Activity #11: Normal Distribution (percentiles, z-scores, calculating probabilities)

We have studied several families of discrete distributions (binomial, hypergeometric, geometric, negative binomial) along with several continuous distributions (uniform,
exponential, gamma, beta, weibull). Each family of distributions is defined by its shape and parameters. We will now turn our attention to one of the most important families
of continuous distributions, the normal (Gaussian) distributions. Before we begin, letOs review some facts about continuous distributions:

¥ Continuous random variables can take on all possible values in an interval
b

¥ Probability density functions (pdf): f(x) suchthat P(a" X" b)=P(a< X <b) = -%-'f(x)dx = ‘F(x)| =F(b)$F(a)
¥ Cumulative distribution function (cdf): F(X) = P(X" X) =P(X < X) forall x ’ ’

¥ The 100pth percentile is the value of x, such that P(X " Xp) =Por P= f_): f(X)dX

¥ Expected value = E(X) = ﬁ X[ f (X)]dx represents the long-run average (the balance-point of the distribution)

2
¥ Variance = Var(x) = $; (x" E(x)) f(x)dx=E(x*)" [E(X)]2 represents the spread of the distribution (average squared distance from the mean)

Scenario: The following histograms represent: 1) The height of 351 elderly women in an osteoporosis study (left)
2) The breadth, in centimeters, of 84 Etruscan male skulls (middle)
3) The IQ scores of 100 8-year-old American children (right)
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1) Identify similarities and differences among the distributions. Draw a smooth best-fitting curve over each distribution.

These mound-shaped, symmetric distributions are often modeled by normal distributi ons.

The pdf for the normal distribution with parameters ! (mean) and ! (standard deviation) is f (X) =

1
—e , -
Iy2"

2) The normal distribution is a theoretical model that approximates the distributions of many random variables. No random variable, however, follows an exact normal
distribution. Identify which of the following random variables would be adequately modeled by the normal distribution. Explain.

a. The weights of randomly selected American adults
b. The income of randomly selected American families
c. Total revenues of randomly selected American businesses

d. The number facing up after rolling a die

3) As you found in your answer to #1, normal distributions are defined by their center and spread (their expected value and variance). The center of the normal distribution
is denoted as ! (the mean, expected value, or balance point). The variance of the normal distribution is denoted as ! 2. The square root of the variance, ! , is defined as
the distance from the mean to the inflection points on the distribution. In other words, the normal distribution curve has inflection pointsat (! + ! )and (! -!). How could
we find the location of those inflection points (and the value of the standard deviation) using calculus?

4) The following table displays the means and standard deviations of the three distributions. Write out the pdf for the distribution of IQ scores.

Head breadths Elderly heights 1Q scores
! 138.61 159.77 100

! 8.166 6.030 16



5) Suppose you randomly selected one 8-year-old and measured his 1Q. Given the pdf you just wrote out, how would you calculate the probability that the randomly
selected 8-year-old has an IQ less than 90? In other words, what is P(X<90)? How about P(X>120)? How about P(X<100)? Sketch the distribution and shade in the

areas representing these probabilities.

I0m guessing you donOt want to integrate the normal probability distribution function. If you tried to integrate it, youOd get an error function (it doesn@¢ kaclosed-form
expression for its integral). Therefore, we cannot use our technigue of integration to find areas under the curve. Fortunately, we can look up areas under the normal curve
in a table (after we have converted our normal distribution to a standard normal distribution. Before we learn how to convert to a standard normal distribution, letOs take a

closer look at ! .

The following table displays the proportion of values falling within one standard deviation from the mean.

P-1 I+ 1 Values in that range Proportion of values in that range
Head breadths 130.444 146.776 98 out of 153 64.05%
Heights 153.74 165.80 244 out of 351 69.52%
IQ Scores 81.706 113.974 103 out of 153 67.32%

Notice how a similar proportion of values (68%) fall within B1 and +1 standard deviations from the mean for each of these normal distributions. This suggests that
probability calculations based on the normal distribution depend on the number of standard deviations we move from the mean.

The general empirical r ule is that with data that roughly follow a normal distribution:

¥ Roughly68% of the observations fall within 1 standard deviation of the mean
¥ Roughly95% of the observations fall within 2 standard deviations of the mean
¥ Roughly99.7% of the observations fall within 3 standard deviations of the mean




6) We can define every value of a normally-distributed random variable by its distance from the mean measured in standard deviations. In other words, X =!+ Z! where:
X = any value of the random variable
I = the mean of X
I = the standard deviation of X
Z = the number of standard deviation units away from the mean.

In the distribution of 1Q scores, ! =100 and ! = 16. Find the values of Z for the following X values: a) X =116

b) X = 68
c)X =124
d) X = 113

7) If we solve the above equation for Z, we get Z = H . Suppose we converted every X value into a Z-score. What would happen to the shape, mean, and standard

deviation of the distribution?

When we convert every X value into a Z-score, we have the standard normal distribution (weQOve standardized the data). We can then find probabilities under the standard
normal curve using the tables in the back of our textbook.

The normal distribution with parameters =0 and =1 is call ed a standard normal distribution, denoted by Z.

o=
Any normal random variable X can be standardized by: Z = _U
(o)

Therefore, probabilities can be converted: P(X < x) = P?g < X uz
0 #




8) The IQ scores were all converted to z-scores and the following histogram was produced. Why wasnOt the shape of the distribution changed?
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9) LetOs concentrate on calculating the probability of randomly selecting an individual with an 1Q less than 72.

i.  First, sketch the pdf of this random variable and shade the area you are trying to find.

i.  Whatis P(X=72)?

iii. Standardize the 1Q score of X = 72 into a z-score. What does this z-score represent?

iv.  Write out the probability of interest in terms of Z?

v. Use the table of standard normal values in your textbook to calculate this probability. Explain what your answer means.



10) Use the same technique to find the following probabilities:

P(X > 128):

P(X < 68):

P(X < 132):

P(X > 132):

P(X > 82):

P(84 > X > 116):

P(122 > X > 137):

P(122 > X > 137):



11) Suppose you are elected president of Mensa, the international organization for individuals with high 1Q scores. You need to set a cut-score for membership (Oall Mensa
members must have an 1Q above XO). Assuming you only wahthe top 10% of individuals to be members, at what IQ score should you set your cut-score?

12) Suppose you work for a university admissions office. Your job is to look through applications and select the best students for your universityOs tatistics program. With
only one spot left in the program, you have two applicants to choose from:
i. Adam, a student from Boston who scored a 1180 on the SAT composite (SAT: ! =1000; ! =200)
ii. Betty, a student from Chicago who scored a 28 on the ACT (ACT:!=20.6; | =6.2)
Which of the two applicants should you accept into the statistics program (based on test scores)? Justify your answer to the other employees of the admissions office.



