Activity #17: Central Limit Theorem Resource: http://www.ruf.rice.edu/~lane/stat_sim/sampling_dist/index.html

Review of Sampling Distributions:

The birthweights of babies born in the U.S. follow a normal distribution with 4 = 3250grams and ! =550 grams. Through a computer simulation, | repeatedly took samples
of size n=2, calculated the sample mean for each sample, and created a distribution of those sample means. | then repeated the process using sample sizes of n=5 and n=20.

1) Describe the shape of the sampling distribution | obtained in each case. How does the sampling distribution of sample means change as the sample size increases?

2) The following statistics summarize the sampling distributions obtained from repeatedly sampling 2, 5, and 20 observations. Fill-in the last column.

Mean of sample Standard deviation of 5§ = !
means the sample means \/;
n=2 3300 391
n=>5 3281 244
n=20 3252 123

This simulation (in addition to the derivations we made in the last activity) should convince you of the following:
Central Limit Theorem : If we repeatedly take samples of size n from a population with an unknown distribution and calculate the mean of each sample,

1. The mean of the sample means will equal the population mean regardless of the sample size or distribution shape

2. The standard error (standard deviation of the sampling distribution of sample means) shrinks as sample size increases: S = %—
n

3. The shape of the sampling distribution of sample means is approximately normal if:
a) The population distribution is normally distributed or
b) We repeatedly take large sample sizes (n>30)

Let’s investigate this theorem...



Situation: The Long-Winded Statistics Professor

A (hypothetical) statistics professor always seems to continue lecturing after the class period should have ended. Let X = the amount of time the professor lectures after class

should have ended. Students at this University recorded X each day for several years. They found that X is normally distributed with a mean of 5 minutes and a standard deviation
of 1.8 minutes.

3) Sketch the distribution of X and label the mean and standard deviation. Is the mean of this distribution a statistic or a parameter?
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4) The last page of this activity contains a list of X values recorded by the students. Select one time at random from the list. How long did the professor run over the scheduled
ending time? Select four other times from the list. What is the sample mean for your five observations?

5) Take another two samples of size n=5 and calculate the mean of each sample. Record all the sample means observed by the class. Sketch the distribution of those means.
Finally calculate the mean and standard deviation of those sample means. What values do we expect to find for the mean and standard deviation?



6) This time, everyone in the class should take a sample of size n=25 from the list of lecture times. Calculate the mean value from your sample. Record the sample means
observed by everyone in the class and calculate the mean and standard deviation of those sample means. How did the standard error change as we increased sample size?

7) Did we obtain results similar to what we expect under the Central Limit Theorem?

Situation:  Penny Ages

The following histogram displays the ages of 1000 pennies collected in a jar over the past year. The distribution of ages has { =12.71and /! =10.96.

Comment on the shape of the distribution.
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8) lused a computer to randomly select 5 pennies from the population. The following descriptive statistics were calculated:

3 Descriptive Statistics

250 N | Range Min Max Sum | Mean  STDEV | VAR
20 Penny Ages |5 17.00 3.00 20.00 56.00 11.20 8.228 67.70
8

The process was repeated with another random sample of 5 pennies.

35 Descriptive Statistics

110 N | Range Min | Max Sum | Mean STDEV VAR
12 Penny Ages |5/ 34.00 1.00 35.00 61.00  12.20  13.554 @ 183.70
3

Comment on the statistics obtained from the two random samples.

9) | then repeated the process 500 times. The following results were obtained. Comment on the shape of the sampling distribution for n=5..

15% Descriptive Statistics

N Mean Std. Deviation

Sample of ¢ 500 12.6464 4.86795
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10) The entire process was again repeated, this time with a sample size of n=10. How have the shape, mean, and standard deviation of the sampling distribution changed with the
larger sample size?

25% Descriptive Statistics
N Mean Std. Deviation
20%™
Sample of 1C 500 12.633 3.34026
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11) The following histograms show the distribution of sample means for sizes n=50 and n=100
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12) Sketch the following distributions on the same set of axes (draw a smooth curve approximating each distribution)
a) The population distribution

b) The distribution of sample means when n=5
c) The distribution of sample means when n=100
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13) What do these simulations reveal about the shape of the distribution of sample means as sample size increases?

14) What do these simulations reveal about the mean of the distribution of sample means as sample size increases?

15) What do these simulations reveal about the standard deviation of the distribution of sample means as sample size increases?

54



16) It makes sense that the sampling distribution of means from a normal distribution would be normally distributed. But what about the sampling distribution of means from a

population that is not normally distributed? Suppose we have the following distributions:

a) A uniform distribution with p = 24.814 and ! = 14.18559 b) A chi-square distribution with y=0.9869 and! = 1.36493
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If we were to take 1000 samples of size n=100 from these two distributions, what would the sampling distribution of those sample means look like?
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17) You can see that when the sample size is large, the sampling distribution of the mean approaches a normal distribution. Complete the following table:

Mean of Standard
o Sample Theoretical mean of | deviation of Theoretical value of
Distribution . v sample !
Size sample means (from CLT) sample means s (from CLT)
means (s)
Uniform 100 24.814 25.0 14.186 1.45
Chi- 100 | 0.9869 1.0 1.365 0.14
Square




Why should we care about the Central Limit Theorem?



