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1. Introduction

We propose a geometric definition of the Euler characteristic χ(M) for
the class of compact epi-Lipschitzian sets M ⊂ Rn and we provide
existence theorems of (generalized) equilibria for set-valued mappings
F when the domain M of F is neither assumed to be convex, nor
smooth but has a nonzero Euler characteristic.

When M ⊂ Rn is smooth, i.e., a closed C1 submanifold with bound-
ary of Rn, the Euler characteristic of M can be defined as follows [see
Milnor [29]]. For every x ∈ ∂M , the boundary of M , we let GM (x) be
the unique outward normal vector to M at x, in the unit sphere S of
Rn. Then the mapping GM : ∂M → S, called the Gauss mapping, is
continuous and everywhere different from 0. The Euler characteristic of
M , denoted by χ(M), is then defined to be the topological degree of the
mapping GM with respect to the point 0, that is, χ(M) := deg (GM , 0).

In the absence of smoothness assumptions on the set M , we shall
follow the same approach, with the only difference that the Gauss
mapping will be multivalued, and the topological degree will thus need
to be defined for set-valued mappings. In this paper, we consider the
class of closed epi-Lipschitzian subsets M of Rn, that is, for every x
in M , Clarke’s normal cone to the set M at x, denoted NM (x), is
assumed to be pointed, i.e., NM (x) ∩ −NM (x) = {0}. We point out
that the class of closed epi-Lipschitzian sets contains, first, C1 sub-
manifolds with boundaries of Rn and, second, closed convex subsets of
Rn with a nonempty interior. It contains also sets defined by finitely
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2 B. CORNET

many continuously differentiable inequality constraints, which satisfy a
Constraint Qualification Assumption. The Gauss set-valued mapping
GM of an epi-Lipschitzian set M ⊂ Rn, is then defined, for x ∈ ∂M ,
by GM (x) = co [NM (x) ∩ S] (where “co” denotes the convex hull), a
definition, which generalizes the one presented before. As previously,
we let χ(M) := deg (GM , 0), that is, the degree of the Gauss set-
valued mapping GM , which is shown to be upper semicontinuous, with
nonempty, convex, compact values that do not contain the point 0.

The main aim of this paper is then to prove existence theorems of
equilibria for correspondences F , from M to Rn, satisfying a tangen-
tial condition, or existence theorems of generalized equilibria when the
correspondence F satisfies no tangential condition. The domain M of
F is neither supposed to be convex, nor smooth but is assumed to be
compact, epi-Lipchitzian, with a nonzero Euler characteristic (this last
assumption being always satisfied in the convex case). This allows to
provide a unified approach that contains both Brouwer–Kakutani type
fixed-point theorems when M is convex, and Poincaré–Hopf’s theorem
when M is smooth. The approach to the existence problem that we
consider here uses degree theory and gives also some information on the
structure of the equilibrium set (or the the fixed-point set), allowing,
for example, counting the number of equilibria, modulo 2.

The paper is organized as follows. The first section recalls the defi-
nition and the main properties of the topological degree of a set-valued
mapping, together with the notions of Clarke’s tangent and normal
cones. General references on these two subjects are [8, 26], and [11],
respectively. Section 3 is devoted, first, to the definitions and prop-
erties of the Gauss set-valued mapping GM for the class of closed
epi-Lipschitzian sets M ⊂ Rn. Second, we define the Euler characteris-
tic χ(M) for this class of sets and prove several properties, including a
characterization, using the dual notion of tangent cones. In Section 4,
we provide existence theorems of equilibria (resp. generalized equilibria)
for correspondences F , from M to Rn, satisfying a tangential condition
(resp. when F does not satisfy any tangential condition) and M is
assumed to be compact epi-Lipschitzian with a nonzero Euler charac-
teristic. Finally, in Section 5, we recall that every nonempty compact
epi-Lipschitzian set M ⊂ Rn can be defined by a nondegenerate Lips-
chitz inequality, that is, M = {x ∈ Rn | ϕ(x) ≤ 0}, where ϕ : Rn → R
is locally Lipschitz and its generalized gradient ∂ϕ(x) does not contain
0 whenever ϕ(x) = 0. This allows to give additional ways to compute
the Euler characteristic χ(M), in terms of the degree of the set-valued
mapping x → ∂ϕ(x).

cornet(bon).tex; 1/01/1970; 2:58; p.2



EULER CHARACTERISTIC AND FIXED-POINT THEOREMS 3

2. Preliminaries

A1 set-valued mapping F, from M ⊂ Rn to Rp, is a mapping from M
to the set of all subsets of Rp. It is said to be upper semicontinuous
(or, simply, u.s.c.) if, for every open subset V of Rp, the following set
{x ∈ M | F (x) ⊂ V } is open in M (for its relative topology).

2.1. Topological Degree of a Set-valued Mapping

Let D be an open bounded subset of Rn, and let y ∈ Rn, we denote by
C(cl D, Rn; y) or, simply by C when no confusion is possible, the set of
set-valued mappings F, from cl D to Rn, satisfying the two following
properties: (i) F is upper semicontinous, with nonempty, convex, and
compact values, and (ii) y 6∈ F (x) if x ∈ ∂D.

For every F ∈ C(cl D, Rn; y), we denote by deg (F, y) the topological
degree of F , which we recall is an integer. General references on this
subject are J. T. Schwartz [35], or Ortega and Rheinboldt [30] when F
is single-valued (hence reduces to a continuous mapping), and Granas
[26] and Cellina and Lasota [8] for the extended definition to set-valued
mappings. We recall hereafter some properties of the degree that will
be used in the following.

Property D.1 (Invariance Under Homotopy Avoiding y) Let H be
an upper semicontinuous set-valued mapping from [0, 1] × cl D to Rn,
with nonempty, convex, compact values, which avoids y, in the sense
that, for every (t, x) ∈ [0, 1]× ∂D, y 6∈ H(t, x). Then

deg (H0, y) = deg (H1, y), where H0 = H(0, ·),H1 = H(1, ·).

Property D.2 (Existence Property) For every F in C(cl D, Rn; y)
such that deg (F, y) 6= 0, then there exists x∗ ∈ cl D such that

y ∈ F (x∗).

1 If x = (xi) and y = (yi) are two vectors of Rn, we denote by x · y =
∑n

i=1
xiyi,

the scalar product of Rn, by ‖x‖ = (x · x)1/2 the Euclidean norm. The closed
Euclidean balls and spheres are denoted by B(x, r) = {y ∈ Rn|‖y − x‖ ≤ r}
and S(x, r) = {y ∈ Rn|‖y − x‖ = r}, respectively, and B = B(0, 1), S = S(0, 1). If
A and B are two subsets of Rn, we denote by A \ B := {x ∈ A | x 6∈ B}, the
set difference of the two sets and by A + B = {a + b | a ∈ A, b ∈ B}, the sum of
the two sets ; we denote by cl A, the closure of A, intA, the interior of A, ∂A, the
boundary of A, and Ao = {p ∈ Rn | p · a ≤ 0 for every a ∈ A}, the polar cone of A;
for x ∈ Rn, we also let dA(x) = inf{‖x− a‖ | a ∈ A}, the distance from x to A.
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4 B. CORNET

Property D.3 (Degree Formula) For every single-valued2 mapping F
in C(cl D, Rn; y) such that the restriction of F on D is continuously
differentiable, and y is a regular value3 of F , then

deg (F, y) =
∑

x∈F−1(y)

sg det F ′(x).

Property D.4 (Excision Property) Let K ⊂ Rn be a compact, let F
be a set-valued mapping in C(cl D, Rn; y) such that y 6∈ F (x) for every
x ∈ K, we denote by F|cl[D\K] the restriction of F to cl[D \K]. Then

deg (F, y) = deg (F|cl[D\K], y).

2.2. Some further properties of the degree

We give some additional properties of the degree that will be used
hereafter.
Property D.5 Let F0, F1 belong to C(cl D, Rn; y) and satisfy

y 6∈ co [F0(x) ∪ F1(x)] for every x ∈ ∂D,

then deg (F0, y) = deg (F1, y).

Proof. It is a consequence of the Homotopy Property D.1. Indeed,
consider the set-valued mapping H, from [0, 1] × cl D to Rn, defined
by H(t, x) = (1 − t)F0(x) + tF1(x). Then H is clearly u.s.c. with
nonempty, convex, compact values. Moreover H avoids the point y.
Indeed, if it is not true, there exists some (t, x) ∈ [0, 1]× ∂D such that
y ∈ H(t, x) ⊂ co [F0(x) ∪ F1(x)], a contradiction. From Property D.1,
we deduce that deg (F0, y) = deg (H0, y) = deg (H1, y) = deg (F1, y). �

We now give a direct consequence of Property D.5.
Property D.6 (Dependence Only on the Boundary Values) If F0 and
F1 belong to C(cl D, Rn; y) and satisfy

F0(x) ⊂ F1(x) for every x ∈ ∂D,

(hence in particular if F0 and F1 coincide on ∂D), then

deg (F0, y) = deg (F1, y).
2 That is, there exists a mapping f : cl D → Rn such that F (x) = {f(x)} and

we notice that f is continuous if F is u.s.c.. When there is no risk of confusion, the
mapping f will also be denoted by F .

3 That is, for every x ∈ F−1(y) := {x ∈ D|F (x) = y}, then detF ′(x) 6= 0, where
F ′(x) denotes the derivative of F at x and detF ′(x) the determinant of F ′(x). We
also let sg det F ′(x) = +1 (resp. −1) if det F ′(x) > 0 (resp. < 0).
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EULER CHARACTERISTIC AND FIXED-POINT THEOREMS 5

We now define the degree of a set-valued mapping defined on ∂D
[instead of clD, as previously]. We denote by C(∂D, Rn; y) the set of
u.s.c. set-valued mappings, from ∂D to Rn, such that, for every x ∈ ∂D,
F (x) is nonempty, convex, compact, and y 6∈ F (x).

DEFINITION 2.1. Let F ∈ C(∂D, Rn; y), then the topological degree
of F , also denoted by deg (F, y), is defined by:

deg (F, y) := deg (F̂ , y),

where F̂ is an arbitrary set-valued mapping in C(cl D, Rn; y), which
extends F to cl D, i.e., F (x) = F̂ (x) for every x ∈ ∂D.

The above definition has a clear meaning since, first, such an ex-
tension always exists [see, for example Cellina [9]] and, second, the
definition is independent of the choice of the extension, by Property
D.6.

We end this section with a last property.
Property D.7 Let F0, F1 belong to C(cl D, Rn; y) and satisfy

F0(x) ∩ F1(x) 6= 6© for every x ∈ ∂M,

then deg (F0, y) = deg (F1, y) = deg (F0 ∩ F1, y).
Proof. From Property D.6, we have deg (F0 ∩ F1, y) = deg (F0, y),

and deg (F0 ∩ F1, y) = deg (F1, y), hence the result. �

2.3. Clarke’s normal and tangent cones

Let M be a closed subset of Rn, and let x ∈ M , we define Clarke’s
normal (resp. tangent) cone NM (x) (resp. TM (x)) to M at x as follows.
We first define the set of perpendicular vectors to M at x ∈ M (also
called proximal normal vectors) to be the set:

⊥M (x) := {p ∈ Rn | ∃ε > 0 : intB(x + εp, ε‖p‖) ∩M = 6©}.

Equivalently, the vector p is perpendicular to M at x if for ε > 0
sufficiently small, x is a nearest point in M to x+εp (for the Euclidean
norm).

Then Clarke’s normal cone to M at x, denoted by NM (x), is the
closed convex hull of the set:

{p ∈ Rn | ∃(xν , pν) ⊂ M × Rn, (xν , pν) → (x, p),∀ν : pν ∈⊥M (xν)}.

We then define Clarke’s tangent cone by polarity as follows:

TM (x) = NM (x)o := {v ∈ Rn | p · v ≤ 0 for every p ∈ NM (x)}.
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6 B. CORNET

We now recall some properties of the tangent and normal cones that
will be used hereafter. A general reference on this subject is Clarke [11].

PROPOSITION 2.1. Let M be a closed subset of Rn and let x ∈ M .
(a) Then NM (x) and TM (x) are closed convex cones containing 0 and

NM (x) ∩ TM (x) = {0}.

(b) The following assertions are equivalent
(i) x ∈ ∂M , (ii) NM (x) 6= {0}, and (iii) TM (x) 6= Rn.

(c) Suppose that M is a C1 submanifold with boundary of Rn. Then,
for every x ∈ ∂M , Clarke’s normal cone NM (x) is the closed half-line
spanned by the unit outward normal vector GM (x) to M at x, that is,

NM (x) = {λGM (x) | λ ≥ 0}.

(d) Suppose that M is convex, then Clarke’s normal and tangent cones
coincide, respectively, with the cone of normal and tangent vectors in
the sense of convex analysis, that is, for every x ∈ M

NM (x) = {p ∈ Rn | p · x ≥ p · x′ for every x′ ∈ M},

TM (x) = cl {λ(x′ − x) | λ > 0, x′ ∈ M}.

3. The Euler Characteristic of an Epi-Lipschitzian Set

3.1. The Gauss Mapping of an Epi-Lipschitzian set

When M is a compact C1 submanifold with boundary of Rn, the Euler
characteristic of M can be defined as follows [see Milnor [29]]. For every
x ∈ ∂M , the boundary of M , we let GM (x) be the unit outward normal
vector to M at x. Then the mapping GM : ∂M → S, called the Gauss
mapping, is continuous and is everywhere different from 0. The Euler
characteristic of M , denoted by χ(M), is then defined to be the degree
of GM with respect to the point y = 0, that is

χ(M) := deg (GM , 0).

In the absence of differentiability assumptions on the set M , we
shall follow the same approach with the only difference that the Gauss
mapping will be multivalued. We now define the class of sets which will
be considered throughout this paper.
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EULER CHARACTERISTIC AND FIXED-POINT THEOREMS 7

DEFINITION 3.1 (Rockafellar [33]). A closed subset M of Rn is said
to be epi-Lipschitzian if, for every x ∈ M , the normal cone NM (x) is
pointed, i.e., NM (x) ∩ −NM (x) = {0}, or equivalently, if TM (x) has a
nonempty interior.

We point out that the class of epi-Lipschitzian sets contains, first,
C1 submanifolds with boundaries of Rn and, second, closed convex
subsets of Rn with a nonempty interior [Proposition 2.1 (c) and (d),
respectively]. It contains also sets defined by continuously differen-
tiable inequality constraints which satisfy a Constraint Qualification
Assumption [see Section 5].

We now can define the Gauss set-valued mapping for epi-Lipschitzian
subsets of Rn, as follows.

DEFINITION 3.2. Let M be a closed epi-Lipschitzian subset of Rn,
the set-valued mapping GM , from ∂M to Rn, defined by

GM (x) = co [NM (x) ∩ S]

is called the Gauss set-valued mapping of M, or simply the Gauss
mapping of M .

The above definition generalizes the classical one presented before.
Indeed, if M is a C1 submanifold with boundary of Rn, then, for every
x ∈ ∂M , GM (x) reduces to the unit outward normal vector to M at x,
by Proposition 2.1.c.

We now give some properties of the Gauss set-valued mapping GM .

PROPOSITION 3.1. Let M be a closed epi-Lipschitzian subset of Rn.
(a) [Rockafellar [33]] Then M = cl intM, hence ∂M = ∂ intM. Further-
more, the set-valued mapping x → NM (x)∩S is upper semicontinuous,
with nonempty, compact values and the set-valued mappings x → TM (x)
and x → intTM (x) are lower semicontinuous, with nonempty, convex
values.
(b) The Gauss set-valued mapping GM , from ∂M to Rn, is upper
semicontinuous with nonempty, convex, compact values and, for every
x ∈ ∂M , 0 6∈ GM (x). Furthermore, there exists an upper semicontin-
uous set valued-mapping ĜM , from M to Rn, with nonempty, convex,
compact values, such that ĜM (x) = GM (x) for every x ∈ ∂M .

Proof of Part (b). The Gauss mapping GM is clearly upper semicon-
tinuous since it is the convex hull of an upper semicontinuous set-valued
mapping with nonempty, compact values, by Part (a).
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8 B. CORNET

We now show by contraposition that, for every x ∈ ∂M , 0 6∈ GM (x).
Indeed, suppose that, for some x ∈ ∂M , 0 =

∑k
i=1 λipi, for some

pi ∈ NM (x) ∩ S and some λi > 0 (i = 1, . . . , k) such that
∑k

i=1 λi = 1.
We notice that k > 1 since p1 6= 0. Consequently

p1 = − 1
λ1

k∑
i=2

λipi ∈ S ∩NM (x) ∩ −NM (x),

which contradicts the fact that NM (x) is pointed. The existence of the
extension ĜM is a consequence of Cellina [9]. �

3.2. The Euler characteristic of an Epi-Lipschitzian set

In view of Proposition 3.1 and Definition 2.1, we can now introduce the
following definition which has a clear meaning.

DEFINITION 3.3. Let M be a compact, epi-Lipschitzian subset of Rn,
the Euler characteristic of M , denoted by χ(M), is the integer:

χ(M) := deg (GM , 0),

where GM is the Gauss set-valued mapping of M , and

χ(M) := deg (ĜM , 0),

for every set-valued mapping ĜM , as in Proposition 3.2.b, called an
extended Gauss mapping of M , in the following.

The following propositions give different ways to compute the Euler
characteristic of the set M .

PROPOSITION 3.2. Let M ⊂ Rn be compact and epi-Lipschitzian,
and let G be an u.s.c. set-valued mapping, from ∂M to Rn, with non-
empty, convex, compact values such that

G(x) ∩ −NM (x) = 6© for every x ∈ ∂M.

Then, χ(M) = deg (G, 0) = deg (Ĝ, 0), for every u.s.c. set-valued
mapping Ĝ, from M to Rn, with nonempty, convex, compact values,
which extends G to M .

Proof. Let ĜM be an extended Gauss mapping of M . Recalling
that χ(M) = deg (GM , 0) = deg (ĜM , 0), by Definition 3.3, and that
deg (G, 0) = deg (Ĝ, 0), by Definition 2.1, it suffices to show that
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deg (ĜM , 0) = deg (Ĝ, 0). This is clearly a consequence of Property D.5
of the degree and of the following claim:

0 6∈ co [GM (x) ∪G(x)] for every x ∈ ∂M.

We prove the claim by contraposition. If it is not true, then one has
0 = ty+(1−t)z, for some (t, x, y, z) ∈ [0, 1]×∂M×G(x)×GM (x). One
notice that t 6= 0 since 0 6∈ GM (x). Thus y = −1−t

t z ∈ G(x)∩−NM (x),
a contradiction with the assumption made in the proposition. �

We now give a direct consequence of the previous proposition.

PROPOSITION 3.3. Let M be a compact, epi-Lipschitzian subset of
Rn and let G be an u.s.c. set-valued mapping, from ∂M to Rn, with
nonempty, convex, compact values such that

0 6∈ G(x) and G(x) ∩NM (x) 6= 6© for every x ∈ ∂M.

Then, χ(M) = deg (G, 0) = deg (Ĝ, 0), for every u.s.c. set-valued
mapping Ĝ, from M to Rn, with nonempty, convex, compact values,
which extends G to M .

Proof. We define the set-valued mapping G0, from ∂M to Rn, as
follows G0(x) = G(x)∩NM (x). From Proposition 3.1.a, we deduce that
G0 is an u.s.c. set-valued mapping, with nonempty, convex, compact
values. Consequently, from Property D.6 of the degree we get

deg (G0, 0) = deg (G, 0).

In view of the above equality, the proof will be complete if we show
that χ(M) = deg (G0, 0). This is indeed a consequence of Proposition
3.2 and we only have to check that G0(x) ∩ −NM (x) = 6© for every
x ∈ ∂M. Indeed, suppose it is not true then, for some x ∈ ∂M, there
exists y ∈ G0(x)∩−NM (x) = G(x)∩NM (x)∩−NM (x). Then y belongs
to NM (x) ∩ −NM (x) = {0} since M is epi-Lipschitzian. Consequently
y = 0 ∈ G(x), a contradiction with the assumption that 0 6∈ G(x). �

3.3. A Dual Definition of the Euler Characteristic

We now state a proposition which gives an equivalent definition of the
Euler characteristic, using the dual concept of tangent cone.
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10 B. CORNET

PROPOSITION 3.4. Let M ⊂ Rn be compact and epi-Lipschitzian.
(a) There exists a continuous mapping f : M → Rn such that

f(x) ∈ intTM (x) ⊂ TM (x) \ {0} for every x ∈ ∂M.

(b) If F is an upper semicontinuous set-valued mapping, from M to
Rn, with nonempty, convex, compact values such that

F (x) ⊂ TM (x) \ {0} for every x ∈ ∂M,

then χ(M) = deg (−F, 0).

In the Section 4.2, we shall weaken the above tangential condition
(in (b)) by only assuming that 0 6∈ F (x) and F (x) ∩ TM (x) 6= 6© for
every x ∈ ∂M . In this section we mainly consider the case of single-
valued mappings F (for which the two tangential conditions coincide).

Proof of Part (a). Since M is epi-Lipschitzian, for every x ∈ M ,
Clarke’s normal cone NM (x) is pointed, or equivalently, intTM (x) is
nonempty. By Proposition 3.1.a, the set-valued mapping x → intTM (x)
is lower semicontinuous, with nonempty, convex values. Consequently,
by Michael’s selection theorem, there exists a continuous mapping
f : M → Rn such that, for every x ∈ M , f(x) ∈ intTM (x). But, for
every x ∈ ∂M, 0 6∈ intTM (x) since TM (x) 6= Rn (by Proposition 2.1.b),
hence f(x) ∈ intTM (x) ⊂ TM (x) \ {0}. �

Part (b). This is a consequence of Proposition 3.2. We define the
correspondence G, from ∂M to Rn, by G(x) = −F (x) and we check
that, for every x ∈ ∂M , G(x) ∩ −NM (x) = 6©. Indeed, from the tan-
gential condition, we get G(x)∩−NM (x) ⊂ −[TM (x) \ {0}]∩−NM (x),
which is empty since TM (x)∩NM (x) = {0} (by Proposition 2.1). Thus,
by Proposition 3.2, we get χ(M) = deg (G, 0) = deg (−F, 0). �

We are now able to propose an alternative definition of the Gauss
set-valued mapping of a compact epi-Lipschitzian set M ⊂ Rn. For
every mapping f : M → Rn, we define

Gf (x) := {p ∈ NM (x) | p · f(x) = −1} for every x ∈ ∂M.

PROPOSITION 3.5. Let M ⊂ Rn be compact and epi-Lipschitzian
and let f : M → Rn be a continuous mapping satisfying

f(x) ∈ intTM (x) for every x ∈ ∂M.

Then the set-valued mapping Gf , from ∂M to Rn, is upper semicon-
tinuous with nonempty, convex, compact values and, for every x ∈ ∂M ,
0 6∈ Gf (x). Furthermore, χ(M) = deg (Gf , 0).
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EULER CHARACTERISTIC AND FIXED-POINT THEOREMS 11

Proof. The convexity of Gf (x) is clear from the definition and the
proof that Gf (x) is nonempty and compact is standard from the fact
that int TM (x) is nonempty. The upper semicontinuity of the set-valued
mapping Gf is a consequence of Proposition 3.1 and of the continuity
of f . Finally, from Proposition 3.2, we get χ(M) = deg (Gf , 0). �

We now state an important consequence of Proposition 3.4.

PROPOSITION 3.6. Let M1 and M2 be compact, epi-Lipschitzian sub-
sets of Rn1 and Rn2, respectively. Then the set M1 × M2 is also epi-
Lipschitzian and χ(M1 ×M2) = χ(M1)× χ(M2).

Proof. From Proposition 3.4.a, there are continuous mappings
fi : Mi → Rni (i = 1, 2) such that fi(x) ∈ intTMi(x) ⊂ TMi(x) \ {0}
for every x ∈ ∂Mi. We let n = n1 + n2, and we define the mapping
f : M1 ×M2 → Rn by

f(x1, x2) = (f1(x1), f2(x2)).

For every (x1, x2) ∈ ∂(M1 ×M2) = [∂M1 ×M2] ∪ [M1 × ∂M2], one
clearly has f(x1, x2) 6= 0. Furthermore, from above and Clarke [11], one
has

f(x1, x2) ∈ TM1(x1)× TM2(x2) = TM1×M2(x1, x2).

The above equality also shows that intTM1×M2(x1, x2) 6= 6©, hence the
set M1 × M2 is epi-Lipschitzian. From Proposition 3.4.b, we deduce
that χ(M1 × M2) = deg (−f, 0), χ(Mi) = deg (−fi, 0), (i = 1, 2) and
we know that deg (−f, 0) = deg (−f1, 0).deg (−f2, 0) (see, for example
[8]). Consequently, χ(M1 ×M2) = χ(M1).χ(M2). �

We end this section with a last consequence of Proposition 3.4.

PROPOSITION 3.7. Let M be a convex compact subset of Rn with a
nonempty interior. Then χ(M) = 1.

Proof. Let x̄ ∈ intM and let f :M → Rn be defined by f(x) = x̄− x.
The mapping f is clearly continuous and, for every x ∈ ∂M, one has
f(x) 6= 0 and f(x) ∈ TM (x) = cl {λ(x′ − x) | λ > 0, x′ ∈ M},
by Proposition 2.1.d. Consequently, from Proposition 3.4.b, we get
χ(M) = deg (−f, 0), and deg (−f, 0) = 1, by Property D.3 of the
degree. �
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4. Fixed-point Theorems and Existence of Equilibria

4.1. Existence of generalized equilibria

We first give an existence result of generalized equilibria when the
correspondence F does not satisfy a tangential condition.

PROPOSITION 4.1. Let M be a nonempty, compact epi-Lipschitzian
subset of Rn such that χ(M) 6= 0, and let F be an u.s.c. set-valued
mapping, from M to Rn, with nonempty, compact, convex values.

Then there exists x∗ ∈ M such that

0 ∈ F (x∗)−NM (x∗).

Such an element x∗ is called a generalized equilibrium of F and the
above problem is sometimes called a (nonconvex) variational inequality.

Proof. Assume first that, for some x∗ ∈ ∂M , 0 ∈ F (x∗) − NM (x∗),
then the result follows. Let us assume now that, for every x ∈ ∂M ,
0 6∈ F (x)−NM (x) or, equivalently, that −F (x)∩−NM (x) = 6©. Then,
from Proposition 3.2, we deduce that χ(M) = deg (−F, 0), which is
nonzero since χ(M) 6= 0, by assumption. Consequently, from Property
D.2 of the degree, there exists x∗ ∈ M such that 0 ∈ −F (x∗). Hence,
0 ∈ F (x∗) ⊂ F (x∗)−NM (x∗). �

We now give a direct consequence of the previous result.

COROLLARY 4.1. Let M be a nonempty, compact, epi-Lipschitzian
subset of Rn such that χ(M) 6= 0, and let F be an u.s.c. set-valued
mapping, from M to Rn, with nonempty, compact, convex values such
that:

(STC) F (x) ⊂ TM (x) for every x ∈ ∂M.

Then there exists x∗ ∈ M such that 0 ∈ F (x∗).

Proof. From Proposition 4.1, there exists x∗ ∈ M such that
0 ∈ F (x∗)−NM (x∗), or, equivalently, such that F (x∗) ∩NM (x∗) 6= 6©.
From the Tangential Condition (STC), we deduce that

6© 6= F (x∗) ∩NM (x∗) ⊂ TM (x∗) ∩NM (x∗) = {0},

by Proposition 2.1.a. �

We end this section with Kakutani’s fixed-point theorem.
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COROLLARY 4.2 (Kakutani). Let M be a nonempty, convex, com-
pact, with a nonempty interior. Let Φ be an u.s.c. set-valued mapping,
from M to Rn, with nonempty, compact, convex values such that, for
every x ∈ ∂M , Φ(x) ⊂ M .

Then, there exists x∗ ∈ M such that x∗ ∈ Φ(x∗).

Proof. It is a consequence of Corollary 4.1, by defining the set-valued
mapping F , from M to Rn, defined by F (x) = Φ(x)− {x} �

4.2. Weakening the tangential condition STC

The aim of this section is to weaken the Tangential Condition in Corol-
lary 4.1. We first prove a result, which generalizes Proposition 3.4.b.

THEOREM 4.1. Let M be a nonempty, compact, epi-Lipschitzian sub-
set of Rn, and let F be an u.s.c. set-valued mapping, from M to Rn,
with nonempty, compact, convex, values, satisfying

(TC) 0 6∈ F (x) and F (x) ∩ TM (x) 6= 6© for every x ∈ ∂M.

Then, χ(M) = deg (−F, 0).

Proof. We first claim that there exists a continuous mapping
f : M → Rn such that

∀x ∈ ∂M, 0 < inf{f(x) · y | y ∈ F (x)} and f(x) 6∈ NM (x).

Indeed, from the Tangential Condition (TC), for all x ∈ ∂M , 0 6∈ F (x).
Hence, by a separation theorem, there exists p ∈ Rn such that
0 < inf{p · y | y ∈ F (x)}. For every p ∈ Rn, we let

V (p) = {x ∈ M | F (x) ⊂ {y ∈ Rn|0 < p · y}}.

From above, one deduces that ∂M ⊂ ∪p∈RnV (p), and, from the upper
semicontinuity of F , each set V (p) is open in M . Since the set ∂M
is compact, there exists a finite subset {p1, . . . , pk} in Rn such that
∂M ⊂ ∪k

i=1V (pi). Let λ1, . . . , λk be a continuous partition of unity
subordinate to the open covering V (pi), i.e., for all i, λi : ∂M → [0, 1]
is continuous,

∑k
i=1 λi(x) = 1 for all x, and cl {x ∈ ∂M | λi(x) > 0} is a

subset of V (pi). We define the mapping f : ∂M → Rn, by
f(x) =

∑k
i=1 λi(x)pi. Then, f is clearly continuous and we claim that

(?) 0 < inf{f(x) · y | y ∈ F (x)} for every x ∈ ∂M.

cornet(bon).tex; 1/01/1970; 2:58; p.13



14 B. CORNET

Indeed, let x ∈ ∂M and let ȳ ∈ F (x). If λi(x) > 0, then x ∈ V (pi);
hence, 0 < inf{pi · y | y ∈ F (x)} ≤ pi · ȳ. Multiplying each inequality
by λi(x) and summing up, one gets

0 <
k∑

i=1

λi(x) inf{pi · y | y ∈ F (x)} ≤ f(x) · ȳ,

which, together with the compactness of F (x), implies (?).
We now show that, for every x ∈ ∂M , f(x) 6∈ NM (x). Indeed,

suppose that, for some x ∈ ∂M , f(x) ∈ NM (x), from the Tangential
Condition (TC), there is some ȳ ∈ F (x) ∩ TM (x) and, from (?), we
deduce that

0 < inf{f(x) · y | y ∈ F (x)} ≤ f(x) · ȳ ≤ 0,

a contradiction. This ends the proof of the claim.
We now end the proof of the theorem and we will show succes-

sively that χ(M) = deg (−f, 0) and deg (−f, 0) = deg (−F, 0). The
first equality is a consequence of Proposition 3.2 and the fact that,
for every x ∈ ∂M , −f(x) 6∈ −NM (x) by the above claim. We now
prove that deg (−f, 0) = deg (−F, 0), and in view of Property D.5 of
the degree, it suffices to check that 0 6∈ co [{−f(x)}∪−F (x)] for every
x ∈ ∂M . Indeed, if it is not true, then 0 = (1 − t)f(x) + tȳ for some
x ∈ ∂M , t ∈ [0, 1] and ȳ ∈ F (x). One notices that t 6= 1 since 0 6∈ F (x).
Consequently, from (?), we get

0 < inf{f(x) · y | y ∈ F (x)} ≤ f(x) · ȳ = − t
1−t ȳ · ȳ ≤ 0,

a contradiction. �

We now give a generalization of Corollary 4.1.

COROLLARY 4.3. Let M be a nonempty, compact, epi-Lipschitzian
subset of Rn such that χ(M) 6= 0. Let F be an u.s.c. set-valued mapping,
from M to Rn, with nonempty, compact, convex values such that:

(TC) F (x) ∩ TM (x) 6= 6© for every x ∈ ∂M.

Then, there exists x∗ ∈ M such that 0 ∈ F (x∗).

Proof. Assume first that, for some x∗ ∈ ∂M , 0 ∈ F (x∗), then the
result follows. Let us assume now that, for every x ∈ ∂M , 0 6∈ F (x).
From Theorem 4.1, we deduce that χ(M) = deg (−F, 0), which is
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nonzero since χ(M) 6= 0, by assumption. Consequently, from Property
D.2 of the degree, there exists x∗ ∈ M such that 0 ∈ F (x∗). �

5. Euler Characteristic and Lipschitz Representations of M

We recall that every nonempty compact epi-Lipschitzian set M ⊂ Rn

can be written as follows M = {x ∈ Rn | ϕ(x) ≤ 0}, for some locally
Lipschitzian function ϕ : Rn → R, satisfying a Nondegenerate Condi-
tion. The main aim of this section is to show the relation between the
Euler characteristic χ(M) and such functions ϕ.

5.1. Nondegenerate Lipschitz Representation of the set M

We first recall some definitions. A function ϕ is said to be locally
Lipschitz if, for every x ∈ Rn, there exist a neighborhood N of x and
a positive real number k such that |ϕ(x1) − ϕ(x2)| ≤ k‖x1 − x2‖ for
every x1 and x2 in N . Following Clarke (1975) we define the generalized
gradient ∂ϕ(x) of ϕ, at a point x ∈ Rn, to be the set

∂ϕ(x) = cl co {lim
ν
∇ϕ(xν) | (xν) ⊂ D(∇ϕ), (xν) → x},

where D(∇ϕ) denotes the set on which ϕ is differentiable and ∇ϕ(xν)
denotes the gradient of ϕ at xν . We recall that the set-valued mapping
x → ∂ϕ(x) is u.s.c., with nonempty, convex, compact values and that,
if ϕ is continuously differentiable on a neighborhood of a point x0, then
∂ϕ(x0) = {∇ϕ(x0)}. For these definitions and properties, we refer to
Clarke (1983).

We now consider the class of nonempty, compact subsets M of Rn

which can be written as follows

M = {x ∈ Rn | ϕ(x) ≤ 0},

where ϕ : Rn → R is a locally Lipschitz function, which satisfies the
following Nondegeneracy Condition

(ND) 0 6∈ ∂ϕ(x) if ϕ(x) = 0,

and we shall say that ϕ is a nondegenerate Lipschitz representation of
the set M , or simply a representation of M . We denote by R(M) the
set of all the representations ϕ of M .

We recall that M is epi-Lipschitzian if and only if it admits a
representation.
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16 B. CORNET

PROPOSITION 5.1. Let M ⊂ Rn be nonempty and compact. Then
the two following assertions are equivalent:
(i) M is epi-Lipschitzian;
(ii) R(M) 6= 6© ;

Moreover, for every ϕ ∈ R(M), ∂M = {x ∈ Rn | ϕ(x) = 0} and

NM (x) ⊂
⋃
λ≥0

λ ∂ϕ(x) if x ∈ ∂M.

The assertion [(ii) ⇒ (i)] is proved in Clarke (1983) together with
the above inclusion of the normal cone. The assertion [(i) ⇒ (ii)] is
proved in Cornet-Czarnecki [19], by considering the following function
∆M : Rn → R defined by ∆M (x) = dM (x) − dRn\M (x), where dM

denotes the distance function to M .
The next proposition relates the Euler characteristic of M with

degree of the set-valued mapping x → ∂ϕ(x).

PROPOSITION 5.2. Let M ⊂ Rn be nonempty, compact and epi-
Lipschitzian and let ϕ ∈ R(M), then χ(M) = deg (∂ϕ(·), 0).

Proof. Let ϕ ∈ R(M), from Proposition 5.1, one has

NM (x) ⊂
⋃
λ≥0

λ ∂ϕ(x) for every x ∈ ∂M.

Recalling that, for every x ∈ ∂M , NM (x) 6= {0} [Proposition 2.1], one
deduces that

0 6∈ ∂ϕ(x) and ∂ϕ(x) ∩NM (x) 6= 6© for every x ∈ ∂M.

Consequently, from Proposition 3.3, recalling that the set-valued
mapping x → ∂ϕ(x) is u.s.c., with nonempty, convex, compact values,
one gets χ(M) = deg (∂ϕ(·), 0). �

REMARK 5.1. We point out the following important case, where we
can get an explicit representation of M , thus compute the degree of its
generalized gradient. Consider a set M defined by finitely many smooth
inequalities, that is, M can be written as follows

M = {x ∈ Rn | ϕi(x) ≤ 0 ∀i ∈ I},

where I is a finite set and ϕi : Rn → R (i ∈ I) are continuously differ-
entiable functions which satisfy the following Constraint Qualification
Assumption
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Assumption CQ: For every x ∈ M , the family {∇ϕi(x) | i ∈ I(x)}
is independent, where I(x) = {i ∈ I | ϕi(x) = 0} denotes the set of
binding constraints.

Under the above assumptions, one shows [see, for example [11]]
that the function ϕ : Rn → R defined by ϕ(x) = supi∈I ϕi(x) is a
representation of the set M and

∂ϕ(x) = co {∇ϕi(x) | i ∈ I(x)}.

REMARK 5.2. If the set M is nonempty, closed, and M 6= Rn, the
function ∆M defined above is clearly Lipschitzian on Rn and satisfies:

M = {x ∈ Rn|∆M (x) ≤ 0} and ∂M = {x ∈ Rn|∆M (x) = 0}.

If we additionally assume that M is epi-Lipschitzian, then

0 6∈ ∂∆M (x) ⊂ co [NM (x) ∩ S] := GM (x) for all x ∈ ∂M,

thus ∆M ∈ R(M) (see [19]). It is worth pointing out that, what was
done above with the function ∆M , cannot be done with the the distance
function dM . Indeed, an arbitrary closed set M ⊂ Rn can always be
written as M = {x ∈ Rn | dM (x) ≤ 0}, but the above Nondegeneracy
Condition never holds with ϕ = dM since, for all x ∈ M , 0 ∈ ∂dM (x).

5.2. A class of sets with a nonzero Euler characteristic

The main result of this section gives a sufficient condition on the rep-
resentation ϕ ∈ R(M) which guarantees that χ(M) = 1. This result
comes from the study of general equilibrium theory with nonconvex
production sets [3, 4, 6, 15].

THEOREM 5.1. Let M be nonempty, compact subset of Rn, and let
ϕ ∈ R(M) such that 0 6∈ ∂ϕ(x) if ϕ(x) > 0. Then χ(M) = 1.

The proof of Theorem 5.1 will use the following lemma.

LEMMA 5.1 (Bonnisseau–Cornet [5]). Under the assumptions of The-
orem 5.1, there exist ε > 0 and a continuous mapping r from Rn to
Mε := {x ∈ Rn | ϕ(x) ≤ −ε} satisfying the two following conditions
(i) r(x) = x for every x ∈ Mε;
(ii) 0 > sup{p · (r(x)− x) | p ∈ ∂ϕ(x)} if ϕ(x) = 0.

cornet(bon).tex; 1/01/1970; 2:58; p.17



18 B. CORNET

Proof of Theorem 5.1. We let ε > 0 and r be defined as in the above
lemma. Let B be a closed ball containing a neighborhood of the set M ,
we define the mapping f : B → Rn by f(x) = x− r(x).

From the Excision Property D.4 of the degree, since the set
K = B \ intM is compact, and f(x) 6= 0 for all x ∈ K, one deduces
that deg (f, 0) = deg (f|M , 0), where f|M denotes the restriction of the
mapping f to M .

The proof of the theorem consists to show the two following asser-
tions, first, 1 = χ(B) = deg (f, 0) and, second, χ(M) = deg(f|M , 0).

The first assertion χ(B) = 1 comes from the convexity of B by
Proposition 3.7. Furthermore, χ(B) = deg (f, 0) from Proposition 3.4.b,
since the continuous mapping f : B → Rn clearly satisfies

∀x ∈ ∂B, −f(x) := r(x)− x ∈ TB(x) \ {0}.

The proof that χ(M) = deg(f|M , 0) is also a consequence of Propo-
sition 3.4.b and we only need to show that the continuous mapping
f|M : M → Rn satisfies

∀x ∈ ∂M, −f|M (x) := r(x)− x ∈ TM (x) \ {0}.

Indeed, we first notice that for every x ∈ ∂M , r(x) − x 6= 0 since
r(x) ∈ Mε which does not meet ∂M . Since ϕ ∈ R(M) is a representa-
tion of M , from Proposition 5.1, we deduce that

NM (x) ⊂
⋃
λ≥0

λ ∂ϕ(x).

Consequently, from Condition (ii) of Lemma 5.1 and the bipolar
theorem we deduce that

r(x)− x ∈ ∂ϕ(x)0 ⊂ NM (x)0 = TM (x).
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