking up these formulas. Understand these rules!
When you calculate probabilities, you'll find a combination of these rules and Venn Diagrams to be most helpful.
All this being said, the General Addition Rule is important and should be memorized and understood.

Addition Rules (OorO events):

1) General Addition Rule: P(AorB)=P(A! B)=P(A)+P(B)-PA" B)

Note that we do not yet know how to calculate P(A" B)

2) Addition Rule for Disjoint Events: If A and B are mutually exclusive, then P(A or B) = P(A! B)=P(A) + P(B)

Why?

3) Addition Rule for Subsets: If B is a subset of A, then P(A orB) =P(A! B)=P(A)

4) Addition Rule for 3 Events (A,B.C): P(A! B! C)=P(A)+P(B)+P(C)-P(A" B)—P(A" C)-P(B" C)+P(A" B" C)

29) Draw Venn Diagrams to display each of those addition rules. Make sure you understand these rules!



QUESTIONS:

30) The following table displays the results of the sinking of the Titanic:

Men Women Boys Girls Total

Survived 332 318 29 27 706
Died 1360 104 35 18 1517
Total 1692 422 64 45 2223

If you select a Titanic passenger at random, what is the probability of selecting a woman or child?

What is the probability of selecting a man or someone who survived the sinking?

What is the probability of selecting a man, boy, or a survivor?

31) Suppose we have 10 IE majors and 10 other majors in this class. | need to choose 4 students at random to fail this course (thus,
satisfying my ego). In how many ways could | choose 4 students out of 20? In how many ways could | choose 4 students out of
the 10 IE majors? Using the results from these two questions, what is the probability that | randomly select 4 IE majors to fail?

First Extra Credit Opportunity: Deadline = Before the end of the first unit
For extra credit, you can explain (either verbally or in writing) one of the following famous probability problems to me. You can
look up the solutions to these problems online, but make sure you are able to explain the solutions.

A) The birthday problem. Suppose we want to know if two people in a classroom share the same birthday (day and month,
but not the same year). How many students would need to be in the classroom in order to make
the probability of finding two people with the same birthday at least 50%?

B) Monty Hall Problem. You are a contestant on the LetOs Make A Deagame show. You must choose one of 3 doors to
open — prizes are behind 2 of the doors and a goat is behind the other door. After you choose a
door (let’'s say door A), the game show host opens one of the other doors (let’s say door B) to
show you a prize. The host now gives you a chance to change your choice (to door C, if you'd
like). Should you change doors? What's the probability that you win a prize if you do change
doors? What's the probability that you win a prize if you do not change doors?



