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Summary. Over the last 30 years empirical evidence in favour of the Maximum
Entropy Production (MEP) principle for non-equilibrium systems has been accumu-
lating from studies of phenomena as diverse as planetary climates, crystal growth
morphology, bacterial metabolism and photosynthesis. And yet MEP is still re-
garded by many as nothing other than a curiosity, largely because a theoretical jus-
tification for it has been lacking. This chapter offers a non-mathematical overview
of a recent statistical explanation of MEP stemming from the work of Boltzmann,
Gibbs, Shannon and Jaynes. The aim here is to highlight the key physical ideas
underlying MEP. For non-equilibrium systems that exchange energy and matter
with their surroundings and on which various constraints are imposed (e.g., exter-
nal forcings, conservation laws), it is shown that, among all the possible steady
states compatible with the imposed constraints, Nature selects the MEP state be-
cause it is the most probable one, i.e., it is the macroscopic state that could be
realised by more microscopic pathways than any other. That entropy production
is the extremal quantity emerges here from the universal constraints of local en-
ergy and mass balance that apply to all systems, which may explain the apparent
prevalence of MEP throughout physics and biology. The same physical ideas also
explain self-organized criticality and a result concerning the probability of violations
of the second law of thermodynamics (the Fluctuation Theorem), recently verified
experimentally. In the light of these results, dissipative structures of high entropy
production, which include living systems, can be viewed as highly probable phe-
nomena. The prospects for applying these results to other types of non-equilibrium
system, such as economies, are briefly outlined.

If one grants that [the principle of maximum Shannon entropy] represents
a valid method of reasoning at all, one must grant that it gives us also
the long-hoped-for general formalism for the treatment of irreversible pro-
cesses . .. [T]he issue is no longer one of mere philosophical preference for
one viewpoint or another ; the issue is now one of definite mathematical
fact. For the assertion just made can be put to the test by carrying out
specific calculations, and will prove to be either right or wrong.

Jaynes (1979)
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4.1 Introduction

Edwin Thompson Jaynes! (1922-1998) made many original and fundamental
contributions to science in fields as diverse as applied classical electrodynam-
ics, information theory, the foundations of probability theory, the interpreta-
tion of quantum mechanics, and radiation theory.

Much of his work is the expression of a single conviction, that probability
theory — in which probability is interpreted in the original sense understood
by Laplace and Bernoulli, as a measure of our state of knowledge about the
real world — provides the uniquely valid rules of logic in science (Jaynes and
Bretthorst 2003). In the vast majority of scientific problems actually encoun-
tered, we do not have sufficient information to apply deductive reasoning.
What we need, said Jaynes, are the logic and tools of statistical inference
(i.e., of probability theory) so that we may draw rational conclusions from
the limited information we do have.

A key outcome of that conviction was Jaynes’ reformulation of statistical
mechanics in terms of information theory (Jaynes 1957a,b). This opened the
way to the extension of the logic underlying equilibrium statistical mechanics
(ESM) — implicit in the work of Boltzmann and Gibbs — to non-equilibrium
statistical mechanics (NESM), as well as to many other problems of statistical
inference (e.g., image reconstruction, spectral analysis, inverse problems). In
all applications of this logic, the basic recipe consists of the maximisation
of Shannon information entropy, subject to the constraints imposed by the
available information — an algorithm now known as MAXENT (e.g., Jaynes
1985a).

How is it, then, that Jaynes’ MAXENT formulation of NESM has for so
long failed to be accepted by the majority of scientists when the logic of it is
precisely that of Boltzmann and Gibbs?

Part of the answer lies with the relative paucity of published results
from the MAXENT school (Dougherty 1994), especially with regard to new
testable predictions far from equilibrium. The most extended account of
Jaynes’ NESM appears as part of a conference paper (Jaynes 1979, Sect. D).
While that account makes clear the generality of the approach in principle, it
is applied there within a perturbative approximation only to reproduce some
known results for near-equilibrium behaviour.

Another reason why the MAXENT formulation of NESM has not caught
on as it might have done almost certainly lies with the conceptual gulf be-
tween the Bayesian and frequency viewpoints of probability (Jaynes 1979,
1984). The frequency viewpoint — that probability is an inherent property of
the real world (the sampling frequency) rather than a property of our state
of knowledge about the real world (the Bayesian viewpoint) — dominated

1A biographical sketch and bibliography are available at
http://bayes.wustl.edu/etj/etj.html
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scientific thinking for much of the twentieth century. No wonder, then, that
progress has been slow.

The hypothesis of maximum entropy production (MEP), which is explored
by several authors in this volume, has likewise made slow progress. It has still
to be widely accepted as a generic property of non-equilibrium systems de-
spite a growing body of empirical evidence pointing in that direction (Lorenz
2003; Ozawa et al. 2003). The sticking point has been the perceived lack of
a rigorous theoretical explanation for MEP.

So here we have, on the one hand, a theory in search of evidence (the
MAXENT formulation of NESM) and, on the other hand, evidence in search
of a theory (MEP). This Chapter gives an overview of some recent work
proposing a mutually beneficial marriage between the two (Dewar 2003).
As is often the case with such proposals, while the purpose might be well
intentioned the result may be to have rocks thrown from both sides.

The main difficulties encountered at this stage are not so much technical
as conceptual in nature, and so here I will try to give a non-mathematical
account that emphasises the key physical ideas leading to MEP. I begin by
briefly retracing the historical path of ideas from Boltzmann to Gibbs and
Shannon which eventually led to Jaynes’ MAXENT formulation of NESM.
But if Jaynes’ formulation is essentially an algorithm for statistical inference,
what is the guarantee that it should work as a description of Nature? I discuss
two key ideas of Jaynes — macroscopic reproducibility and caliber — that make
the physical relevance of the algorithm intuitively clear (Jaynes 1980, 1985b).

Building on these ideas, I then present the path information formalism
of NESM and discuss some new far-from-equilibrium predictions that have
recently been obtained from it (Dewar 2003) — specifically, the emergence
of MEP and self-organized criticality, and a result (known as the Fluctua-
tion Theorem) concerning the probability of violations of the second law of
thermodynamics.

I conclude that the MAXENT derivation of MEP explains its apparent
prevalence throughout physics and biology, and suggests how MEP might be
applicable to non-equilibrium systems more generally (e.g., economies, also
see Ruth, this volume). In the light of this derivation, dissipative structures
of high entropy production, which include living systems, may now be un-
derstood as phenomena of high probability.

4.2 Boltzmann, Gibbs, Shannon, Jaynes

Boltzmann interpreted Clausius’ empirical entropy (.5) as the logarithm of the
number of ways (W), or microstates, by which a given macroscopic state can
be realized (S = klogW, where k is Boltzmann’s constant). The second law of
thermodynamics (maximum entropy) then simply means that the observed
macrostate is the most probable one, i.e., it is the one that could be realized
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by Nature in more ways than any other. Microstate counting worked fine for
isolated systems with fixed total energy and particle number.

Gibbs noted that Boltzmann’s results could also be obtained by minimis-
ing the somewhat obscure quantity Xip;logp; with respect to the microstate
probabilities p;, subject to the appropriate constraints on energy and particle
number. Gibbs (1902) called the quantity Zip;jlogp;, or <logp;>, the ‘average
index of probability of phase’. He was then able to generalise ESM to open
systems, by extending the imposed constraints to include system interactions
with external heat and particle reservoirs. However, just what the Gibbs al-
gorithm meant, and its relation to Boltzmann’s insight, remained obscure.

Much later, Shannon (1948) introduced the information entropy,
—Yipilogp;, as a measure of the amount of missing information (i.e., uncer-
tainty) associated with a probability distribution p;. In the context of ESM,
Shannon’s information entropy measures our state of ignorance about the
actual microstate the system is in. More quantitatively, a result called the
Asymptotic Equipartition Theorem tells us that for systems with many de-
grees of freedom, the information entropy is equal to the logarithm of the
number of microstates having non-zero probability (Jaynes 1979). It is a di-
rect measure of the extent (or spread) of the distribution p; over the set of
microstates.

Jaynes’ first insight was to see, in the light of Shannon’s work, what the
Gibbs algorithm meant and how it related to Boltzmann’s insight. By max-
imising the information entropy with respect to p;, Gibbs was constructing
the microstate distribution with the largest extent compatible with the im-
posed constraints, thus generalising Boltzmann’s logic of microstate counting
to the microstate distribution (Jaynes 1957a,b).

But as Jaynes went on to realise, the Gibbs algorithm is much more than
that. For the quantity —X;p;logp; can be missing information about anything,
not just about the microstates of equilibrium systems. Thus, during the late
1950s and early 1960s Jaynes developed his information theory formulation
of NESM based on applying the Gibbs algorithm to non-equilibrium systems
(Jaynes 1979).

But it did not stop there. Jaynes saw the Gibbs algorithm as a completely
general recipe for statistical inference in the face of insufficient information
(MAXENT), with useful applications throughout science, not just in sta-
tistical mechanics. Viewed as such, it is a recipe of the greatest rationality
because it makes the least-biased assignment of probabilities, i.e., the one
that incorporates only the available information (imposed constraints). To
make any other assignment than the MAXENT distribution would be un-
warranted because that would presume extra information one simply does
not have, leading to biased conclusions.
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4.3 Macroscopic Reproducibility

But if MAXENT is essentially an algorithm of statistical inference (albeit the
most honest one), what guarantee is there that it should actually work as a
description of Nature? The answer lies in the fact that we are only concerned
with describing the reproducible phenomena of Nature.

Suppose certain external constraints act on a system. Examples include
the solar radiation input at the top of Earth’s atmosphere, the tempera-
ture gradient imposed across a Bénard convection cell, the velocity gradient
imposed across a sheared fluid layer, or the flux of snow onto a mountain
slope. If, every time these constraints are imposed, the same macroscopic be-
haviour is reproduced (atmospheric circulation, heat flow, shear turbulence,
avalanche dynamics), then it must be the case that knowledge of those con-
straints (together with other relevant information such as conservation laws)
is sufficient for theoretical prediction of the macroscopic result. All other in-
formation must be irrelevant for that purpose. It cannot be necessary to know
the myriad of microscopic details that were not under experimental control
and would not be the same under successive repetitions of the experiment
(Jaynes 1985b). We can only imagine with horror the length of scientific pa-
pers that would be required for others to reproduce our results if this were
not the case.

MAXENT acknowledges this fact by discarding the irrelevant information
at the outset. By maximising the Shannon information entropy (i.e., miss-
ing information) with respect to p; subject only to the imposed constraints,
MAXENT ensures that only the information relevant to macroscopic predic-
tion is encoded in the distribution p;. Therefore, if we have correctly identified
all the relevant constraints (and other prior information), then macroscopic
predictions calculated as expectation values over the MAXENT distribution
will match the experimental results reproduced under those constraints.

But of course that last if is crucial. In any given application of MAX-
ENT there is no a priori guarantee that we have incorporated all the rel-
evant constraints. But if we have not done so, then MAXENT will signal
the fact a posteriori through a disagreement between predicted and observed
behaviours, the nature of the disagreement indicating the nature of the miss-
ing constraints (e.g., new physics). MAXENT’s failures are more informative
than its successes. This is the logic of science.

Jaynes considered reproducibility — rather than disorder — to be the key
idea behind the second law of thermodynamics (Jaynes 1963, 1965, 1988,
1989). Suppose that under given experimental conditions a system evolves
reproducibly from initial macrostate A to final macrostate B (Fig. 4.1). The
initial microstate lies somewhere in the phase volume Wy, compatible with
A, although we do not know where exactly because we cannot set up the
system with microscopic precision. By Liouville’s theorem, the system ends
up somewhere in a new region of phase space W, having the same volume Wa.
If the macroscopic transition A — B is reproducible for all initial microstates,
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then W) cannot be greater than the phase volume Wg compatible with B.
Hence Sy = klogWa = klogW, < klogWp = Sp. This is the second law.

By the same token, while the reverse macroscopic process B — A (squeez-
ing the toothpaste back into the tube) is possible because the microscopic
equations of motion are reversible, it is not achievable reproducibly (i.e., it is
highly improbable) because we cannot ensure by macroscopic means that the
initial state lies in the appropriate subset of Wy (i.e., W, with all molecular
velocities reversed) to get us back to A. Jaynes (1988) put some numbers to
this: the probability of B — A, he conjectured?, is something like p = W /Wg
= exp(—(Sp— Sa)/k). If the entropy difference corresponds to just one mi-
crocalorie at room temperature, then we have p < exp(—10'?). Although the
macroscopic process B — A is possible, it is not macroscopically reproducible.
The second law is the price paid for macroscopic reproducibility.

A > B

Fig. 4.1. The second law explained by macroscopic reproducibility (see text)

Already in 1867 James Clerk Maxwell understood that the second law
was ‘of the nature of a strong probability ... not an absolute certainty’ like
dynamical laws (Harman 1998). He introduced his ‘finite being’ (the term ‘de-
mon’ was later coined by William Thomson) to underline this very point and
to reject current attempts (notably by Clausius and Boltzmann) to reduce
the second law to a theorem in dynamics. Perhaps Maxwell had something
like Fig. 4.1 in mind when he wrote that ‘the 2 law of thermodynamics has
the same degree of truth as the statement that if you throw a tumblerful of
water into the sea you cannot get the same tumblerful out again’ (Maxwell
1870). Without the means to identify and pick out the individual molecules
involved, the process is effectively irreversible. Water flow is indeed a good
analogue of Fig. 4.1; according to Liouville’s theorem, probability in phase
space behaves like an incompressible fluid.

2 Jaynes’s conjecture that 2" law violating processes are exponentially improbable
anticipates the Fluctuation Theorem (see below).
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4.4 The Concept of Caliber

Mathematically, Jaynes expressed his MAXENT approach to NESM in a
rather formal way, as the solution to a statistical inference problem of the
most general kind (Jaynes 1979, Sect. D). From some known but otherwise
arbitrary macroscopic history A, say, between times ¢ = —7 and t = 0, we
are asked to predict the macroscopic trajectory B for later times ¢ > 0 (or
to retrodict the previous history for ¢ < —7). For non-equilibrium systems,
A and B will generally involve both space- and time-dependent macroscopic
quantities.

In Jaynes’ application of MAXENT, one maximises the Shannon informa-
tion entropy with respect to the microstate probability distribution p(t = 0),
subject to the known previous history A. In principle, one then integrates the
(known) microscopic equations of motion to obtain p(¢) for all other times ¢,
and constructs the macroscopic trajectory B by calculating the appropriate
variables as expectation values over p(t).

The maximised value of S depends on the known macroscopic history A,
ie, S = S(A). Jaynes (1980) called that value the caliber of history A. It
is a measure of the number of microstates at ¢ = 0 compatible with that
history. Equivalently, if you think of the previous history of each microstate
for —7 < t < 0 as a path in phase space, then the caliber is also a measure of
the cross-sectional area of a tube formed by bundling together (like a stack
of spaghetti) all those microscopic phase space paths compatible with the
known macroscopic history A.

Jaynes (1980) suggested that the unknown macroscopic trajectory B
could be inferred by an extension of the Gibbs algorithm that had given
the caliber S(A). Out of all possible macroscopic trajectories B, choose that
one for which the combined caliber S(A,B) is the greatest, because that is the
one that could be realized by Nature in more ways than any other consistent
with A. He later referred to this as the maximum caliber principle, and noted
a tantalising analogy between the caliber in NESM and the Lagrangian in
mechanics (Jaynes 1985b).

4.5 Path Information Formalism of NESM

Recently I reformulated Jaynes’ MAXENT approach to NESM directly in
terms of phase space paths (Dewar 2003). That is, one maximises the path
information entropy S=—Xrprlogpr with respect to pr, subject to the im-
posed constraints and other relevant information (e.g., conservation laws).
Here pr is the (Bayesian) probability of microscopic phase space path T', and
the sum is over all paths permitted by the microscopic equations of motion.
S is a measure of our state of ignorance about which microscopic path the
system actually follows over time.

As an initial test, I applied this formalism to non-equilibrium stationary
states in which all macroscopic variables are independent of time, although
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spatial variations (e.g., temperature gradients) are of course present. My main
interest was to try to put maximum entropy production and a result known
as the Fluctuation Theorem (Evans and Searles 2002) — which also concerns
entropy production — on a common theoretical footing.

Why a path formalism? Because local conservation laws concern changes
in energy and mass over time, their inclusion as fundamental microscopic con-
straints in MAXENT forces one to consider the behaviour of the system over
time. Phase space paths rather than microstates are then the natural choice
of microscopic description. This choice was also influenced by my reading
of the literature on the Fluctuation Theorem, for which the standard proofs
explicitly considered pairs of phase space trajectories related by path reversal
(Evans and Searles 2002).

I also sensed that a path formalism was somehow truer to the spirit of
Jaynes’ maximum caliber principle, although at the time I did not see explic-
itly how his presentation of it (predicting unknown trajectory B from known
history A) related to my steady-state problem?.

Before discussing some specific predictions of this path information for-
malism of NESM, let us pause to state the problem more precisely and to
recap the rationale for its solution by MAXENT, now in the twin contexts
of reproducibility and maximum caliber.

Problem: Given the external constraints (and any other relevant con-
straints) acting on our system, which macroscopic steady state — among all
possible macroscopic steady states compatible with those constraints — is the
one selected by Nature? For example, given the input of solar radiation at
the top of the Earth’s atmosphere (and local energy and mass conservation),
which climate state is selected?

Solution: The selected steady state is completely described by that path
distribution which maximises the path information entropy S subject to those
(and only those) constraints. Macroscopic quantities are calculated as expec-
tation values over the MAXENT path distribution.

Rationale in terms of reproducibility: If Nature selects the state repro-
ducibly, i.e., every time the constraints are imposed, then knowledge of those
constraints alone must be sufficient to predict the result. Provided we have
incorporated all the relevant constraints, macroscopic predictions inferred
as expectation values over the MAXENT path distribution will agree with
Nature’s selected state.

Rationale in terms of mazimum caliber: For systems with many degrees of
freedom, the Asymptotic Equipartition Theorem implies that the value of S
for a given path distribution pr is the logarithm of the number of paths with
non-zero probability. Let us call S the caliber of pr (i.e., the path analogue
of a microstate distribution’s extent in phase space). The MAXENT path
distribution is therefore spread across the largest number of paths compatible
with the imposed constraints, i.e., it describes the macroscopic state that can
be realized by more paths than any other.

3 This only became clear to me during the preparation of the present article.
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Reproducibility = mazimum caliber: These two rationales are physically
equivalent. The selected steady state is reproducible precisely because its
macroscopic properties are characteristic of each of the overwhelming ma-
jority of possible microscopic paths compatible with the constraints. That is
why it does not matter which particular microscopic path the system follows
in any given repetition of the experiment.

In this formalism the caliber S = —Xpprlogpr is defined for any path
distribution pr, not just the MAXENT distribution. Using this more general
definition of caliber (logarithm of the number of paths with pr > 0), the
maximum caliber principle is then identical to the Gibbs algorithm, rather
than an extension of it (cf. Jaynes 1985b).

Finally it is worth emphasising that expectation values calculated from
the path distribution are statistical inferences (Bayesian viewpoint). They
are not the result of the system somehow sampling different paths in the
real world (frequency viewpoint). While microstate distributions have always
been open to an ergodic interpretation (expectation value = time average),
clearly this interpretation makes no sense at all for the path distribution. In
any given experiment the system only ever follows one microscopic path, S
measures our state of ignorance about which one, and MAXENT predicts the
macroscopic behaviour reproduced each time.

4.6 New Results Far from Equilibrium

The above formalism was used to predict the stationary steady-state proper-
ties of a general open, non-equilibrium system exchanging energy and matter
with its external environment (Dewar 2003). The path information entropy
S = —Xrprlogpr was maximised with respect to pr subject to the relevant
constraints, denoted collectively by A. Typically, these constraints consist of:
(A1) Local energy and mass balance (conservation laws); (A2) Stationarity
of the ‘fast’ system variables that are in an approximate steady-state on the
timescale in question; (A3) External forcings (e.g., solar radiation input) by
which the system is maintained out of equilibrium; (A4) Internal constraints
(e.g., critical thresholds, genetic constraints, fixed system parameters) which,
like A2, depend on the timescale in question: DNA, for example, is a fixed
parameter over the lifetime of an organism, but a system variable on evo-
lutionary timescales and thereby eventually becomes subject to selection by
MAXENT. Note that Al is a universal microscopic constraint common to all
systems on all timescales, whereas the nature of constraints A2—A4 is specific
to each system and timescale.

All macroscopic quantities can then be calculated as expectation values
over the MAXENT path distribution. Which macroscopic quantities are we
interested in? Typically these are the local distributions of heat and mass
density within the system and the fluxes of heat and mass across the sys-
tem boundary. These describe both the internal state of the system and its
interaction with the external environment. Let us denote this macroscopic
information collectively by B.
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It then proves useful to apply the MAXENT algorithm in two steps, with
the unknown macroscopic state B acting as a temporary constraint which is
subsequently relaxed. .S is first maximised with respect to the path distribu-
tion pr, subject to constraint Al and a trial state B. The maximised value
of S after this first step (denoted S;) depends on B, i.e., S; = S1(B). In the
second step, S1(B) is maximised with respect to B, subject to the remaining
constraints A2—-A4. This completes the MAXENT algorithm. The choice of
trial state B that maximises S;(B) represents the macroscopic steady state
that is reproduced under the imposed constraints A. The final result for B is
the same as if we had constructed the MAXENT path distribution imposed
by A alone, and then calculated the properties of B directly as expectation
values over that distribution.

We now note the close formal analogy between this procedure and Jaynes’
procedure for inferring an unknown macroscopic trajectory B from a known
macroscopic history A. Here we are inferring an unknown macroscopic steady
state B from known constraints A. In each case the joint caliber S(A,B) is
maximised with respect to B, subject to A. In each case, if A is sufficient to
reproduce B, then MAXENT will correctly predict the observed B.

4.6.1 Maximum Entropy Production (MEP)

After step 1 we find that S;(B) = logW (EP=EPg), where W(EP=EPg) is
the number of paths whose thermodynamic entropy production rate (EP)
equals that of macrostate B. The ‘density of paths’, W, is analogous to
the density of states in equilibrium statistical mechanics. The thermody-
namic entropy production rate that emerges here (EP) is just the familiar
near-equilibrium expression involving products of fluxes and thermodynamic
forces, but here it is also valid far from equilibrium. We have not assumed a
local equilibrium hypothesis. The various contributions to EP derive directly
from the contributions to local energy and mass balance (constraint Al),
e.g., heat flow and frictional heating (from local heat balance), mass flow
and chemical reactions (from local mass balance). The general rule giving
the contributions to E'P arising from each local balance equation is detailed
below (Sect. 4.8).

In step 2 of the MAXENT algorithm we choose the value of B for which
logW (EP=EPg) is maximal, subject to A2—A4. This occurs when EPp is
maximal. Therefore step 2 is equivalent to MEP subject to A2-A4. The
only requirement here is that the density of paths W is an increasing func-
tion of EP, so that a maximum in EPp corresponds to a maximum in
logW (EP=EPg). That EPp has a maximum reflects the trade-off between
the component thermodynamic fluxes and forces, in which increased fluxes
tend to dissipate the thermodynamic forces.

The conclusion here is that the MEP state is selected because it is the
non-equilibrium steady state with the highest caliber, i.e., the one that can
be realised by more microscopic paths than any other steady state compat-
ible with the constraints. Because the thermodynamic entropy production
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emerges here directly from local energy and mass balance — the universal
constraint Al valid for all systems — it becomes clear why MEP is so preva-
lent across physics and biology. The predictions of MEP under constraints
A2—-A4 will vary from one system to another, and from one timescale to an-
other, reflecting the specific nature of constraints A2—A4, but the principle of
MEP itself would appear to have the same validity as local energy and mass
conservation (constraint Al).

Provided we have identified all the relevant constraints, MEP will predict
the experimentally reproduced result. Failure to do so will signal the presence
of unaccounted constraints; but it could also indicate that we have ignored
some contributions to the entropy production itself, signalling missing terms
in our equations for local energy and mass balance.

4.6.2 The Fluctuation Theorem (FT)

Another general result that emerges from step 1 concerns the probability of
violations of the second law (which, as Maxwell appreciated, is statistical in
character).

Specifically, we find that the MAXENT probability of path I' is propor-
tional to exp(7EPr/2k), where 7 is the time duration of path T', EPr is its
entropy production rate, and k is Boltzmann’s constant. Now consider the
reverse path I'g obtained by starting from the end of path I' and reversing
all the molecular velocities so that we end up at the start of path T' (i.e.,
reversing the curved path in Fig. 4.1). The entropy production rate of 'y is
equal to —EPr by path-reversal symmetry of the microscopic equations of
motion (i.e., all fluxes are reversed). This immediately implies that the ratio
of the probability of I'g to that of I' is equal to exp(—7EPr/k).

As is easily shown, this result implies that the second law holds on the
average, i.e.,< EP >> 0. It also says that second law violating paths with
negative entropy production are possible, although exponentially improbable.
This result is known as the Fluctuation Theorem (FT) (Evans and Searles
2002). The FT was first? derived heuristically in 1993. Subsequent deriva-
tions of the FT have been based on ergodicity and causality assumptions.
Computer simulations of various models of microscopic dynamics have con-
firmed its validity. The first truly experimental verification of the FT was
obtained in a delicate experiment which followed the Brownian motion of
colloidal particles in an optical trap (Wang et al. 2002).

The path information formalism of NESM puts the FT and MEP on a
common theoretical footing, and predicts that both are valid on very general
grounds. The Bayesian rationale of MAXENT implies that ergodicity is not
required to explain the FT. Rather, MAXENT suggests that the exponen-
tially small probability of violations of the second law is, like MEP, charac-

4 Jaynes (1988) was essentially there when he conjectured on grounds of macroscopic
reproducibility (Jaynes 1963, 1965) that p = Wa /Ws = exp((—Sg — Sa)/k) for the
entropy-consuming transition B — A (Fig. 4.1).
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teristic of the reproducible behaviour of all systems obeying local energy and
mass conservation.

4.6.3 Self-Organized Criticality (SOC)

Now we come to a result that emerged as an unexpected bonus (Dewar 2003).
Some non-equilibrium systems such as earthquakes, snow avalanches, sand-
piles, and forest fires tend to organize themselves into steady states which
are characterised by large-scale fluctuations (Jensen 1998). This behaviour
is reminiscent of equilibrium systems at phase transitions, obtained when
variables such as temperature and pressure are tuned to critical values (e.g.,
the large-scale fluctuations in magnetisation produced when a ferromagnet
is tuned to its Curie temperature). Only, many non-equilibrium systems ap-
pear to organize themselves into a critical state (SOC), apparently without
tuning.

Nevertheless, all these systems are tuned to some extent. Typically they
are forced out of equilibrium by a fixed but very slow input flux, Fi, (of
momentum, snow, sand, and lightning strikes, in the above examples — cf.
constraint A3). In the archetypal example where a sprinkling of grains falls
onto a sandpile (Bak et al. 1987), the slope of the sandpile tends to its largest
possible value (the critical angle of repose), while critical fluctuations in the
output grain flux about its average value (equal to Fj, in the steady state)
are induced in the form of sand avalanches of all sizes.

We can begin to understand SOC from an MEP perspective simply by
noting that in the steady state, the sandpile entropy production is the product
of the grain flux (Fj,) and the slope. Because Fi, is fixed, MEP predicts that
the slope adopts its largest possible value. In other words, SOC is a special
case of MEP applied to flux-driven systems. But what about the fluctuations?

In the path information formalism of NESM, fluctuations are described by
the path distribution pr. It can be shown from the path-reversal symmetry
properties of pr that, in the limit of slow input flux Fj, — 0, the variance
of the magnitude of the output grain flux (the avalanches) is proportional
to 1/F,, % and therefore diverges to infinity as Fi, — 0, the characteristic
signature of SOC. This result involves exactly the same mathematics as in
classical theories of equilibrium phase transitions, with F,, ? playing the role
of the control parameter (cf. |T' — T¢|, the amount by which a ferromagnet
is cooled below its Curie temperature T¢.) and the avalanche flux playing the
role of the order parameter (cf. spontaneous magnetisation). As the control
parameter is tuned to zero, the order parameter goes to zero but fluctuations
in the order parameter emerge on all length scales (cf. divergence of magnetic
susceptibility).

We can understand SOC intuitively from an information perspective. As
Fi, — 0, the external constraint becomes scale-free. Provided there is no
scale set by other internal constraints (e.g., friction), then the steady state
reproduced under these constraints must also be scale-free. Consequently, the
system is dominated by fluctuations on all scales.
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4.7 Thermodynamics of Life

What conclusions may we now draw regarding the thermodynamics of life?
Non-equilibrium dissipative structures, which include living systems, appear
to be consistent with MEP. They couple extended regions of high order (e.g.,
convention cells, mass transport pathways) with localised regions of high dis-
sipation (e.g., boundary layers, chemical reaction sites). The localised regions
are responsible for most of the system entropy production, while the ordered
regions act as transport structures which permit this entropy to be produced
and exported at the greatest rate possible under the combined constraints
of stationarity and local energy and mass balance. Far from equilibrium, the
coexistence of ordered and dissipative regions produces and exports more
entropy to the environment than a purely dissipative ‘soup’.

Since Schrédinger’s influential book What is Life? (Schrodinger 1944),
discussion of the thermodynamics of life has taken a rather biocentric view-
point along the lines that in order to maintain their internal order living
systems must export entropy to their surroundings. This viewpoint sees life
as constantly competing against the second law. But if we are to understand
the emergence of living systems and other dissipative structures then it is the
coexistence of ordered and dissipative regions that we need to focus on, and
whose natural selection we need to explain. MAXENT provides the proper
viewpoint — we take the imposed constraints as our starting point and we
ask: which pattern of energy and mass flows is reproducibly selected under
those constraints? In the light of the MAXENT derivation of MEP we can
now view living systems (and dissipative structures more generally) as highly
probable phenomena. They are selected because they are characteristic of
each of the overwhelming majority of ways in which energy and matter could
flow under the constraints imposed by local energy and mass conservation.

For me, some of the most exciting applications of MEP lie at the in-
terface between biology and physics, from bioenergetics at the cellular level
(see Jureti¢ and Zupanovic, this volume) to biosphere-climate interactions
at the planetary scale (see Kleidon and Fraedrich, Toniazzo et al., this vol-
ume). Perhaps many aspects of biological function, which until now have been
interpreted from an adaptive or evolutionary standpoint (e.g., leaf stomatal
behaviour, plant architectural adaptations, or the evolutionary trend towards
increased biodiversity), can be viewed from a new perspective, as manifesta-
tions of MEP. If that viewpoint proves a valid one, natural selection in both
biology and physics could then be understood as expressions of the same
basic concept, namely, selection of the most probable state.

4.8 Further Prospects

MAXENT is a general algorithm for predicting reproducible macroscopic
phenomena under given constraints. The derivation of MEP from MAXENT
suggests that MEP itself may apply beyond purely physical and biological
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systems involving energy and mass transfer. Specifically, if a system’s macro-
scopic state B is described by a local variable p (e.g., the analogue of heat
density) which obeys a balance equation dp/dt = =V - F + @ (local rate
of change = flux convergence + net local source), then the two-step MAX-
ENT procedure will lead (after step 1) to the emergence of a generalised
entropy production involving contributions from both flux F' and source @
(e.g., analogues of thermal and frictional dissipation), and then (after step 2)
to analogues of MEP, FT and SOC (Dewar 2003). Explicitly, the generalised
entropy production takes the form EP = [y, (F -Vo + 9@) where 6 is the
analogue of inverse temperature (1/7'), the overbar indicates a time-average
over interval 7, and the space integral extends over the system volume V.

For example, Jaynes (1991) anticipated the application of MAXENT to
the prediction of macro-economic behaviour. Does MEP apply there? Are
financial crashes SOC? Is there a 2°¢ law analogue for economies? A starting
point would be to identify p, F' and @ for economies, and to specify the micro-
and macro-economic constraints that apply (cf. constraints A1-A4).

On the theoretical side, we can see the prospect of generalising the path
information formalism of NESM to non-stationary macroscopic phenomena,
in the spirit of Jaynes (1979). Can MEP be extended to time-dependent
macroscopic trajectories such as cyclic steady states?

But above all, let us go ahead and apply the path information formalism
of NESM and its predictions to as wide a range of real-world problems as
possible. Then, as Edwin Jaynes would have put it, let the results speak for
themselves.
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