Activity #14: Point Estimates & Statistical Inference

Probability : We know characteristics of our population. We try to predict characteristics of a sample taken from that population based on the known population characteristics.

Example: If we toss a coin, we know P(heads) = 0.50. Suppose we toss a coin 5 times. What proportion of heads should we obtain?

This is a binomial random variable, so we can calculate the probability of obtaining 0, 1, 2, 3, 4, 5 heads.

P(X =0]|bin,p=.5) = gf(o.50)0(0.50)5 =0.03125 P(X =1|bin,p=.5) = %z f(o.50)1(o.50)4 =0.15625

n

P(X=2)= %Z ]ft(o.so)5 =0.3125 P(X =3) = gf(o.so)5 =0.3125 P(X =4) = §‘; 1¢(o.50)5 =0.15625

P(X =5)=1.0! (0.03125+0.15625+ 0.3125+ 0.3125+ 0.15625 = 0.03125

Statistical Inference : We draw a sample from an unknown population.

We want to predict characteristics of the population (parameters) based on characteristics of our sample (statistics).
There are two main types of statistical inference:

1) Estimation
a) Point estimation: Predict the value of a population parameter.
OBased on our sample of 1,000 examinees, the average IQof all American citizens is 100

b) Interval estimation: Predict a likely interval for the value of a population parameter. ]
OBased on our sample, weOre 95% confident the interval [91, 107] contains the true average 1Q of all USA citizensO

2) Hypothesis Testing: We develop competing hypotheses about the unknown population parameters. Based on observations from a sample of data,
we decide which of the two hypotheses is more likely to be true.

The rest of this course (and most of Stats II) will focus on statistical inference.

In this activity, weOll learn the characteristics of a good point estimate and methods we can use to construct point estimates. Then, after we study sampling distributions and the
Central Limit Theorem, weOll learn how ta@onstruct interval estimates. Finally, weOll spend the rest of class learning how to conduct hypothesis tests.




Point Estimation : We symbolize a parameter (a defining characteristic) of a population as ! (theta). A point estimator 10is a statistic we use as our best guess of / .

Example: WeOre interested in the following characteristics of books in the St. Ambrose library:

We randomly sample n = 25 books from the library and observe the following characteristics:

Can we use the statistics we calculated from our sample to estimate our parameters of interest?

(1) What is our best guess for U ?

(2) What is our best guess for P ?

(3) Whatis our best guess for /' 2

(1) The average weight of all books in the library (! = )

')

(3) The proportion of books that are less than 3 years old (! = p)

(2) The standard deviation of the weights of all the books ("

(1) The sample average weight: Y =34
(2) The sample median weight: M = 2.6

(2) The trimmed mean weight: X trim = 3.0

(3) Number of books less than 3 years old = 4

(4) The sample standard deviation: H=

(3) The sample standard deviation: S =




Properties of Good Estimators

1) E(/9 =/  we want our estimates to be unbiased. In other words, we want to minimize Bias= E(/9" /

Suppose we repeatedly take samples of size n=25 from the population and calculate 1C for each of those samples.

If we then calculate the average of those .’O-values, we would hope that average is equal to the true population parameter.

Is the sample mean X an unbiased estimate of the population mean U ? Recall E(X)=u

. X .
Is the sample proportion |0 = — an unbiased estimate of the population proportion P ? Recall E(X|bin) = np
n

Which sample standard deviation is the unbiased estimate of the population standard deviation? WeQll investigate this a little ler.



Properties of Good Estimators (continued)

1) Var(!C) =small Even if an estimator is unbiased, it may still fluctuate wildly from sample to sample.

Since weOre only taking one sample of size n=25, we want our single estimate/C to be as close as possible to /
The distributions of two unbiased estimates of the population mean are displayed below. Which would you prefer to use?

What is the variance of the sample mean? Recall Var(aX +b) = a?var(X)

What does this tell us about the accuracy of our estimate of the population mean? How can we improve the accuracy of our estimate?



Properties of Good Estimators (continued)

0 "ll 0 - . . . . .
3) MSE(.Q = E%’O ! )2 % small If two competing estimators have different levels of bias and variance, we want to use the estimator that has the smallest MSE.

Notice:

MSEO) = E§0" 17§ B[ EOREO" Y
-l e holecr 1)e(e e
sinceE(0" E(9)=ED" EO=0,

= EO) ¢ (EA )

Recall E(x*)" (E(x))” =Var(x)

=Var(9 + biag’

Low Bias Low Bias High Bias High Bias
Low Variance High Variance Low Variance High Variance
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Is S= # a biased or unbiased estimator of the population standard deviation? If it is unbiased, then E(S) =/ .
n:

LetOs look at the numerator 0sz :
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If for some strange reason you donOt like that proof, how about thisE

Recall: The definition of the sample mean is that it is the value that minimizes the sum of squared deviations within a sample of observations.

Example: Suppose we have the following three data points: 1, 2, 6 X X ; . . X
X a Xla | (X! a)? X a Xla | (X! a)? X a X! a (X! a)
1 3 -2 4 1 4 -3 9 1
2 3 -1 1 2 4 -2 4 2
6 3 3 9 6 4 2 4 6
Sum 14 Sum 17 Sum

No matter what number you pick for a, youOll never get a sm less than 14.

Now consider a situation in which we donOt know the value ofU . WeOll use the point estimate X as our best guess (it will most likely differ slightly from H)

Which of the following is going to be larger:

_ X2
n

, 1 (x"w)

We know that the second equation is the true population variance, so the first equation must underestimate ! 2
When we change the denominator of the first formula to (n-1), it becomes an unbiased estimator.



Still not satisfied? HereOs another line of reasoningE

' (X 1] H)Z
When U is known, each value of X provides an independent estimate of / 2. We write the average of these estimates as: A T where df = N = Odegrees of freedomO

df

When U is not known and we must use the estimate X , the N values of | (Xi ! u)z are not independent.

In other words, if we know X and (N-1) of the X-values, we can compute the value of the N™ X-value directly (it depends on the other X-values).

Degrees of Freedom : Number of independent scored used in the estimate minus the number of parameters estimated en route to the estimation of the parameter of interest.

In our example, we use N scores to estimate LI . We have to subtract one value, since we use X as an estimate of M . Therefore, we have N-1 degrees of freedom.

Sumof squaredleviations
Degree®f Freedom

Std.Deviation= Averagedistancebetweereachobservatio andthemean= \/



