Activity #15: Constructing Point Estimates (Method of Moments; Maximum Likelihood)

Moments:

E(X) = Firstmoment= Mean

E(X)? = Secondnoment

E(X ! E(X))? = Secondnomentbout theneare Variance

E(X ! E(X))® = Third momentabout thenear= Skewnes (Negative = negative skew; Positive = positive skew)
E(X ! E(X))* = Fourthmomentabout thenear= Kurtosis

Maximum Likelihood: Even though a formal discussion of the principle of maximum likelihood is beyond our scope, | think you should have some intuitive feel for this idea.

Situation:

We have n independent observations (X1, Xz, E, X,) taken from our population of interest
We know the population is modeled by a probability function with an unknown parameter / : (X |!)
We want to know the value of / that maximizes the likelihood that we would have obtained the data we actually did obtain.

We know the probability of obtaining the first observation can be calculated from f (X, |/)

Since the observations are independent, we know the probability of obtaining our first two observationsis f (X, X, [/) = (X, |/ )f (X, |!)
n

Therefore, the probability of obtaining all our observations is: (X1, X5,... X, |") = f(X1 ") f (X, |")...f (X, 1") =1 f(X,|")
i=1

We already know our observed values, so this is no longer a probability (the probability of obtaining our sample of observations is 1.0)

n
Therefore, we call this a likelihood function : L(" | Xq, X,,...X,) =1 (X, |")
i=1

Our goal is to find the value of / that maximize this likelihood function. How do we maximize functions using mathematics?

In other words, weOre trying to answer the question:For what value of | is our observed data most likely to have arisen?



Example: Sample: We sample 15 recent graduates from SAU and ask them if they have found a job in their selected field.
Population: WeOre interested in determining the proportion of SAU graduates that have found a job in their field.
Let X = 1 if the graduate found a job, otherwise X = 0.

Weobserve: 1 0011100111010 1 (9ofthe 15found a job)

We know the probability of finding a job can be modeled as a binomial random variable. Therefore, the probability that our first subject found a job is modeled by pX (l! p) X

The probability that we would have observed 9 graduates who found jobs and 6 graduates who didn®t find a job is therefore modeled by:

P(1001110011010) = p(1! p)(L! p)pppl! p)(L! p)pppd! p)pl! p)p=p°@! p)°

Suppose we guess that the probability of finding a job is 0.30. How likely is it that we would have obtained our results?

L=p°@! p)®=(0.3)°(0.7)° =0.00000231!

Suppose we guess that the probability of finding a job is 0.50. How likely is it that we would have obtained our results?

L=p°@! p)®=(0.5)°(0.5)° = 0.000030"

Suppose we guess that the probability of finding a job is 0.60. How likely is it that we would have obtained our results?

L=p°@! p)® =(0.6)°(0.4)° = 0.0000412¢

How can we find the value of ! that maximize this likelihood function?
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It looks like p=0.60 maximizes this likelihood function, but we canOt be sure itOs not really something else.

LetOs maximize the likelihood function: L(Pp | X4, X5,...,X,) = p! S p)n"! %



— Al X %
L(p| Xy, Xy, X)) = p° (1" p)
To find the maximum, weOll set the first derivative equal to zero and solve.

Unfortunately, derivatives of products are always messy. If we take the logarithm of the likelihood function, we can get rid of the products

inW)=Ingp' * @ p" " (eindp! ek " =1 xin+ (] )i p

The derivative of this with respect to p:

n 1]
d X n! 7 x

dp p 1 p

@ p! x=pn"! x)

I x" pl x =pn" pl x



EXAMPLES: Normal Distribution; Maximum Likelihood for Item Response Theory
Item Response Theory:  The probability of an examinee correctly answering a test item depends on:

¥  An examineeOs ability level: /
¥  Item parameters: c (guessing parameter), b (difficulty parameter), and a (discrimination parameter)

The relationship between an examineeOs ability and the examineeOs probability of correctly answering an item can be modeled by a thrgmrameter logistic function:
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Suppose we want to estimate an examineeOsbility from a 4-item test. The item parameters are:
a b c
1
Item #1 — 1 15
1.7
1
Item #2 — 0 15
1.7
1
Item #3 — 1 25
1.7
1
Item #4 — 2 15
1.7




We donOt know the examineeOs alyjlithatOs what weOre trying to estimate), but we do know an examineeOs responses to each item. Suppose our examinee gets items #1 and #3
correct and items #2 and #4 incorrect. The probability of correctly answering items #1 & #3 and incorrectly answering items #2 & #4 can be expressed as:

e+ e)
P(u, =1) =.15+ (1! .15 ——— P(u; =1) =.15+(1" .19 ——~
1+ e( +1) 1+ e( )
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Item Response Theory states that the item responses are independent, so we can find the probability of obtaining a particular response string:

P(u; =Lu, =0,u3 =Lu, =1) =R (1! R)R1! Py)

Now our task is to simply find the value of / that maximizes the likelihood of obtaining our response string of [1010]. We can do this through guess-and-check:

"=12 "=11 ' =0 =1 0=2
ltem #1 (P) 379 575 771 .899 .959
ltem #2 (1-P) 749 621 425 229 101
ltem #3 (P) 286 339 452 625 798
ltem #4 (1-P) 835 810 749 .621 425
Likelihood 0.0675653 0.0981909 0.110871 0.0797869 | 0.0329904

Between what two values of @ will be our best estimate of the examineeOs ability?

Using some calculus to maximize the log of this likelihood function, we estimate " =10.12.



